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AHHOTALIMA

Knura npeacrasaser coboit yueGnoe mocobue nns
CTYACHTOB BHICIIMX TEXHHYCCKHX y‘chHHX 3aBeieHnit
1O HCKOTOPHIM pa3saeaaMm BhICLUEH MaTEeMaTHUKH, Bhl-
XOJAWMM 32 npeieanl OCHOBHOrO Kypca.

Kunra Hanucana oueHb Cxarto, B KOHCNEKTHBHOR
¢qopme. OHa npeacCTaBAfAeT HHTEpPEC HE TOAbKO ANK
CTYNCHTOB CTaplIMX KYpCOB, HO TaKXe AAsA aclH-
PaHTOB, MHXCHEDOB M lipenojaBaTedeit.
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NPEJUCJIOBUE K NEPBOMY H3IAHHIO

C P TEXHUKH NPEeAbaBASET NOBHILEHHKE Tpe-
Cvonl-xm! K uecKol
l!TysOBCKVm KYPC MaTeMaTHKH OKa3hBaeTcs ﬁBHO HeJIOCTaTOUHBIM
npu pana crel. Ha nexoro-

Pux (aKyJLTETaX MHOMMX BHCIUHX TEXHHYECKHX YYeOHWX 3ase-
ZeHAN B OOS32TENLHYIO MPOFPaMMy HHlle BKJONAIOTCA CREUUalbe
nuwe (ZONOMHATENbHKE) riaBhl KYpca matematuxd. OJHAKO noaxo-
asuwel 1A CTYNEHTOB BTY30B y4eGHOW /JWTEpaTypW Mo STuM
nompocaM ewe He xparaer. Mcnom3oBamue e TOABKO OXHHX
GOMLIIMX KYPCOB # MOHOrpacwl 3aTpyAHUTENLHO AAA CTYAEHTOB.

Tipakruka nokasusaer, 4to uMeetcs GOAbIIAs NOTPEGHOCTL B
He6oMbIMX N0 O0bEMY, CKATO HANMCAHHWX YYEOHHX NOCOOHsX,
rae B nOCTynHol nas crynemoa dopMe # B onpemeneHHoN a0~
rAvecKol Ot conep-
JaHue JONOAHATENbHHX I/2B KYPCa MaTEMATHKH, HLHE Npenoxas
DaEMHX BO BTY3aX.

Hacrofimas KHHra WMEET WEALIO B CXKaToH, KOHCMEKTHBHOM
qopMe UINOXKHTS HEKOTOpHe #3 3Tux raas. OHa BoSHUKNA U3
xuurd  <JlONOMHHTENbHKE TIA2BH KYPC2 MATEMATHKH LS Pajuo-
1eXHAYecKuX (akyasteros» (OGoporHs, 1954), ssuwelics Kou-
CUEKTOM neKunh, aBTOpOM Ha a-

M 0 MHCTHTYTa.
npennaraeuyno KHHTY CNEAYeT PacCMaTpHBaTh KaK KpaTkoe
yueOHoe nocoGue A7 CTYNEHTOB BHCIIMX TEXHHYECKHX yuel-
HHX 32BefEHHN NO CACAYIOWMM pasaenaM:
panst Pypue u uurerpan Pypue;
Teopus noas;
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Teopus aHANMTHYECKHX ChyHKuuH;

OnepauHoHHOe HCYHCACHHE.

B kuure ne np " npuao-
JKEHUS U3NaraeMux Teopui. Takue TPUAOKEHNUS MOKHO HaliTh B
Gonee p B kiure M. A, Jlas-
pentbeBa n B. B. LllaGara «M Teopuut ¢y -
HOro (no KuM y [

] y uc B KHure I. M. Toa-

cron «Psnn dypue» (no panam u uurerpany dypoe).
B ornenbuux (HeMHOrHX) MecTax KHArH, B ueasx Goavused
ne nns cry-
nemol fbakru, TECHO npmuxaloume I( MBNaraeMuM TEOopHAM.

. Asmop



MPEJAHCJIOBHE KO BTOPOMY H3JAHHUIO

Bo BTOpOM H3ZaHWM KHATH HECKOJLKO DaclIMpeH naparpad,
# opTor by , "
naparpad, p peoGp Jlannaca
K P yp B p ¢ no-
CTORMHEIMH KO3(PANHeHTaMH,
Wcnpasnenn 3ameuennme oneyarkd.

Asmop

MPEJUCJIOBUE K TPETBEMY M3JAHHIO

Tpetbe u3naHWe KuMrd TMOUTH He OTAUYZETCA OT BTOPOTO.
Caenano HeCKONbKO MeNKHX NONPaBoOK.
Asmop



TNABA 1
PSABl ®YPBE U MHTETPAJ ®YPBE

§ 1. NEPHOOHYECKHE OYHKLHH

Tyerb f(x)—dy , Ha Bcedl
npasol. Yucao T dom STOH
OT npuGaBJEHUS €r0 K apryMeHTy BEIWYHHA t‘byulmmi ne ue~
HAETCA, T. € €C/M LNA BCEX X MMeeM

FE+D=f0).

Ecau 7 ecrb nepuox ¢ynkuun, 10 n7, rae n — moGoe
Hen0e 4HCAO, eCcThb TOXE mnepHop PpaccMaTpuBaeMod dyuxuun.
Taxnm 06PasoM, BCAKOE KPaTHOE MepHOsa €CTh mepuox. Pynk-
nepuon, ot uyas, nepuo-

s,
Ouneckodl.

Jlerko BujfeTh, 970 BCAKan MepHORMuecKan GyukuMs, OraHunas or
NOCTOAMHO, WMelowas X0TA Gl OAHY TOUKY HeNpephlBHOCTH, hecT
cpeaH CBOUX nepuotoB Torga sce npo-
uie nepronw GyRyT KpaTue emy. OGblulio, roBopa O nepioie QyHx-~
UUH, NOHHMAIOT MOA CAOBOM <MepHol> HauMeHbLIAN K3 NOAOKHMTCALHLIX
nepHonoB.

Ecin dyukuus f(x) uveer nepuon T, 10 ¢ (%)=f(ax)

HMEeT mepHoL . B cavom nene,

T T
o(r+L)=fla(s+ )| =FEexr+ N=rEr=¢ (.
Ecan f(x) umeer nepuos T, To umterpan 9To# ¢yHKumm,’
B3ATHA B mpelenax, oranuamuxcs Ha T, HE 3aBUCHT OT Bb-
Gopa npesena MHTer T. €
T

S ) dx= § Fx)dx
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npu Beakow ¢ M nycrs, wanpamep, 0<lc<T.
Toraa

YIUTHBAA, 4TO BCASACTBHE NEPHORMYHOCTH, 5 §

§ 2. PAALI ®YPBE JJISI ®YHKIMA C NEPHOLOM 2=

Tlocrapnm  sapauy: CRONHYO
dyHKutio Ha NPOCTHE RNepHOnHYECKHE q:yuxuuu. Ton «npo-
CTHMH  TIep by nouuMath
1p P MOHU T. € BHUA2
Asin (0x-+0)
WM, YTO PaBHOCHALHO, (yHKUMH BHA2
acos ox b sin wx.

dra NpOCTas TapMOHHKA MMEeT NepHox 2—'

Ecmu Mu xoTHM P 2% ha
NpoCTHe TapMOHMKH, TO HX HacTOTH cnenye'r BHOWpATL TaK,
yTOOW Kakaad K3 OSTHX TrapMOHHK WMeNa 2% B Kauectbe
OfHOrO 3 CBOMX NEpUONOB. Taxum Odpmd, HaCcTOTH © cae-
ayer Gparb TaK, uTOGM nf=2ﬁ (n—uenoe) wmm o=n,
T. € B KauecTse COCTABASIOWMX CZenyeT Gparh FapMOHHKH
C UEJBIMH 4acTOTami.

Jonyckas B KauectBe COCTaBABOWEH €le MOCTORHHYIO,
ANA KOTOPOH BCSKOE 4ACAO CAYMHT NEDHONOM, NPUXOLMM
K Tako# 3ajave: p dy f(x) c 2=
8 pan BHAa

%+ (@1 cos x4 by s1n x) -+ (ay cos 20~ by sin 2) - ...
ver (85 €08 nx b, 510 nx) - ...

nau, Kopoue, B Pal BAxa

+o0
%4— 2 (@p cos nx - by sin nx),

nent
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tne ay, ay, by, @y by ..., @, b, ...—HEKOTODHE MOCTOAH-
Hie 4neH yno6Ho B BUAE ;‘- no npue

yuHe, KOTOPAA BHIACHHTCA HHXE).

Buimucnenne BCMOMOraTeNbHLIX HUTErpajos

Hax notpeGyiorca uurerpans

gcosnxdx, ‘
fslnnxdx, i e

€os mx cos nx dx,

OO )

sin pex sin nx dx, m, n—uemde NONOKHTEAbHHE.
A

Y

S sin mx cos nx dx,

“r

Hneex:
= sinnx(®*
) cosnxdx=’ I .y
KA . *r =2 (1=0);
« cosnxls
snnrar=y 7" =0EE0 g
e 0jz =0 (n=0);
S cosmxcosnxdx-% S cos (m —n) xdx +
[N _ [0 wm=m,
+2-S‘cos(m+u)xdx—{ S )
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‘. sinmx sin nxdx=~'2—s cos (n—n) xdx —
S ==

0 (m#n),
® (m==n);

——;—fcos (m+n)xdx—_~{ 4)

3 sin mx cos nxdr=1

sln (m—n)xdx+

+1 S sin@4-n)xde=0, (L5

npuvem npu Busone gopuya (1.3) u (1.4) ncnoabsosanach ¢op-
\vylm (1.1), npu swipone (1.5) ucnomwaosanacek (1.2).

Teneps, 4TO Gy f(x) TaKoh,
10 .Mn Hee Hallioch PasAOKEHNE B PasHOKepHO cxodamui 8
%0 YKa3aHHOTO BHIWIE BUAA:

Je=%+ 2. (@ c0s kx by sin kx). (1.6)

k=l
I8! HHTErpHp B oT —= 10 ® (33~
KOHHOE B CHAY ¢ yue-

Tom (i.1) u (l 2) naer:

_S/(x)dx—_-i’; de+

© = u
=+ Z(a, Y coskxdx+-b, s slnkxdx)=:aq.
k=1 = 2
Yunoxas (1.6) na €OS X W WNTErPHPYS MNOUACHHO OT — =
no =, ¢ yseroM (1.1), (1.3) u (1.5), moayuum:
Y/(x)cosn.xdx-— 2 cos nxdx -+

S cos kx cos na dx 4 by S sin kx cos nxdx): Ty

k-| <& S
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Auanoruuuo, ymuoxas (1.6) ma sin zx u murerpupys no-
uaeHno or —=® 10 ® u yuntwisaa (1.2), (1.4), (1.5), noayumm:
=
S/(x) sin nxdx—ub "

Tarunm 0GpasoM,

a=1 W dx,

=_1‘:S f)cosnxde (=1, 2 3,..), + (L7

=%Sf(x)slnnvdx (n=1,23,.

Onpegeneune. Ilycts f(x)—dyukuns ¢ nepuopom 2z,
uveon@s Ha cermenre |—w, =] ne Gonee KOHEUHOrO HuMCAa
TOueK pasppiBa ¥ aGCOMOTHO MHTETpHpYeMas Ha STOM cerMente
(rorna oha OyneT aGCOMOTHO HMHTErpUPYEMa Ha BCAKOM Cer-
MeuTe). P00 Dypse STOR (YHKUMH HAa3HBAETCA PAA

s
3+ 2 (@a cos nx +b, sin n.y),

T no dopuy .1,
Tlpn aToM nAwyT:

+oo
/(x)~3§+2(a,, 08 1% = b, sin nx). (1.8)

Mpuwewanne. Buecm Gynkuuil ¢ ucpuonom 2z MOMIO pnc-
mnrp«un, yHKuuM, ONpCleneHiNe MWL Ha cerMente |—=w, ®| M
O pana Pyphe

Ans Takoft (pyHkuHH 6yner T0 KE camoe,

HeoGxonumo OTMETMTb, 4TO ®3 onpeasenenus pspa Pypwe
OTHIONb HE CACAYET, YTO ()YHKUMA AOMKHA pa3naraThCa B CBOH
pan Pypwe. W3 ckasaunoro Buiwe caenyer 'ro.nu(o, uTO ecan

Gynxuns ponycka X0~
numuncu pua supa (1.8), TO 9TOT paa 6yner ee panon dypre,
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eAbeTBO
B cBOil pan Pypbe B TouKax nuddepennupyemocta

Hmeem pas ao6oro xg
- i3

@, €05 Xy b, sin nx.=;‘;$/(x) €os nx dx + €os nxy -
e

+—1—S/(x)sln nxdx . sin nxy=
=% S/(«\‘)(COS nx ¢os nxy+ sin nx sin nxg) dx =

==—:—Sl(x)c0sn(x—-xu)dx:
» e
SN(-”0)=%+ El(a. COS 1y -} by SIN N =
- N
%S/(x)[lz--l- Zcos n(x—x.)]dx.
- ne=l

N
3ametum nanee, 4to -lf + 2 cos na ABASETCH AefiCTBHTEALNON
A=l
YacTbio nupaxemu

na ne el N+ De
2+2e' =_.2+2¢‘ .=__+_l'_,___=
(I—J("M‘)(l—r'-)
=— + =~
1 |_,-l-+,lN~_,l(N+l)l
=—gt =g Fas

nostomy
N
_;_+2Iw”u=___+l—cou+ml‘f;:oa(N+l)-=
A=

—cosNa—cos(Nt+Da _ ""(N+7)
2(1 —cosa) hln—a
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CaeaoBareasio, npu moGoM X, HMeeM:
1
N+ ) (x— %o}
Siwa=1 sf(x)#—dx=
sin 7 (%= x0o)
e sin (N+—;-)x
=;Sf(xo+x)-—,¢x (1.8)
i 2sin 7%
(BTOPOH WHTErpan moayuel M3 nepsOr0 3aMeHOH X Ha Xy X

¢ yuwerom nepuommutocts f). Ilpamenas sty @Opuyay K cay-
waio f(x)=1, nonyumm:

_'_ _.gﬁf__. (1.8

. 2lln—x

Yxuowas (1.8°) wa f(x,) u suuuras u3 (1.8"), uatinem npn

MmoGoM Xo!
+
Sve—fm=1 S [featn— f(xm—(—L) dx.
2sin 'f x
(1.8
Iaa nanphefiwero Ham notpeCyercs

Jlemma Pumana. Ecan ¢ (x) venpepuiBua ha cerveure [a, b ],
8a 1, GHTH MOMET, 4HCAA2 TOYEK, M a6Co-
b

MIOTHO HHTErPHPYEMa Ha STOM CerMexte, TO S @ (x)sinvxdx—>0
&
npu v=>-4-00.
Doxasateancrso. Tak Kak

b
Sslnvxdx =| et |2,

acos va — b cos vb sin v6 — sin va
|remutes | svcme

: <

b
stln vxdx|=
&

[ESLIN ]
<!le 'P +3-0
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npu v = -}~ co, T0 nemma Pumana Bepua aaa f(X)=1nf(X)=x

u no3TOVY BepHa aa MmoGoH annetinol dyukuun f(x) =Ax -} B.
OTciona crenyeT, YTO NeMMa BepHA AaA NioGoH KyCOuHO-J HielHOM
ynkunn (T. €. Qynkuny, rpajuK KOTOpoH ecTh JOMaHas AnHMS),
n6o ecan f(x) Kycouwdo-numelina ma [a, b), To mataytca Takue
unena ¢y =66 ... <& =b, uto f(x) aunetua
na KaxnoM [cy_y, x]; a Torna

S/(x)sinvxdx—sl+§+ P S—»O npu v —> -}~ 00,

r-t

n60 MO NOKa3aHHOMY KaK1oe CAaraeMoe NPasok HacTh CTPEMHTCA
K nymo, [lanee sameTuM, uTO /oGas HenpepHiHan (YHKUMA na
|a, b] MOxeT GuiTh KaK yroAHO XOPOLIO aNMpPOKCHMHPOBAHA KYCOUHO-
Ietic ecnn  f(x)
ua la, B}, 10 oua paBHOMepHO HenpepuBHa Ha [a, B, T. e. aus
0 € >0 nalinerca Takoe 7 >0, uT0 npn MoGbix X' u x*
wa o, B w1 | eneayer |f(5)—f ()| <.
BosbyeM uncna €=a< ;< ... < 6 < Cp=0 TaK, 41O
BCE Cp—Cpy <M, W NYCIH ep(x) oﬁo@ua-uaev q:ymmmo, rpatuk
KOTOPOH ecTh BnucaHHas B rpaduk ynkuun f(x) novauas, Bep-
WHHE KOTOPOH MMEIOT abcudcesl ¢p; TOrRa ana Mio6oro X nia
la, B] Oynet |@(x)—f(x)|<e, TaK Kak ecan umcao X nona-
1aeT Ha 4acTHuRbIH CerMeHT [cy.y, €4], TO @ (X) aexuT Mexay
@ (Cp1) ¥ 2(cy) (M6O @ auuelna #, CACAOBATENLHO, MOHOTOHII
12 [Chyy €pf), MOITOMY uHCAO ¢ (X)— f(X) nexaT mexay
@ (Ch)—F (=1 () — () 1 9(c)—F(D)=F(cr)—F(x),
MONYAM KOTOpHX < €, M NOITOMY TOKEe OyaeT uMeTh Mo~
ayab
Teneph 2erkO noOKasath, 4TO JAeMma Pumana cnpabenausa
ans moGott wenpepuiuoli (pynkumn f(x) na [a, b|. B camow
zeng, MO 10Ka3aHHONY 4aA a060ro e >0 nalnetcs Takas KyCouHo-

nunettnan dyncuus o (%), wro ¢ (x)— f(x)| < T(T.:T) ua

la, b]. Tak kak ana Kycouno-nuiednod dymnkunn aemma Pumana
Cnpasenausa, TO Npu ROCTATONHO GOABWON ¥ GyneM uMeTL:

<3

b
S o (x)sin v dx
a
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~ -~
HO TOTAa
»

S f(x)sinvxdx

b
<|§ rer—p e sinrase [+

b
+l S ¢ (%) sinvedx <W'_—J(b—a)+% =

, CACAOBATEABLHO,
v
Sf(x)sinvxdx—bo nmpu v —>--co,
a

Tlycrb Tenepdb f(x) umeeT OMHY TONKY paspuisa ¢, @ < ¢ < b.
Tax Kak f(x) aGCOMOTHO MHTerpUpyeMa Ha [a, b], TO ana MmoGOro
€>0 uatinercs Takoe 3>>0, ut0

48
fl/(x)ldx<-;.

]

Tak kak newma Pumana Ans HempepHoHoh yHKkuum cnpasen-
AUBA, TO NPH AOCTATOUHO GOMBIIOM ¥ GyaeM HMETs:

<si <3

=8
sf(x) sin wxdx

b
S f(x)sinvedx
) ~

[HO TOrAQ

[
s‘ J(x)sinvx dx

-3 r -8
<=| S/(x)smvm|+ § 1r@iae+
a c—3

+ <titi=s

b
S J(x)sin vx dx
eS8

»
CAELOBATENLHO, S f(x)sinvxdx—>0 npu v—>-}-oco. Auaro-

a
THYHOE DacCyXAeHue NPOBOAMTCA B cJayuae, xoraa f(x) mmeer
HECKOMBKO TOWEK pa3pmBa Ha [a, H]. Jlemwa Pumana nokasana.



18 PAN ®YPLE W MHTETPAN OYPHE . [ra.x

Tpeanonoxum Teneps, 4o f(x) auddepenunpyema s Touke
Xon /(x.) 0. Torpa us (1.8™) maxopmm:

Su(x.)—-;g ﬂx’+") sln (N+ ).\:dx,

a TaK Kak
f(x.-fl-x) f(x.x+x) xI F ) 1 =1 (%)
2sin o x 2sin 7%
npu x—0, TO MOC/AE HAAAEKALIErOo ROOMpEneAeHHA B TOuKE
x=0 ¢ 9(x)=ﬂx"='x)
T

B 9TOW TOuKEe W,
moct aemmsl Pumana Ha [-—-«, . l'lomuy

S =1 S e sin (N+})xde—0 mu N-r-too.

Mycts Teneps f(X) AuppepenupyeMa B TOUKE X, UMesn
B Hell Kakoe yroano sHauenue. Ilonokum f(x)=f(x) — f(x,).
Torna yacTuuHbie cymwst pana Pypse sToll (yHcunn Gynyt

Sw (1) =Sw () — 7 (x).
Tax kak F(x) nufxpepenunpyema B Touke Xy # f(¥y)==0, TO
N0 1OKA3aHHOMY
SN (%) >0 npu N—>+-o00,
T. €
Sn(%) —f(%) >0 npn N->-4oo0,

#, CAENOBATENBHO,

f(x) =, |i$ Sy (x0)= ?-2' + Z(a,, €08 n.xy - b, sin nxy).
~te am1

Wrak, noxasana

Teopema. Ecau ¢ynkuua f(x) C nepuonom 2= umeer Ha
cermente [—=, w] He Goaee KOHEWHOrO WYHCAZ TOMEK pasphisa
# aBCoNOTHO WHTErpUpyeMa Ha STOM CerMenTe, TO 9Ta (hyHKUuA
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pasaaraetca B csoh pax Pype B Kaxmoh TOuke, B KOTOPOH
oua pudrpeperuupyena.

Mpumeuanue. ycnoshe
MOCTH r?ynxuun CcBOMM pAROM Pyphe OTHIONL He ABIACTCA HEOOXOAM-
mum. [Tpencrasaenne ¢)1|xwm CBOMUM pazioM Pypbe Oyler UMeTb MecTo
31 npn Goace obm OrMeTHM, HanpuMep,
Ses ammsa, uTO ecaH f(x) nounuopner ycaosuio Jlupuxae na
[—=, ]*), 10 f(x) pasnaraetca B CBOit pax Pypbe B Kamuol TOuKe
1enpep! a B TOykax paspmBa X pAR PypLe CXORHTCA K

wﬂ. O1c102a CACAYeT, YTO Pa3TOWEHHe PACCMATPil-
Bacvofl Gyt B b2 ypre uMeeT MECTO BO BCEX NPABHALMLIX TOUKAX,

T. &, B TOUKax x,
,(X)=f(x—0)-;f(x +0

§ 3. KOMIUIEKCHASL ®OPMA PSIIA ®YPBE
NSl OYHKUMA C NEPHOOM 2x

Tycts f(x)—dy ynos. y onpe-
nenenua § 2, m nycts pan

+o0
92'— + 2(«,. cos nx -} b, sin nx)
amt

asanetca ee panom Pypve. IlpeoGpasyem oGwul uaed sToro
pana ¢ nowouio dopMya DHaepa (BHpPaKAOWIMX KOCHHYC H
CHRYC yepe3 nokasateavHyio dyHkumio). Umeem:
einx | g-inx elnr — grine

R
elnx | g-inv elnx _ gminx
Ty — by —— =

@, €08 nX b, sin nx = @—p—

—¢ —lbnelnr+an+‘bn e — g, - ¢_jeinx,

=l o = tatl

*) Cosopar, uto Qynkuua yaopaerpopser ycaosuio [upuxae Ha
HCKOTOPOM CerMedTe, eCaj STOT CerMCHT MOXIO Pa3GMTh Ha KOHCHHOE
uHCA0 vacTeff Tak, 4TO BHYTPH KaxNON 4acTH (QyHKUMA MOHOTOHHA W
orpan HueHa,
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Tlonaraa eme to=a1;-. NOAYYHM ANA YACTUSHBIX CYyMM paAa
dypre BHpaKeHue

N
%4—2(@, €08 1.5~ by sin nx)=
w=t

N
—t.-l-Z(c,c“"-{-c_,"”)— Y et
N

Jlns HOBHX KO(pduUMEHTOB ¢, noayuaem ¢opmyay (yuu-
TwBaA GOPMYAH LA G, B b,)

— if, -
c,=‘ iby

=%(_1_—§f(x)cos nxdx—i-—~S/(-\f)sm nxdx) =

=2l; S Sf(x)(cosnx—1sin nx)nbc:zl‘ S/‘(x) e dx (n>>0).

Henocpencrsenno BRIHO, 4TO 5Ta (popmyna sepha Ans n=0
u ans 1< 0 (nocAeaHee BHIHO, HAMPHMED, U3 TOFO, YTO C_, == Cp,
rae ¢ 060SHAYaeT YHCJO, CONPMIKEHHOE C).

Tlo nokasausoMy umeem B TOuUKax AutpdepeHunpyemoct:

f(%) =Nlim J 92' —|—"2I(a,l cos nx--by sin nx)] =
= llm 2 c,,e"‘"—“.zwc,e““
R N -
(noumm 2 Kakn}l.?w 2')

Hrax, B TOuKax amudrpepeHuupyemoctn

oo
Fy=2 c,e™, 19
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rae

E,=%Sf(x)e""‘dx (=0, =1, *2,..).

TIpasas uacte opmyau (1.9) npencrasaser coGolt KOMMACKC
Hywo gopuy pada Dypse ann PyHKumW C nEpuonoM 2.

§ 4. YETHBIE U HEYETHBIE ®YHKUHH

Mycms f (x)—dwymmm, onpeneneuuax Ha Bcedt unc.'mnon
npsvon  (wam Ha
KOHUaMu).

Gynkuns f(X) Ha3uBaeTCHA Yemwoll, ecAM ANR BCeX pac-
CMATPUBAEMWX 3HAueHWH X umeeM f(— x)= f(x). Pynxuns f(x)
HaswBaeTCs HeemHoll, ecan uMmeeM f(— x)=— f(x).

paguk ueTHOW GYHKUUM CUMMETPHYEH OTHOCHTENBHO OCH
opawHar, Tpapuk ¢y
Hauaza KOOpAWHaT.

p ¢ cummerp

4eTHHX ¢y €CTh ueTHas QyHK-

oy ecTb HeueTHan

5w (wn HECKOABKHX

q;ynmmn BCAKYI0 CymMy npousseneHull STuX (yHKUMH Ha Kakne-

HUGY b NOCTONHHHE).
I

uns,

, KaX(Ias u3 KOTOPHX

ABNSETCA 4ETHOW MK ue-xen-mﬂ, Gyner 4YeTHOH WAM HEweTHoR

yHKUHEN B 3aBUCHMOCTH OT YETHOCTH WIM HEeTHOCTH uucha
B

AByX uer-
HUX WA BYX HCUETHMX (QYHKUMA eCTb ueTHas dyHKuus, TPo-
weTHON 1 €CThb HeeTHan yHKuI.

Ecan gyuxuus f(x) nHTerpupyeua Ha cermente [—e¢, ¢, 10
(rede= S ) dx+§ S dx,
1o (npu samene x Ha — x)

0 c
S /(x)dx=§/(-—-x)d.x,
e
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CNeNoBaTeNBHO,

S f(x)dx=$[j(x)+f(—x)]dx,

oTKyna

2 5 f(x)dx, ecnn f(x)—ueTHas,

S fde= (1.10)

0, ecnu f(x) — neuerHas.

Yernie n ysKnMu
caywasmu pyHKUA#, HO TeM He MeHee BCAKaR dynxnus  f(x)
Mo¥eT GWTh MpEACTaBieHa B BHIE CYMMH 4eTHoH w HeueTHol
dyukiwitt. B cavom nene, nmeem:

Jw)= f‘x)+2f(—x) +/(x)—2 (—x) = () + ¢ ()

roe
f(X)+2/(—X) D)= /(x)—-{(-—x)

Px)=

u, oueBnano, @ (x)— veTHaa yHKUns, §(x)— HeueTHaw ¢yHK-
una. Ecan f(x) umeer nepuon, 1o ¢(¥), ¢(x) hmeor Takoh
He meprol.

Ecan pyuxuna f(X) OKasanach ONHOBPeMEHWO deTHOR W HeueT-
nofi, 10 f(— x) = f(x), orxyna {(x)——/{x) ¥, CAeNOBATENLHO,
/(x) TOXACCTBCHHO PaBHA lyMIO. TBEHHBIE HYAb eCTb eaun-
tne"mu (yHKuiA, KOTOPaA ABARETCR ONMOBPEMEHHO WeTHOM W me-
uery

Orciofa 1erko 3aKMOYHTb, 4TO M00aR QynKUMA e MO¥eT OuTh
IBYMA Pa3sHLIMW C10COGAMU NpPENCTaBAeHa B BUIE CYMMB UeTHOH W He-
uetnolt ynkauit. [eficTeuTeanto, ecan

FX) =01 (%) + 41 (X) =2 (x) + 2 (x)
(m 1y §a—HETHIE, 1, Yy—HEueTHbIE), TO ¢y (x)—s’ (x)=¢.(x)—9.(xh

Aepan ¥aCTb STOTO PaBeHCTBA eCTh 4YeTHan HKIMA, Dpasas
'ucn.—-ueuemu, orkyaa

91 () — @ (D)= ()~ (1) =0,
caenoparenbio,
f () =g (x);  di(x)=tu(x)}

Orciona W M3 papee CKa3apyoro BUAHO, NYTO BCAKAA QyHKuWA
CHHHCTBEHHBIM  CIl MOuer ONMTh UpenCTaBiCHa B BAE CyMMu
ueTHOA ¥ HeweTuodl QyHKumiL
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§5. POl ®YPBE ANSl YETHBIX M HEYETHBIX OYHKUMH
C NEPHOAOM 2=

Tycms f(x) — uernas q:yl;xum c nepuonoM 2%, ynoBJer-
2

Hns xo;q;qmuncmon ee pana ¢yp|;e naxomuM Gopyym

o= Sf(x)dx=—§f(x)dx.
n,.=—l— Sj(x)cosnxdx=—§/(x)oosnxdx,

Py
=é$ f(x)sin nxdx=0
(=123, ..)
Taxum o6pasoy, B pane  ®ypse Ias uweTHoM (pyHKUHH

OTCYTCTBYIOT WIEHN C CuHyCami, u pR0 Dypee 047 4emHoil
gyuxygu ¢ nepuodos 2w BHIAALWT TaK:

+oo
fx)~ ai+ 2 a, cos nx, (L1
Bl N
roe

o=2 Sf(x) dx,

an %é'f(x)cos nxdx (=1, 23, ..).

Mycrs Teneps f(x)—neveTHas ¢yHkuus C nepuomoM 2=,

. Iaa xosgu-

¥
UWEHTOB e paaa d;ypbe HaxonuM GopMy
. =

=1 Sf(x)dx=0;

EY

a,,=-l~ S f(%)cos nxdx=0 (n=1,23,..)
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Lo
b=1 Sf(x) sin nx dy=

=%§f(x)sln nxdx  (1=1, 2, 3,..).

Takum oGpasoM, B pame @ypee A% HEYeTHOR yHKuna
OTCYTCTBYET CBOGONMHI WIEH M WIEHH € KOCUHyCaMu, W pad
Dypee 047 ¢ nepuodor 2m
TaK:

4o
F@~ 2 b, sin nx, (1.12)
ne=l
rae

b,,=%5/(x) sinnxde  (n=1, 2, 3, ..).

Npasep 1. Pasaounts B pan Pypve dynxnmio
—F mEno0,

rw=1 ¢
7 "m0,
;um)mqyn mepwon 2= (B TOUKAX m®, rle n—ueoce, noraraeM
(x) =
( uepnnno, f(x)~— HeuerHan ¢ymkuua (puc, 1), nostomy B cuay
(1. 12) uMeen:

,,=—§ 2 einnxde= S nxlx=——L=

__cos0—cosnx __1—(—1p { 7‘; TIpR 1 HEuC THOM;
===
0 npu n uernom;
asHawnr, by =1, by=0, b.=%, b,=0, ... n ucKomoe paznvKciHe
ects
Sl =sinxt§ sndx 4§ smSxt o
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Orciona apit x=; nonyunm:

o

Mpumep 2. Pasuosarts B pan Pypee Gynkumo f(x)=|x| ua
[—=, =, BMciomylo nephion 2m

Puc. 1. Puc. 2

Oucetiato, f(x)—uernan Qyuku#s (pic, 2), nostomy B caay (Li1)
HMeeM:

h=2§xdx l =m

-

2
an =%— 5 xeosnxdx =+ (x—“:“-[—nl—m '“) E=%T°“Wmo=
2 2(— IY' { npH 7 HEYETHOM,

0 npu n yetiom,
CaenoparenbHo,

a=—23, a=0 a=—¢, a=o ..
W HCKOMOE pa3ioleHHe ecTh
/(x)=5——‘-(eosx+ieos3x+l cos 5x 4+ )
27 % (] 5
Orciona, B wactHocTH, npi x =0 nonyunm:
5 4, 1, 1,1
°=i—7('+i+sf+1=~-)'
oTKyna
P 11
g=l+gtstate
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3as cymmy STOro pAma, 4erko Hafita
1
S=l4gtgtatgt

Mmeenm:
s=(1+gtgt ) H{Ftatg+t)=F+5s

L
cnenoparenbuo, s=§-, T €

2 _§1
[ 2 e
ne=]
§ 6. PSLAbI ®YPBE Il ®YHKIUH C NIOBbIM NEPHOAOM
Tyers  f(x)— ¢ b4

(rae  ectb noaynepuon). l'lonarau x==at, noayuuM QyHKuuo
](nl) € nepHoaoM %l—. BuGepem a TaK, 4TOGH %’—2!{, T. €
a—— Toraa x—% Hac Kk oy
/(l—:) © nepuonom 2.

Tipeanonoxum, uro f(x) umeer na cermentre [—/, /] ne
Gonee KOHEWHOTO yHCAa TOWEK paspiea M aGCOMOTHO HHTE-
rpupyeMa ua sTom cermenre. B cumy § 2 umeem B TOuUKax
audxpepeHuupyemocTu:

j(%):%‘--{-‘f (ay, cos nt -}~ b, sin nt),
A=l

roe
13

b § (e w8
- n=1,2,3, ..;‘,
=1 Slf(g)slnntdt (n=1,2,3,..)

Bosspawanch Kak B pAme, Tak W B opMynax ans Kosg-
OT HOBOFO nep t K CcrapoMy nepeMmeH-
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HOMY X W BaMeuas, uTO t=¥, dl=—;— dx, oMy uaeM B TouKax
AudxpeperEpyeMocTH:

+o
fo=%+ 2' (a.cos T+ by sin "—';5) (1.13)
raoe

1
a=1 S,f‘”””-
{
a,=14 s:;(x)eos’#dx (=1, 2,3,..% ! (114
1

b=t (fysnZEdx  (n=1,2,3,..)
3

Pan (1.13) ¢
Q. 14),’ HasuiBaeTcs panoym dypee AR QyHKIMA f(x) c nepuo-
noM 2

Panut dypne nns HeTHHIX W HeueTHbX (yHKuul
¢ modum mepuonom

B cayuae weruott dynmkumu ¢ nepuomom 2/ muce b,=0

H, CleNoBaTeNbHO, B pANe ¢ypse HET 4JeHoB C CHHY CaMu.
Torna nonyuns (kak & § 5) B TOuKax AAddpEPEHLUDYEMOCTH:

f(x)=%+.§la. cos 2, (1.15)

rae

I3
,,'=%5f(,)mﬂ¢,, (n=1,2,3,..)
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B cayuae Hewetnod qyuxusmn c nepuogow 2/ sce a,=0
u, caelosarenbio, B page dypse Her CBOGOAHOTO YA€HA W
uaeHoB ¢ Kocurycaun. Toraa nomydmu (kak B § 5) B Touxax
audpepeniupyemMocTh:

+oo
nX

f=Y b, smZE, (1.16)

A==l

rae
1
b,=%§/(x) snEdy (=1, 2,3, ..)

HMpumep 1. Hanecary passowenve B pan Pypoe HewerHoft dynk-

aun ¢ nepronom 1. 3neck 2=1,n l|l octioamn (1.16) noayvacm:
1

o
fx)= 2 bysin 2nrx, Tne b, =4 5f(x)nm 2nnx dx.
A=l
HMpamep 2. Pasnoxuth B pan (bygl.e |dn xl. Ouemunw, | sin x|
ecTb YethHan QYHKIIA C neprolioM w. W Ha OCHOBaHuM
(1.15) noayuaem:

4o
\sinx|=%'+ 2 @, 00820,

Fae

E
n,.=-—5 sin x cos 2nx d ———5 sin (20— 1) x dx +

+§§ sn @ng D rdr=ml 20N x t’—

_ 2 cos@utDx t;—
=

Grensfi 2=ty gyt ot
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Creposareato,

-
2 4 cos 2nx
lnxl=2=3 L w1~

A=l
2_ 41 1
=;—7(~§m2x+ﬁeos4x+$m ex+...).
Orciona npu X =0 noayyaeM:

o=%-% 2 w=
CAEAVBATCALHO,
5 1 1 1
7‘2 Si=ytntstate

Komnaexchas dopma psna dypbe nns dynxunn
€ MoGLiM nepuoxoM

Mycts f(x)— c 2,y
ycn0BHsM,  YKa3aHHWM B Havane maparpada. Torna MoaCrauoBka
x=- Hac k ¢y Vi =) ¢ 2.

B cuny § 3 umeem B Toukax mudipepenunpyenocta:
n N 1 d t
&)=Y e =y | 7(%)ea.
for-s R

Tlepexons xak B pame, Tak W B opMmynax nas Kosdxpu-

IHEHTOB K CTapOMY TNEpEMEHHOMY X W 3auevad, yTo f== 5’,5,

dt=—"idx, noayuyns B TOuKax audxpepeHumpyemocTn:
12 inne
fey=Yeet, 1
=
m

v __tanx
=g (@0 Tar w=0 %1522 (1Y)
-t
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Tlpapas wrcvL GOpMY (1.17), rne onpe-
neamiorca paperciBamu (1.18), nasmizaeTCa KoMniexcuo# cop-
Mot pana Pypbe mas Qyukuss C nepuomom 2/

Pasnoxenne B pan Pypse Qyukuun, sananuoi
na cermente [—/, /]

Ecim Ha noayor unTepease AawMBl 2/, T. € Ha
unTepBane Buna [a, a - 2/) wan (a, a-}- 2/], onpenenena Kaxan-
nuGynb Gynkuns, TO OHa MOXET OuTh (EAMHCTEEHHHIM CrOCO-
60M) MPONO/MKEHA i@ BCIO YHCIOBYIO NPAMYIO TaK, YTO moAy-
unTCH Qyuxuns ¢ nepuonom 2/. B camom mene, BOSbMeM rpaduk
BanauHoll QyHKuun ma y
W TPUCOBNMHEM K HEMy BCe ero TOPH3OUTANbHBIE CMEWeHus Ha
paccrosuus, Kpatupie 2/ (1. e. Ha paccTosums 2nl, rae n— npe-
u3gonbHOE nesoe uncao). Torma noayuwutcs rpadmi dymxuun

c 2/, c oy Ha TOM
wHTepBane, Fie OHa Gblna onpeneneHa.
Orciona u us 0 pauee O

uecKuX QyHKUMA B pans @ypbe creayer, yTo ecau j‘(x) nMeeT
ua [—/, /] He Gonee KOHEWHOTO W4HCAa TOYEK paspusa H
26CONOTHO MHTETPHPYEMA Lia STOM CermenTe, TO BHYTPH 9TOrO
CerMenTa B TOMKaX Au(iepeHunpyeMocTd umee:
+o
f(-f)=921+ 2 (a,,cosﬂf—]-b sin ——)_ (1.19)
At
rae
1 I3
a=1 " () dx; = S F(2) cos BEdx
=t -t
(=123, (1.20)
t
=1 S/(x)sln Xie (n=1,2,3,..).
=t

Pasnomenue B pax KocunycoB dynkuui,
sananuoli na cermente [0, /]

Ecnu ua cermente [0, /] onpenenesa kakas-HuGYAb (yHK-
168, TO OHAa MOXET OMTh (CAMHCTBEHHHIM CMOCOGOM) MPOROA-
Mena Ha BCIO YHCIOBYIO nPAMYI0 TaK, 4TO MNOJYUMTCA ueTias
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¢ynKuns ¢ nepuoniom 2/. B camoM neae, BO3EMeM rpaduK sa-
paHHOH (YHKU@W HA STOM CerMeHte, NPACOBAUHHM K HeMmy

Garypy, yilo ¢ HuM ocH OpmUHAT.
3arem K 00p durype np BCE €e TopH-

Ha xpathsie 2/ Torma no-
ayuntcs rpaguk ueTHol oy 2/,

weh c sanamioh ¢ymxuuedt ua cermente [0, /].

Orciona 4 W3 CKa3auHoro panee O pas3NoWEeHHH YETHHX
nepuoamueckux GyHkuu#t B psam Pypbe creayer, uto ecan
f(x) nmeer Ha [0, /] ne G6Onee KOHEYHOrO WYHCAZ TOuEK pas-
puBa ¥ a6COMOTHO WHTErpUpyeMa Ha STOM CETMEHTE, TO BHYTpW
9TOFO CErMEHTa B TOuKax AuepeHUHDYEMOCTH WMEeM pasno-
Kenue B PRI KOCHHYCOB:

+o
fH=%+ 2. a, cos %, (1.21)
Fe
rae
—-—g/(x)dr, a,.—-—j/(x)cos—dx (1.22)

(n=1,2,3,.

P B pAx
sanannoi Ha cermente 10, 7]

Ecau na untepsane (0, /) onpenenena kaxan-uHGym Pynk-
@8, TO OHAa MOXET GHiTb
H2 BCIO YNC/OBYIO MPAMYIO TaK, YTO MOMYuHTCH ne-aeman dyHK-
uus ¢ nepuosom 2/. B camoy nene, sosbmeM rpapuk 3anmaHHol
(QyHKUMM HA YNOMSHYTOM MHTEpDAa%e, NDHCOSAHHWM K HeMy

purypy, YI0 € HuM Hauana

sareM K urype BCE ee ropu-
1 Ha xpatuue 2/, u, Kpode

TOro, n106apHM nce TOMKH € KOOpAWHaTamu nl, 0 (rae n—nloﬁoe

uenoe uucno). Toraa y rpapHk dy

c 2[ c oy Ha OH-

Tepsane (0, /).

Ortciona u w3 0 paHee o

neproanuecknx ¢ynkuuit B paaw Pypee caeayer, uTO ecHH
J(x) umeer ua [0, /] ne Gonee KOHEUHOro UdcAa TOUEK paspuisa
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4 a6COMOTHO WHTETPUPYeMa Ha STOM CerMeHte, TO BHYTPH
9TOrO CerveHta B TOMKaX AuppepeHunapyeMOCcTH HveeM pas-
.I0KEHHE B DAL CHHYCOB:

+o
f)= 2 bysin TS, (1.23)
ne=1
ae
1]

=3 5f(x) s dx (n=1,23,..) (124)

Ha koinax cermenta pax (1.23) G]ner cxoaMTHeA K Hymo, Crefo-
BATEABLHO, €CaH 4TO6H

B HyIb Ha Komuax cermenta [0, l& 10 pwxomcuue (1.23) Gyaer umern
MeCTO ewe ha KoWnax cermenta [0,

§ 7. YPABHEHHE CBOBO/IHbIX MAJIbIX KONEBAHHIl CTPYHbI
H Er0 PEWEHUE METOAOM ¢YPHE
PacCMOTPHM HATSHYTYIO CTPYHY, PAacniO/OXEHHYIO BAOAb OCH

abcunicc. Ecam cTpyna comepuiaeT Maawe nomepeulibe Ko/neGa-
HuR (T. €. K2XAa8 TONKA CTPYHW MOXET CMEMATCR TOABKD

B Bep P “, coxp
BeautuHy cBoed abcuuccil) Ge3 BO3AENCTBMA BHEUIHMX CHA, TO
MOKHO MOK23aTh (OTOPACHIBAfA Maible BEAMMMHB BHCWIMX NO-
praKos), uTo ecau u(x, t) 0GO3HAYaeT OPAMHATY TOUKH CTPYHM
¢ abcnuccolt X B MoMent f, TO QyHKkuua u (X, t) cyaer yao-
BAETBOPATH
NPOHIBOAHEIMH nroporo nopaaxa
Ou__
i

(1.25)

rae @ -— nocToslHOe MO/OAKHTEALII0E YHC/O,

Ecau crpyHa umeer KOHeunylo aauny / u ee KONH.H ¢ abcumc-
camn 0 u / 3akpennelinl, TO MW MOAY4YaeM CJAEAYIOIUe rPaHuy-
HBIE yCn0BHA:

(0, H=0; u(l, £)=0. (1.26)

Bynem cunepsa nckath Te peweins ypasuenns (1.25) s 06~
nacTu

Iyl —oot 400,
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Y. (1.26), xoropwe umeioT
cneuHansHui  BUA X (x)T(l), rae X — 1BaXAH HENpepHBHO
Antppepenunpyemas dyuxuds or x Ha [0, /], ne pasuas Toxpe-
CTBEHHO Hymo, 7 — ABaKAW HenpepwBHO AndpepeHnupyemas
_dbyHKuus OT f, He PaBHAT TOXIECTBEHHO HYJIO.

Berapass u=XT 8 (1.25), noayunm:

XT"=a* X"T, (127
OTKyAa nocne pasfefeHns MEpeMeHHLIX Haliem:
X
=a (1.28)

. Tak kax nesas uacTb e 3aBUCAT OT !, a MpaBas 4acTh He
32BHCHT OT X, TO OOWAS BENUYMHA STHX OTHOWEHAR €CTh He-
KOTOpasi MOCTOfHHAs A; nostoMmy

X" —M=0; T"—A'T=0. (1.29)

Crporo rosopsi, (opmyra (lm) n, uenounumo, ‘dopuyaa (1.29)

CHpaselHBY 3% Tex X, rie X Tﬁ [} vex t, me TP } #0. Ho

Tam, rae X (x) =0, nmeem B cuuy 27) X"

saer mxxnccruum), u tam, rne T()=0, uueeu u cuty

6’%;: (6o X wue ucuesaer romecrunno). nos'ony mmucrun
. LA

11n Beex
Tpannynpie ycnosus (1.26) nawor:
XOT(T=06 XOTH=0
W, CAenopareasHo (Tak Kak T He wWCue3aeT TOXACCTBEHHO),
X0)=0; X@=0. (1.30)

Toxaxem Temeps, uro mpu A=>0 nepsoe u3 ypasHe-
Hait (1.29) ne moxer umers Ha [0, 1] Ppellenult, He UCHe3aowux
n ynos, (1.30).
. B camom nene, ecan Ou npn A>0 HamAOCH TaKoe pewe-
Hue, TO B HekoTOpoH Touke Mexay O u / oHO Gua0 bl OTAW4HO
OT Hyas, (s cayyae cre-
nosano Ob 3amednts X Ha — X); Torna HauGombliee aaue-
une X Ha [0, /] momkHo O6bi10 G GHITH MOJOKHTEALHO M RO~
cTUraThcs B Hekotopoh Touke & BHyTpm SToro cermenta. Ho
Toraa

XO>0 XH=0 X"E)=AX®>0
2 1. U Posamoscim
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®, cAenoBaTenbHo, B Touke § dyHKuua X ROMmKHa MMETh MHH-
MyM, 4TO ueneno, B cayyae A=0 nepsoe #s ypasrenut (1.29)
=0, X auneina u npu
ycaosusx (1.30) MOXKET OHTb TO/ABKO TOXAECTBEHHMM HYAeM.
Wrtak, Mw nokasann, 4to A<CO0, NOSTOMY MOMHO MOJOXHTH
=—F% rae £>0.
Vpasnenus (1.29) npunuMaior sug

X' +EX=0; T+ k%*T=0. (1.29)
C H peuias Xapakrep
9THX J

c NOCTOSHHLIMH KO3(xpuLtAEHTaMH, nannew
X=C;cos kx -} Cysinkx; T=D;cos akt -~ D, sin akt,

rae Cy, Cy Dy, Dy— nocrosuune.,
Tpannsnuie ycaosns (1.30) nanaraor TpeGoBanus:

Cy==0; C;cos kl--Cysinkl=0,
orkyna (TaK Kak C.# 0, ecan C;=0) sinkl/=0; k/=n=
(n—uence); & I ; CAenoBaTenbHo,
X=CysinZE; 7= Dy cos B 4 Dysin 2,
orkyaa (nonaraa CeDy=A, CyDy=2B)

u=XT= (A cos % 1 Bsin ”""‘) sinZE, (1.30)

OGpatHo, 410
(1.30") npu MoGHX AuB ypas-
Henuto (1.25) u rpannynem  ycaosusm (1.26). Taxum oGpasom,
o6wail BuL BCEX (1.25), y

rpaHAYHLM  ycaosusM (1. 26) H MMEOWUX CREUHaABHBH BUK
u=X(x) T(f), naerca copmyont (1.30).

Tak Kak ypasuenue (1.25) u rpaununwe ycaosua (1.26)
JVHERHH W BCAKas peweHai
ypasuenus (1. 25) ¢ ycaosusmu (1.26) ecTh TaKxe pelleHue
ypasHenas (1.25) ¢ ycaosasmu (1.26). B ynomsnyTo#t annettron

MOXKET y HE TOMLKO KOHEYHOE, HO #
uacao dy ONHaKO B cayyae no-
CTORHHHE KO3(UUMeHTH caenyeT GpaTh Tak, 4TOGH noayyato-
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wmuics pai ¥ padd, NOSBJAIOWMECH U3 HEMO [OCAE OAHOKPATHHIX

U nByKp no paccMaTpu-
BaeMuM nep 6uiau Gut [rorna
BaKOHHB "

pOBaHAA, C KOTOpHME NPHAETCA BCTPETATLCH MDA MPOBEPKE Bl
noauumocta (1.25)]. Takum 06pasoM, BupameHus bana

+o0
u(x, t)=2( ’"‘"‘+B,slnﬂ‘i‘) sin =5 (1.31)
A=l

npu Ha, BROOpe o A, B,)
Oynyt (1.25) ¢ (1. 26).
npennonmxuu 'renepl-, yTo Aa% xamnon TOUKA CTPYHHI

Torna Ha u(x, %) nomxHs OGHTH uanomenu IONO/MMTEAbHEIE
orpainyeHus Bdna

u(x, O)=o¢(x); u(x, 0)=49(x), (1.32)
rie ¢(x), ¢(x)—3anannne Qynkuuun [npuuem ¢ (0)=¢ (/)=
=4O =¢()=0}.

Yenosns (1.32) Ha3wBAIOTCH HavaAsHBMI ycrosuaMu. Bynem

Hckath cpenw pewenwd suna (1.31) Takue, KOTOpHE ynOBJAe-
TBOPAIOT HauaiblieM ycaosuaM (1.32), T. €. moAuMHMM (yHKUHA

+oo
= ﬂf 280L) sin 225,

u(x, t.) _,,g (A cos +B, sin = )sln

ui (% t)=+2°‘:(—_.-A sin 2% | 12 B sin ""—"‘) $in 15X

a=i
ycaosusm (1.32). Torma noayunm (noaaras ¢==0):

+o
7.
e(x)= ZIA,,sln nl_x;
e

4o
= YT B L,

e
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u, CAGAOBATeNALHO [cu gopmyas (1.24) ans  xosipunuentos
p [0, 7] & pan cunycos],

A,=%Jv(x)sm£‘,—"m

1
2
"—j‘:a,.=7§q,(x)sm"+"dx.

Wrak, sanauw o
ManMX KomeGaHuax CTPYHH C BaKPENJEHHHMH KOHUAMM ¢
[

€e ToueK Aaercs ¢opmyaolt

u(x, 0=+-2°:(A,cos m—;“-f-B,sln n-_’az) sin ""-l—",

rae
3

A= %,Sv(x)sln'%"’x @=1,2,3,..5 [ (39

——-usv{:(x)sln—-dx r=1,2,3..)
)

F BAKOHHW /MWD NPH
sanaHul ¢ @(x) u ¢(x), HO
3 STOM BOTPOCE MM He GYNIeM OCTHABAWBATACA.

§ 8. MHTErPAJl ®YPbE
OrmeTum cneppa HeKOTOPHE BCNOMOraTe/bHHE (pamu.
e
Buiuucaenne uurerpaia S—%!dx
o
TlpeoGpasys AsoHuof uuTerpan ot ™ sinx no Keampary

O<x<<a; 0<ys=<a) AByMA CNOCOGaMA B ABYKPATHHE MHTE-
rpansi u p oy uMM:

a a a a
§slnxdx‘je“’dy=,5dyns e sin x dx.
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DIIeMEHTAPHOE HHTErPUDOEAHHE AJET:

a
53‘”@: l_f“;

a
1— e~ (cos a -y sin @)
ad —l—e7(csapysnd) .
Se sinxdx= Ty :
CnenosarensHo,

sin x sinx o
X gy — |\ o E et gy =
dx 5 = € dx=

a a
_(dy _ ( e (cosatysing)
_5 I+ j _ITFT*———d‘V'

Tak kak *) momyap BTOPOrO  caaraemoro Jaesolt  uacTd
MeHblle -, MOAYAb BTODOrO  CASraeMOr0 npasot  uactd
MeHblle %, TO B mpenene Npa @—»> -} CO MOAYHHM:

+o
sinx, __=®
X dx=. (1.34)
Tlockonsky “';x—uenm QyHKuus, u3 l;ocnenuen dop-
MyAs crenyer:
+o
S e 1.34)

—o
-Jlemma Pumana nas GECKOHEUHOTO NMPOMENYTKA

Ecan f(x) uMeeT Ha KaX1OM KOHEWHOM WHTepBaje He Gonee
KOHEYHOTO 4HC/a TOYEK Pa3phiBa @ aGCOMOTHO MHTErpupyeMa
Ha (—00, --00), TO

if(x)slnaxdx—»o npu a—> o0,

a

4o
*) YuutuBas, 410 S eHdx<< 5 c'“-"dx=%,
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.JlokasaTeanctso, BostMem ¢ u d HacTOMBKO Gimis-
KuMH K —CO W ~-00, 4rOOn CyMMa MHTerpaos or |f(¥)
no uHrepsanam (— oo, c] 4 [d, 4-c0) Guna Mensue %. Tak

d

Kak B cuny nemMm Pumava (§ 2) Sj(x)sln axdx—>0
npn a-:+oo, TO npu_moGom ¢>0 nalinerca Taxoe K> 0,
4ro sf(x)sln axdx| <4 npu a>> K. Torna npua>> K 6y-

&
AeM uMeTh:

+o
S F(x)sin axdx

< { If@ld=+

a4 +o
+| S/(x)sln axdxl+ 5 1) dxe<e

CNIeA0BATENbHO,

+
8

ey’

f(x)sinaxdx—>0 npu @ — <-oco.

ycnosue
dynknun unrerpasom dypse

Myers f(x) Ha sce
npnuon, WMeIoIas Ha KaX/IOM KOHeYHOM cermenre He Gonee
KOHEYHOr0 YHC/a TOYEK PaspeiBa M aGCOMOTHO MHTErpHpyeMas Ha
(— 00, =}~ c0). T s 4TO 0 uHrerpan

o
§ 17
o
ects ( P
Cornacio cxasanHoMy B8 § 6 B Kannoi Touxe Audpepes
uupyemocTn x, dyuxuun f(x) umeem (npn I>>|x, |

=% +§(a,,ws = | bysin ﬁj‘-’).
A=l
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rae dopmy (1.20). Cnenosa-
TeALHO,

I3 1
=5 jf(x)¢x+ 2(} S/(x)m#dx- cos e 4.
-1 -1

7 S/‘(x)sln '“—’-" dx .« sin "’——1"3)=
-1

I3 o 1
=2lls F)dx "'.2'.%.5 £ cos ZE= 5D gy,
-
T

®

Tonaras u,= (wrm Aa,,=7; -5-=%Au,,), nOAYIHM:

1 © 13
Fod=g | fdxt L Y n, | 1) cos o= x) .
-1 =l -1
Tpu /- -}-c0, ouesnmHoO,
1 1 + o0
5 S/(x)dx-»O- S f(x)dx=0.
3 KN
EcrecTBenHO NpPeANOJOXKATh, 9T0 npd [—> —-00

2 A, S/(x)m”,(x—x‘)dx-»

=l
-> ;“ du /(x) cos #(x = x) dx

(Ho 510 He ouesmumo!). Ecam STO Tak, TO rnoayuenHoe AN%
Jf(x,) supaxenne gact B npeaene:

j(xu)=—1- S du Wg f(%) cos u(x —x)dx,

TlokaxeM, 4TO 5TO AEHCTBMTEMNLHO TaK.
Tloaoxmam

l(u)=%s dn .S- F(x) cos u(x — x)dx.
-
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Tak\ kak | f(x) cos un(x —x)|<|f(x)| n -S | f(x)|dx cxo-

AATCH, TO MOXHO H3MEHHTb NOCAEAOBATENLHOCTh HHTErpHpOBa-
HAA B M MOXyuMM:

=1 § f(x)dxds cos u(x —x)du=

w 4o
1§ e et et § o B

(nocnennuit muTerpan noAyses W3 mpensiaymiero 3amexod X ha
Sy-x). Eem flr)=0, 10 LEED  pr(r) npy x>0,
(Yo X)
X

H, dy 9(X)=f nocne Hapne-
Kawero aoonpeaeneHus B Touke X =0 CTaHOBUTCA HeNpephis-
HOM B OKpecTHOCTH Hyns # Oyner aGcOMIOTHO HHTErpHUpyema
Ha (— oo, }-00), 46O NpH AOCTAaTOMHO ManoOM e OHA Hempe-

pWBHA 13 MHTEpBane (—é, €) U Biie ero [9(x)|<w.

CnenosaTensio, B CHaY neMMbl PuMana 145 GECKOHEYHOTO npo-
MeXYTKA HMeeM:

I(n)=-:? f ¢ (%) sinaxdx—0 npu @ —> -0,
-2

B ofmew cayuae [korna suavenne f(x,) MOXeT Gutb Jio-
OuiM] nonokuM:

| F(xp) mpr xy— 1 S <X 15
pe= { Oonm apyrax sunueuu; x5 J)=1)—4()

Torna

(o 2) 2 g,

4o +e
1@="1 § Frotn B ar L
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Tlo 1OKa3aHHOMY NepsOe Caaraewoe Npagoft 4acTd CTpeMHTCH
K HymOo npn a—>--0o, 60 F (x)=0. Bropoe cnaraemoe
npasot YacTn pasHO

1 a +o0

(X snax , . __ f(x)( sinx f(xo) ( sin _

L [ sner gy T [ lr gy L0 (302 g p)
K 2o ES

npn a—>—+4-co0

(unTerpan B cpenHefl 4aCTH NOKYYeH U3 NpPEAWeECTBYIOILETO
3amenoi ax Ha x). TakuM oGpasoM, B TOuKax IHudpepeHin
PpyemocTi x, dyHkumn f(x) nmeem:

+e

+oo
fra=liml@=1 s du S F() cos u (x — xp) dx.

3amensis X, Ha X @ X Ha f, IOKA3anHOE TNpeILIONKeHue
MOKHO (hOPMyIUPOBATH TaK:

Teopema. Ecnn f(X) mMeeT Ha KaxZOM KOHEUHOM RHTEp-
Bane He GONEE KOHEWHOrO UHCMA TOYEK Pa3PHiBa W aGCOMOTHO
MHTErpupyeMa Ha (— 00, - 00), TO B KaN/OH TOUKE X, B KOTO-
pott f(x) nndpeperunpyema, umeem:

e e
f(x)=;§ dn Sf(t)cos u(t—x)dt.  (1.35)

Tpasas uacts opmyns (1.35) HaswBaercsi 080HHsIM UHME~
2pason Dypse dynxunn f(x).
Tak KaKk cos # (¢t — x)== cos uf - cos ux -} sin ut - sin ux, 10

(nocne  BHeceHns MHOXHTeaR %) BHYTpEHHHH nHTErpan B (op-
myne (1.35) MOKHO npeoGpa3soBaTh TaK:

17 e
1 S F@cos a(t—xyat =1 Sf(t)cosutdt-cosux-l-

+ -
+% S f(¢)sin ut dt - sin nx = a (1) cos nx -+ b (u) sin nx,



42" PALN OYPLB B MHTETPAN OYPHB fra

rae
4o

s@=1{ Owsua @=0,
e (1.36)
1

bw=21 s f@sinatdt  (@=0).

Toraa (1.35) npunnMaeT BAX
+o
fo= S[a(n) cosux+b(@)sinux]de.  (137)
o

Bupaxenne, cTofmee B npagoit yacTn dopmyans (1.37), nasu-
Baerca unmezpasos Dypse nas Qyuxumn f(x). Taxum oGpasom,
¢ynxuns f(x) npemcrapnsercs csomm muTerpanoM <Pypse B0
BCEX TOUKax AndxpepeHuUHpyeMOCTH. 3aMeTWM, uTo STO AOCTa-
TOUHOE YCAOBHE NpEACTABHMOCTH (yHKUNH CBOWM WHTErpazoM
dypse He HHTErpanom
Dypoe GyAeT WMETH MeCTO n mpu Gosee OGULAX YCIOBHSX.

dopmysa (1.37) nokasweaer, uro nurerpan Pypbe MOXKHO

KaK

y i aHanor psna dypbe: BMECTO
CyMMnpoBaing MO WHAEKCY 7, npod:rawmeuy uesHe BHaueHus,
MH nMeeM nuTer no yca nepe-
MEHHOMY I} BMECTO dypoe, OT uenoro

YP!
nHmeKca n, MH myeeM QyHkunn @ (u), b (1) OT HENPEPHBHO n3Ne-
HRIOWErocs mep: 0 u, (1.3

§ 9. KOMIVIEKCHASl ®OPMA HHTETPAJIA ®YPHE

TlpeoGpasyem mnoawmTerpanbhoe Bwpaxenne gopmyas (1.37)
¢ nomouwio dopmysn Diinepa. Vmeem:

p popmy

a(u) cos ux b (u)sin ux =
=a(,,)uk_"l__ -|-b(u)#ﬂ:—

gor—ctor

=a@ T _p@)
=l(ll)';”(“)‘jax+ l(ﬂ)+”(u) ey —
=¢ (1) € -} ¢ (—u) e,
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rae noaoKeHo

c(n)=c(u)—ib(u!; c(_u)=csu):§i6(u) .

A
S [ () cos ux + b () sin ux] du=
o

Torna

A - .
=‘S[c(u)e"‘+c(—-u)s“"]da=
A A
=§ () e'"du+§ c(—t) e du=
A 0 A
=§c(n)e"“da+ Sc(n)s’"du= S c(u) e du,
-2 -X
s
Tak KaK NOCAE BAMEHH ¥ HA — 4 MHTErpan oSc(—u)a*" du

0 -
nepexomut B Sc(u)e""du.
E% N

Jan ¢ (u) nonyunm supaxeHne
cw)= a(u)—lb(u)

=;—( Sf(t)oosutdl—i— Sf(t)sln um)

+o
=2';_S;f(o (cos at — Isin ut)dt=%_s F@e " dt @=0).

Henocpencreenso snno, uro st GOpMyas BepHs n npu
<0, nanpumep, us Toro, 4T0 ¢ (— m)=c (1).



44 © PARB OVPbE M HHTETPAJ OVPBHE fra. 1
U3 dopmyan (1.37) nonyuaem (nommas KaK th f )
>
f(x)=lim f [a (u)cos ux -+ b (u) sin ux] du =
A=>400 H

A +00
=‘£n;_j;c(a)e‘“du=_£ ¢ (4) €™ du.

Hrak, 8 Touxax mnddeperunpyemoctn dynkuun f (x)

o
= [ c@eau, (1.38)
roe -
L
cw=5 [ e at. (1.38)

Buipanenne s f(x) 8 popme (1.38) seaserca Komnaexc-
Hol gopmolt pasa Pypve nas ¢y f(x).

Ecnn 8 ¢opmyne (1.38) 3amennts ¢ (¢) ero BrpaxeHnem, To
noayunm B TOuKax Angpepenunpyemoctn dynkunn f(x):

‘e o
=g [ = du [ fye-at (1.39)

nan
4o 4
f@=p [ au [ fOeme-0a.  (39)
S e
Mpasas wacts (1.39') Q60dHNM paron Pypse
+oo

8 KoMnaexcuolt o6aacmu. Tonoxne F(u)= f f(tye“at,
opmyny (1.39) MOXHO nepedp3snposath TaK:

=g [ Fe)édu (139
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§ 10. HHTEFPAJI ®YPbE AJIS YETHBIX
M HEYETHBIX ®YHKI\MA

Tycts f(x) — verHan y
8. Torma -

4o 4
a@w=1 Sf(t)cosutdl:% ‘Sf(t)m,ltdt;
=
bwy=1 Sf(t)slnutdf=0.

cneniosarenbHo, wHrerpan ®ypoe (1.37) npanamaer san

+o
fE)= j a(u) cos ux du, (1.40)
rne
P
aw=2 ‘Sf(t) cos ut dt. (140)

D10 —uumezpan Pypse dam  wemnoii  Pynxgun  f(x).
3amensn 3nech a(u) ero supaweHueM, NOAYUNM 080HHOL unme-
2pan Dypse dan uemnoll gyrryun:

o+ +o
fR=z ‘S cos uxdu ‘Sf(t)cosm‘dl. (1.41)

Tycrs Teneps f(x)—
ycnosnam § 8. Torna

f(¢) cos nt dt =0;

+o
B

a(u)=%

l-ha +e
sw=>1 {rOmua=2 s smus
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CcnenoBATenbHO, MuTerpan dypue (1.37) npuunmaer emn |

+o
J@= (S b (u) stn wdn, (1.42)
roe
+o
bw=1 ‘Sf(t)smum. (142)
3ro— 2par Dypse drn f(x). Bamensis

sgeck b(u) ero BupanenneM, noxayusm Osolinoli uxmezpar
Dypve 0an HenemHoli @ynuguu:

2+w +eo
f)== 5 sin ux du 5](0 sin ut dt. (1.43)

@opuyma (1.41) n (1.43) MoKHO nepepasupoBaTh CrEAYIO~
o6pasom.

Tonoxuum

=12 T/(t) cos xt d. (141

Torpa ms (1.41) creayer [ecm f(x)-—-qeruau Gynkuns,
yROBAET BHIe Y 4TO B TOWKAX
angpeperumpyemoctn (yuxunn f (x)

r=y2 Tv () cos xtdt.

Hasuwl BHpaKetne, crosuwiee B npasolt wacrn (1.41), xocu-

(x), K 3aKOHy

nslmmocrn. ecan v(x) “ects KOCHHYC-TPaHCGopMalus et

Holt QymKkumn f(x), 10 f(x) ecth KocuHyc-TpancopManna
or ¢(x)
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Toaoxum
. o
qa(x)="/_—f- fr@snsta (1.43)
o
Totna ns (1.43) crenyer [ecm f(x)—neuemu QyHKuas,
BHlE Y YTO B TOYKAX
nu@ttepeuunpyeuocm ¢Gyskuma f

+o
/(x)=l/-;-f j ¢ (#) sin xt dt.
o

Haausas nupamemae, crosmee B npasoit wactu (1.43"), cunyc-
(%), K 8aKOHY

by Fn

ecan (x) ects ly
TO f(X) ectb cauyc-Tpancopmauns ot §(x).

Npumep. Tpencrasuts unterpanom Pypbe dyHxinw

1 opu|x|<],

. 1

I(x)=[ 7 upu lx|=1,
0 mpu |x|>1

@ynruna f(x) — werHan, CrenosaTensHo, Ha octosarun (1.40) Hmees:

+o
f@={ ow oruras

o

+oo 1
=2 ‘S 7O cosutdt= %5 cos ut d = 2 SLEE

nosromy

oo
f(x)=% (s sny cos ux du,
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‘l"nmoopaaou
1, ecm |x|<],
= mecdu—[-;-, ecn |x|=1, (149
0, ecam|x|>1
(1.44) Jupuxae

§ 11. OPTOIOHANILHBIE CHCTEMbBI ®YHKI\MA

Bynem p P(x) Ha
Gy b P nm YOTKP
TOM) € KOHIGMn @, & (@ KOHEUHO WM PaBHO — OO, b KOHEUHO
MM PAaBHO -}-OO), HAa KOTOPOM (MKCHPOBAHA HEKOTOPaR MOOKN-
TeMbHas oy P(x) Bynem
(%) Ha

El‘l!pﬁllle.lllh‘l;l:lnﬂl, ll‘l‘z
b
S [ ()P p(x)dx <+-o0.
Ins raxnx ¢ynkunt @ (x), §(x) nonoxum
b
® 9= s2ptp@ar.

DTOT HHTErpan MMET CMHCA, TaK Kak |W]<-;—(v‘+ﬂ
Onpenenenue. ®ynkumn ¢ (x) n $(x) (ynosneuopmume
Bhme
OTHoCHTEMLHO BeCa P (X) Ha NaHHOM MHTEDEane, ecam

(9 $)=0. (145)

Opror ne pm 3 o
Ha NOCTOAHHBIE MHOXHTEAH. .
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O y () @y

cap(x)

‘a mawHOM nnTepsane, ecmn
3 =1 (1.45)

He ncuesatouyio romnecﬂeuno @ (%) MOXHO CrenaTs HOPMH-
A

(uopxnp_vmmna .ummcnme.a) Dr0T MHOXHTENL A CAEAyeT Bhi-
6patb TaK, uT(
g d)=1,

oTkyRa .
S vee (1.46)

Hanpnwep, ana x na [0, 1] npn ennnnunom sece

3.

P y Cl;creny by
A E) 22(*) vees (KD oee ®)

(YROBIETBOPAIOUX OTMEUEHHHM B nayane naparpaja TpeGosa-
nuam). Hasosem cncremy (S) opmozonarsHoli OTHOCHTEMBHO
Beca p (¥) na nanHOM nuTepBase, eCm Bce QyHKunn STOR CHCTEMH
ne HCYE3210T TONAECTBEHHO N TONapPHO OPTOFOMA/BLHE OTHOCH-
TenbHo seca p (%) Ha paccMaTpHBaeMOM mHTEpBaze, T. €, €CaH

0 2)=0  npn itk

Hazosem cucremy (S) 3 Be-
ca P(X) Ha nannoM nuTepsane, ecan oHa OpTOronanbHag n Bce
iee ¢y Beca na
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PaccMaTpUBaEMOM HHTeBane, T. €. ecm

npa I#k,

we={] o =0

by f() y P
f@= 3 an )

T0, YMHOKas STO PaBEHCTBO HA @, (X)p (X) M MHTErpupya Batem
nounesHo & mpejenax or a A0 b (ecnm STO 3aKOHHO), mO-
ayuam:

(] v.)=.f:la. (®rr Pn) =05 (Pn» Puds

oTKyRa

= =
=Gy (=123, (.47

Onpenenenine. Panom ®dypve Kakod-unGyns ¢yukuna f(x)
(ynosnersopsioiiel OTMEUEHHWM B Hauane mnaparpaga TpeGoBa-

HUAM) p oit cucremst (S) pa
3% autn (@),
el
p no c¢opmyaan (1.47).
, 43 s'mro He cmenyer, uro f(x)

uommla HENpeMenHO pasnararsca B Coolt paa dypve.

Npumep. Ha cermente [—=, =] cucrema Qymyumuit

%,mx, sin x, cos 2x, sin 2, ..., cosnx, sinax, ... m
Beca (cu, BCTIOMO=
ratesbunix mHrerpasos § 2). OGosHauan wosdduumentst Pypbe Kakoft

uHbyan Gysumn f(x) ua I—s. n] OTHOCHTeNbHO CHCTEMM yepes

8oy @y, byy O3 Dsy veey Opy Opy 0aey
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naftnem no dopmyaam (1.47): . ~

¢‘=:.*—_=—:r Sf(x) cosnx dx;
-* ‘ n=1,23..),

==t =L Sf(x)dnnxdx

KOTOpHe B JAHHOM Ciyuae npespamatorca B Qopmyant (1.7) § 2.

‘TpuronomeTprueckne paasi Pypbe ABAAIOTCA YACTHHM CAy-
uaem panos Qypee OTHOCRTELHO OPTOFOHANLHHX ~CHCTEM

Ecmn dy , y Gy ab OpTOroHanb~
Hyto cucremy (S), y Ha Gy b A #E0,
70 TONYYMM CHOHA OPTOrOHanbHYIO CHCTemy. Kosdmuuments
dypbe KaKoH-HHOYZb (YHKUWW TNDU STOM PAsAEASTCA Ha A,
[kak BrmHo ms copmyn (1.47)], unens ke pama Pypse He
R3MEHATCA (%‘A,%=a‘9,,). B cayyae OpTOHOPMHPOBaHHOR

cucremtt (S) awop-ynu (1.47) nprummaoT BUR

o=, 9% ®=1,223,..) (147)
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s Op "
TIYCTh fiy far ooes Sar <o~ GECKOHEUHAR CHCTEMA amHENHO

by (. B Ha-

uane neftcrau-

TenbEbe  wnCAa Ay (S>k= l), nocnenounnbno TIOCTPOHM

ynxunn

=/,
Ps=hasts -+ fa
3 =La1p1 + hasta + /1

P =A@t + AusPa o oo FAn ot ot =+ Sow

Tlo mHOyKUMR BRAHO, YTO KaXAad (YHKURS ¢, €CTb JAHHEH-
Hasi KOMGRHAURs (yHkual fy, fy, ..., f, € KoaduumeHTOM 1
npR  f,, OTKYZa CREAyeT, 4TO GYHKUHA @1, Pgeeey Py o oo
JRHEHHO HE3aBMCEMH. B uacTHOCTH, Kawman ¢, He HCYe3aeT
TOKIECTBEHHO,

Tokakem, yr0 MOXHO
WHCa Ay TaK, 4TO CHCTEMZ GYHKURH @1 O, ..., Ppr oer CTEe
HET OPTOTOHa/NLHOM OTHOCHTENBHO BeCa p(X) Ha NaHHOM HHTep-
Bane TaKUX @,
3aynedl cacTems AMHENHO HESaBRCHMEIX yukuntt f,).

‘TpeGoBanue

(@2 P)=Au (o1, o)+ (f P)=0

Raet
hay = 91)

[CAE N

Tlycts Tenepb Ay, npa I<< 7 — 1 yXKe ONPENENeHH B @1,.ess Ppot
monapHo oproronanbe. Torma TpeGoBanus

n—-1
@ "‘)=:2. Ailon o0+ (fw o0)=

=Au(op O+ =0 (¢=1,2,.
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zaor M'——(—L‘h ::) (k=1, 2, ..., n—1), n TaxaM 00pz-
3

30M Bee Ay NpM i<<n ONpeNeNeHH n GYHKURH @y, ...y Py

11013apHO OpTOrOHaMbHK. I3k, WHRYKUHS NpOBEAeHa, W yTmep-

KOeHue ROKasaHo,

OpToroHanbHbie MOJNHOMB

Hanoxum wa BecoByo ¢yHkumo p(x) RoGaBounoe ycno-
BHE:

b
S|x|"p(x)dx<+oo (n=0,1,2,..).

Torma dynkumn 1, x, X% ..., X% ... GyAYT yNOBNETBODSTH
OTMEueHHHM B Hauane maparpada TpeGosauusMm. Ilpumensis mpo-
1leCC OPTOrOHANW3alMK OTHOCHTENLHO Beca p(X) Ha paccMaTpu-
BaeMOM K CHCTEME 1, x, x%...
vy X% ..., TOAYuHM NI0CACHOBATEN, HOCTH TONHHOMOB

Po(¥), Pr(x) Py(®), oy Pp(®), ...

crenened 0, 1, 2, ..., M, ... C CAMHHYHEMHA CTAPWIAMU KOI(H-
opror yio (or HO Beca
P (X) Ha naHHOM WHTEpBane) cucTemy.
OTMETUM HEKOTOpHE CBONCTBA STHX NOJMHOMOB,
Ecan Q (x)— npoussonsHul nonuHoM crenewd m<n, TO
(P,, Q)=0, u6o, pasnaras Q(x) no noauxoMam Py(x), ...
P, (x), nonyunm

m .
Q)= .20 Py (%) (¢ — nexoropue uncaa),
oTKyRa

n
Po Q= 3 cs (P PY=0.

TMokaxem, uTo NOAMHOMN P, (X) yHOBAETBOPSIOT NPOCTHM
Y O , Po(X)=1; P(x)=
=x Py (Bo— Hexoropoe uncno). Pasnaras npu n=>1 noau-
HOM  Ppyy (X) — XP,(X) (ero crenemb, oOuEBMAHO, << 71) NO
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Py (%) ..., Pp(x), nonyum

Pea) =22, )= S0P ()
(cy = HexoTOpHE uHCna), OTKYZa MpR l=6, L,.,n

Py Ppy—xP)= ni-:o cx(Py P)y==c; (P, P).
Ho
(Piy Ppya—XxP,)==(P}, —xP)=—(XP;, P,),
uto npn {<n—1 paBHO HymO, CAENOBATENLHO, Cp==(y==

=,.,==(,9==0; 3atem, pasnaras XP,_y N0 Py, ..., P, Halt
nem

n—=t

%Py P.)=(*ZoduP.+Pp Pa)=(Py, P)>0
(dp— HekoTOpHe umcna), MO3TOMY ¢,y < 0. Cnenosaremho,
nONAras ¢, q==-—— 0, ¢,==f,, nomyums:

Prya (¥) — XPy () =—0,Pn_y (%) + BaPn (+);
@, >0 (n=1,2, 3, ..).

TakuM 0GpasoM, BCHKMH MHTEPBAN © BCHKAA SalaHHAs Ha

HeM BecoBas ¢yHKuus p(X) NOPOKAAOT TaKylo MOCICROBA-

TEIbHOCTb MONOXHTE/NbHHX uHCea &), O3, 03, ... B TaKYi0o MO«
uncen By, By By ..., UTO
y.

COOTBETCTBYIOWAE P
COOTHOIIEHHHM

Py(x)=1,
Py()=x+Bo
Py (%) = (5 +Bp) Pa (%) - 3,Pp () =0
(=123, ..)

(1.48)
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OTMeTAM BHTEPBAMH W S2[AHHHE HA HAX BECOBHE (yHKLMA,
P

a » ) Hassamne noanaouos
-1 1 1 Moaunoms: Jlexangpa
-1 1 1 TMomnnouut YeGumena

Yi—x I-ro poma
-1 1 Vi—& Moannoun YeGumena
2-ro pogta
-1 1 (1=—x)*(1 4 xp Moanuomy ko6
a>—LB>—1;
o +o [ Toanuomt Jlarej
) +oo x%e* OGoGmennsle NOARHOME
e>—1;
—c +oo G Moaruons Dpunra
P A YnoMsHyTHX B
9TOR TaGauue MH SAeCh He

CrojicTea nyaeli OPTOroHaNbHLIX MOJAHOMOB

Tipn moGoM wHTEpBaZe W MOGOM 3aZaHHOM Ha HEM Bece
Hyan op
CBOUCTBaMK:

1) Bce nyan P,(x) npocTHe W
nexar s uurepsane (a, b).

Nokasareabctso. Tlycts Gy, ..., TE WS Hyneh
P, (x), KOTOpHE NEeACTBUTENbHH, NEKAT Ha (@, b) W HMEOT He-
ueTHyio kpatHocte. Ilycts Q(X)==(x¥—{j)...(x —{,). Ecam

n, 10 (P,, Q)==0, HO 5T0 HEBOSMOXHO, TaK Kak P,Q
COXPaHsiET MOCTORHHMN SHak na (@, b). CaenosaTenbHO, ROMKHO
6utb m==n. Otciona BumHoO, ut0 P,(x) mmeer ua (e, b)
1 Hyaeh, nOSTOMY BCE OHM MPOCTHE M APYTHX Hyaedt P,(x) He

2)'F Pn(x) ¢ HE HMET
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B cauou nmexe, w3 (1.48) umano, yro OGWMH HyAb RuyX
GHA O HyJeM HCEX NoAu-
HOMOH C ueuunmm muzekcamn (60 Bce @, £ 0), To 3TO He-
HO3MOXHO, TaK Kak Py(x)=1.
3) B KaxuoM Hyne NOMMHOMA P, (X) NOMMHOMH Ppyy(X) B
P,_1(x) uMeioT pasHhe 3HAKn.
910 muano u3 (1.48) (w60 uce x,>0).
4) Mexay HCAKAMH JHYMS COCEAIWNMA HYASMH TIONMHOMA
P,(x) NeXHT OmuH HYAb TOAMHOMA P, s (X).
NlokasaTeabcTno. JIOKAasHHAEMOE NPEANOKEHAE Clpa-
BeAMMHO Npn n==2, w60 u HyjAe nOAMHOMa Pj(X) nomuHoM
Pg(x) OTpHLATENEH, TaK KaK TaM P, (x), Oyayun TOKAECTBEH-
HyAM KHazpatr-
noro Tpexunesa P;(x) AekaT nO paswble CTOPOHW OT HyaAs
nnnetinol dyukumn Py (x). Tlpeanonoxum Temeps, 4TO IOKa-
ang n—1 (1. e. mexay
HCAKWMH ABYMS COCENHWMA HYJSMMA TONMHOMA P,y NEXuT ORuH
HY b TOMMHOMA P,_o). B uyasx nonmsoma P, swauennst P, q

y (n cmly HyNeh Pp_q m u Cuny cae-
.naunoro HO, Ha 3) 3ua-
yenns P, Takke snaxouepenymcx O1Ci0a BALHO, YTO MEXAY
HCAKAMA HY MR P, S HYJb

noausoMa P, (410 naer n— 2 Hynas). 3areu, npanee Gonbwero
W JleHEe MEHBIIEro W3 HyAel P,y HaHAeTCA MO HYMO MNOMH-
Homa P,, 60 3uaK P, Hyasx P,y

WEH TOMY SHAKY, KakoM mMmeeT P, COOTBETCTHEHHO HOAWSH b n
BGausn a. [lonywenusie n nyned monmHoMma P, (x) ucuepmuuaioT
ero uyau n o6ec HCKOMOe nynet
P,y u P, Hrak, ]

§ 12. MHHUMAJTIHOE CBOWCTBO KO3®®HLMEHTOB ®YPHE

Onpenenenne. ITycts f(X) u ¢ (x)— aue ¢ynkuan (yao-
HNETHOPAIOIIME OTMEYEHHHM H Havane § 11 TpeGonanusm).
x # f(¥) ot g(x) omHocu-

TENHO HECA p(X) HA AAHHOM WHTEPHATE HASHHAETCA WYHCAO
V=9 /—9)
Tycrs mmeem
neca p(x) na naunou uurepnane) cucreuy q)ymmnn

Q) ga(®) ouns Ppl(X), ooe )
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JluneHHHe KOMOWHAUMH W3 1 NMepBHX QYHKUAH STOR CHCTEM,
T. €. BHDPAKEHHA BANA

191 (8) - oz (6) - .. - o (%),

THE Cyy €3y vevy Cp— MOOHE NEHCTBATENbHME MNOCTOSHHHE, Ha-
s0BeM aas mu MU n-rO mo-
paaka.

3kcTpeManbHas samaya

M8 Bcex OGOOMIEHHHX MOJWHOMOB M-r0 MOPAAKA HaWTa 10T,
KOTOpHH nMeeT
OT naHHOH by f®) @ B
Hauane § 11 TpeGoBaumam). N

Bonpoc CBOAMTCS K OTHCKAHWIO TaKHX Cp, +.ay Cp ANH KO-

TOPHX (f— f}ck«pk, f— f‘_‘ckv,) GyneT HauMeHbLaM.
1 1

He napywas oGmHocTn, MOxeM CudTaTh cuctemy (S) opTo-
HOpMHDOBaHHOM (B MNPOTHBHOM CJyyae NyTEM YMHOMEHHS Ha
HODMEDYIOUME MHOKHTENH MH MOKEM CIe/aTh ee TaKomoH).
Tosiaras, uTO HMHAEKCH
1,2, ...,nna,
CyneM HMETh:

- g.‘.tn?m f—gtn%)=(/. /)—2;‘»0- [ARY
+§‘n‘z(‘?p‘?1)=(f»f)"'2§t.a,+;cl=
= f)—zlax+§_‘.(c.—a,,)'.

b ypoe ¢y £

Hs nonyuennoh dopmys
r— ; upw f— ?J o=

=0 f)—$al+$ (Co—a  (149)
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BUIHO, UTO HCKOMHA MEHUMYM NONYYaeTCR npH Cp==ay (k==

=1, 2, ..., n). .
HraK, u3 Bcex OGOOWIEHHWX NOMMHOMOB 71-TO MOPSAKA Had=

MeHbluee OT naHHOR QyHK-

un f(x) umeer n-s wacTuunan cymMa pama Pypee sTOR

pynKunn.

s ¢opmyns (1.49) maxonnm:

min (f"‘$"k?h f— §¢n?»)=

=¢— z'::am, - $am>=(f. n— $a& (1.50)

Tak Kak CpeaHas uacTh

(1.50) 10

Sa<en

©
OTKyza Crleayer, uTO psx Y)ak CXONNTCA W UMEET NECTO He-
T
pasencrso Beccens
©
Eahs(f, N (1.51)

Ecau cucrema (S) (Ho
HopmupoBaHHas), TO (1. 51) caenyer SaMeHHIb nepanencnou

Sdcun s
Rl

rae g — HOpMUDYIOmMU MHOXHTENb AR @y (%) (MO0, Oepa Aypy
BMECTO @y, MBI JOMKHH nsm.g:nuecm ay).

Haswisas  7p! n-4  crenexn
GyHKnuio Buna

n
%’+2(¢, cos kx -} dysin kx),
=1
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TOMYYMM KaK acTHHH cny4al pemeHHOR SKCTpeMaibHOM sanauu
[korna B kavecrse cucremn (S) Oepercd TPUrOHOMETpUUECKaR
cucreMa (T)] caenyiomut pesyabrar.
M3 BCex TPHrOHOMETPRYECKHX IIOMHOMOB n-n creneHn
cpenxee a [—m, ]
OT 3aNaHHOR Ha S5TOM CerMeHrte ¢yuxnuu f(x) nuee’r TPUrOHO-
METPRYECKHUR NOAUHOM

;—'-{- 2 (ay cos kx -} by sin kx),
R

KOTOpOro onp no ¢op dypre
(L.7) ns § 2.



TJABA Il .o
OCHOBBI TEOPHH NOJA *

§ 1. OCHOBHBLIE CBEAEHHS W3 BEKTOPHOU AJIFEBPbI

orpesok npamofl, [sa
BEKTOPa CHMTAOTCH pasumm, €CA OHR MMEIOT ONHHAKOBYIO
anmny, nap
B nevaru Bexmpu 4aCTO OGO3HAUaKT MOMYKHPHUMH GyK-
Bamn, Hanpamep, GyKBa @ 0603HavaeT BEKTOp B OTAMuAE OT
cKanspa (uncaa) *).

Imny Bextopa @ Oyamem 0603Hauath |a|.

Yron mexay sekropamm @ u b o0G6osnaunm (@, b) Yroa
MeXAy BeKTOpaMm Oepercs B rpawmuax ot 0 10 =, Yroa Mexay
@ n b Tepser onpexeseHHOCT, ecaM XOT# OW ONUH U3 BEKTO-
poB nyJesoh.

!

BEKTOp2 @ Ha BEKTOp & Q.
Hnmeem
~
a,=|a|cos (a, b).
Cymmon poB @ u b BEKTOp —

NapanfieforpaMMa, NOCTPOEHHOTO HA BEKTOPax @ ® b, m 000-
snauaercs a -+ b. Croxenue BEKTODOB MOXYUHAETCS TNepecTa-
HOBOUHOMY 3aKOHY @ -}b==b--a@ M CONCTATENLHOMY SaKOHY
(@+b)+c=a-+(b +4¢). U3 otux saKoHoe cAedyer, HTO
npa p y nopfinka cia-
raeMux u Mo6as rpy CNlaraeMbix.
ecTs geficTare, o6pm|oe ClIoXKeHHo,

*) Mihoraa pextop samicwBaeTca CAMBOIOM AB, ecan A ects Havaio
BEKTOpa, a B — KoHeu ero. L .
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Tlpon3seneume BekTopa @ Ha cKansp A, o00o3nauaeMoe ah
7R MA@, ONpeneAseTcs KAk BEKTOp, NapaniedbusiHl @, OLAHAKOBO
M NPOTABONONONHO HANpPaBJeHHpH, CMOTPH MO ToMmy, Oyner Ju
A>0 am <0, umeowntt amny |aX|=|a|||.” Ipoussene-
HUE BEKTOP2 HA CKaMP NONYAHAETCH COYETATEALHOMY SaKOHY
a\.-p=a-dp (@ —BEKTOp, \ M p—CKaNApH) W OBYM pac-
npenelmreusuuu sakonam: (@--&)A=ak+ 8% a(p)=
=ak }-ap (@, & — sexropu; A, p — cKaxaphi).

CKa/apHOE MPOHIBELEHHE NBYX BEKTODOB @ W & ecth CKa-
amp, ab n

ab=1a|| 5| cos (4 b).

Ouesnano, ab==a,|b|. CxaripHoe NponssencHHe BEKTOPOB
NIORYAHAETCS NEpECTaHOBOUHOMY 3akowy ab==&a n pacnpene-
NATEALHOMY SaKOWY (@ -}-B).c = ac - bc.

BekTOpHOE NPOMIBEACHWE NBYX BEKTOPOB @& u & eCTh Bex-
Top, Obosnayaemtilt [@b], mMeiownl nanHy, pasHylo nJOWANU
NapaniesorpaMMa, TOCTPOGHHOTO HAa @ W b, OPTOroHanBHEA
MJIOCKOCTH STOrO NapaiiesiorpaMma U uanpauennun TaK, uTo
BuAUMBIE 3 KoHna sektopa |ab] nepexon or @ k & mpoucxo-
AT B NONOXHMTEAhHOM HanpaBiesnu (B Cayyae mnpasod opue-
TipoBkw). BEKTOpHOE nponsseneHMe ABYX BEKTOPOB MOXYMHENO
AHTHKOMMYTAaTHBHOMY 3aKoHy (a@b]==—[ba] w pacnpenean-
TeapHoMy 3akony [(a -}~ &) ¢]= |ac]-}- [be).

Tlponssenenne Tpex BEKTOPOB @, b W ¢, obosHavaemoe (abc),
ects ckansp, pasubilh -+ V, rape V —o6veM napasrenenwnena,
NIOCTPOEHHOrO Ha BeKTOpax @, & m ¢, nphueM 3sHak - Gepetca
B or " nm otp 4 opwen-
THPOBKH  CHCTEMBI Tlpn Kkpy
NEPECTAHOBKE MHOMHTEJEH OHO He MenseTcs: (abc)= (bea);
npn NEPECTAHOBKE ABYX MHOXMTEAeH MEHAeTCH 8H: (abe)=
= —(bac). Nponssenenne TPeX BEKTOPOB PaBHO CMELAHHOMY

Bex: (abc)=[ab)c=ua [bc].
Paccworpin npmoymm.nylo CHCTEMY KOOpAWHAT B Npo-
crpauctee (npasyio). Ilycrs J, j, & — ennnnunbie BekTopH (OPTH),

nanpasaexsbie 10 ocam Ox, Oy, Oz, Ilycts @ — KaKoH-unGyab
Bekrop, ITpoekunn ero Ha Ox, Oy, Oz (unu, 4T0 TO Xe, Ha
i ) &) a o0osHa-
M ay, ay, a, dsa nexropa PaBHM TOTAa W TOMMKO TOrAd,
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KOMZa HX KOOPARMHATH COOTBETCTBEHHO pasiu. IlosroMy mns
AOK232TEABCTBA DABEHCTBA [BYX BEKTOPOB NOCTATO4HO YCTa-
HOBHTH

Beskat BEKTODP @ MOXET OWTb PasNokeH Mo OpraM:

a=ia,+ja, + ke,
Tpa pe nx
(npn BeKTOpa Ha

npu
CKanip KOOpAWHATH YyMHOXaloTCA Ha 9TOT cKansp,
BEKTOpoB @ u b uepes

AX KOOPAMHATH UMEET BHL
ab=ab,+ab,+ab, @1
uTO HENOCPENCTBEHHO NONYYZETCH, €CAM @ M b DANOKMTL MO
opram, CyMM W TpuHATH
BO BHUMaHWE, YTO R‘l=j‘1=h'= 1, ij=jk=ki=0.
pos @ u b uepes

4X KOODAMHATH MMEET BHX

{ab] =i 22)

a, a, a, a, a, a,’
k I»

R LY T R
4TO HENOCPEACTBEHHO NOAYYaeTCs, €cin @ u b passokaTh No
opram, Yy CyMM wn NpaHATH
BO BHMMatme, uto [#]==[jj] _[M]_O (uynewn BEKTOP);
W)=k [Je]=1; (ki]|=j; (j))=—k; [Rj)=—1; [ik]=—).
BuipaxeHue npoussenenns TPEX BEKTOPOB @, b, € uepes

Ha 0 UMeeT Buj

abe=(ab)c=ablsc, + [abl,c, -+ [abl,c,=

a, a, a a, a, %z 8y 84
=7 . * Y b, b, b,
_|:’ b, Cy b, b, t’+|b, bylc c: cy t:.(2.3)
y €
§ 2. BEKTOPHBIE UMK CKA 0 ro

Tlycts a(f) — sextop, 3asucAwmit OT CKAIAPHOrO mepeMeH-
Horo t. [Tpou3sodnan BexTophotl GyHkumn a(f) onpepeaserca

KaKk BeKTop .
@ () =1im 220 — y 2CH89—a@ - -
im = lim .
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eC/m 9T0T BeKTODHMR npeaeld cymeCTsyeT (npelen nepemeH-
HOr0 BEKTOpa €CTb TaKOH BEKTOP, 4TO RAWHA PABHOCTR MeXAY
HHM W NEpeMEHHWM BEeKTOPOM cTpeMatcs K Hymo). Ecam Bex-
Top-pyrkuns @ (f) umeer nNponseomuyo (Audxpepenupyema),
TO OHa NOAABHO HENpEepWBHA B PaCCMaTPHBAEMOH TOUKE, T. €
a(tH-M)—a(l) CTpemutcs K HyJesomy BseKTopy npm At — 0.

Ipasuna madpepesuHpoBaHus BEKTODHWX (yHKuuft BWBO-
ZATCH Kak npasuia AnpdepeHunpoBaHAs CKanspHHiX  pyHKuA
B nnbepenumnarsiom ncuncaehmn. Ecan a(f), b (f) — anpde-
peHunpyemne sextopHhe Qynxkumn, ¢ (f) — nupdepeHunpyemas
CKanfpHan (yuKuns, TO

@®4-b@) =d O @) 249
@B =ad®eO+a®Oy ) (2.5
@bt =aOb®+-a®) () (2.6)

[a (95 (O =[a (Db(®)]+[a () &'®), @n

npauen 8 Jesuix 4actax (2.4), (2.5), (2.7) @urypupyor npons-
BOAHME BEKTOPHWX GyHKunt; 8 Jesod wactm (2.6)— npous-
BORHAA cKanApHoM GyHkumm; 8 npasbx wactax  (2.4), (2.5),
(2.7) smak - P! B npasodt wacTa
(2.6) sHak -1~ 0603HauaeT CAONEHHe CKaAfAPOB.

Ecan  @,— noCcTOSHHBIM BEKTOp, @, — NOCTORHHbIM  CKa-
nRp, TO NOAyuaeM PaA  (OPMYA  <«BHHECeHAs NOCTOSHHOrO

8a gHaK B Tpex

THnoB (BEKTOP Ha CKaasp, CKananOe npousBeseHAe  BEKTODOB,
p p . 3

(a (‘)'IJ a () 95 (2.5)

(ae () = a9’ (t); .57

(agh () =ab’ (), 2.6)

lad (O] =[a,&' (1)) @n

Sru dopuyast noayuaiotca w3 (2.5), (2.6), (2.7), ecam yvects,
eCTb HyJ/esoR BeKTOp.
Ibl(:llml OT  BeKTOp-(hyHKuHR

Y Kax WSV
UApOBaHAS,

PaccMoTPAM  CACTEMY NPAMOYFOJBHHX KOOPLWHaT B Npo-
crpanctee. Kawaod Touke M(x, y, z) OTHecem BexTOp
r=ix-jy-4-kz ¢ tTakmem xe KoopauHatamm, Takoe
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COOTBETCTBAE MEXKAY TOWKAMH W BEKTOpaMu GyNeT B3anMHO OAHO-
snaunuiy. TaknM 00pa3oM, KaXIOH TOYKE COOTBETCTBYET BEKTOP,
Ka)XAOMy BEKTOpY COOTBETCTBYET TOuKa.

r=r(t) [r@)—

BEKTOpHAs (yHKUAL ONHOFO CKaISPHOTO nepementoro] nocae
NEpeBONa Ha KOOpAWHATHHM #3BIK  HaeT TPM KOODAWHATHBIX
NapaMeTPHYECKAX  ypaBHeHns

x=x(t),)

n PYIo Kp! Tp -
nas () Oyner xacneabuun nexropml K 9TOR KpuBOH.
r=ru,v)[r(,v)—
BEKTOPHaA (YHKUMS ABYX ckannpum nepeMenusx] focAe nepe-
BOA2 Ha KOODAWMATHHM WSHWK A2€T TPM KOOPAMHATHHIX napa-
METPAYECKHX YPaBHEHHR

x=x(u, v),
s=re ]
z=2z(n, v)
n p. B paHcTee,

§ 8. CONPOBOMMAIOUIMA _TPEXTPAHHHK
NIPOCTPAHCTBEHHOH KPHBO#H

PaccMOTPAM MPOCTPAHCTBEHHYIO KDHBYIO, 33MlaHHYIO BEKTOP-
HEIM MapaMeTPHUECKMM ypaBHEHHeM

r=r(s),
rAe 33 napaMeTp BSATa AAMHA AYrW S, OTCYHTHBaeMan OT He-
Kotopolt TOuKM KpueoHl  (durypmp: B STOM YD
BEKTOP-(hY HKIMA eTCH TP nade
pepenuupyenolt).

Kacareabunt Bektop T==/’(s) npu Takom puGope napa-
Metpa GYNeT EAMHMUHEM AA% BCEX TOYEK KPuBOR (n6O oTHolle-
#Me XOPAN K XYre Nph CTACABaHAH nocaeauet B TOMKy CTpe-
MaTca K =1, nony-
wm =0, cnenosarenbuo, nekrop 7’ opToronaxeH .
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EnnHnusni BeKTOp ¥ = ',, _I_‘T (ecan r” — uenynesoll mex-

TOp) oNpemeaseT HaNpaBjeHWe 24Q6HOR HOPMAAN KPHBOW
(8 TOuKeE); sextop B==[%v] onpe-
;enser manpasnemue Ouopuau KpusoM (B paccMatpunaeMoit
Touke). Tpn NONapHO OPTOrOHanLHBIX ERHHWUANIX BEKTOpa %,
v, B o6pasyioT conposoacdanouul mpexzpanrur; Kpusok (B pac-

Touke). IT. wepe3 pac-

<MaTpUBaEMyIo TOMKY KDWROW W MepUEHNMKyaspHhe K 4%, 9, B

cooT Ma. d, cnpasasomed n

conpuKaceuelc RAOCKOCTAMA KPABOH (s  paccaTphsaewol
TOuKe).

3ameTnM, uTO €caH €, €, €;—TpH MONapHO OpPTOroHaAb
HMX GLHHMYUNX BEKTODZ W BEKTOD @ DasnoKeH N0  Hm:
a=c,e; + ¢y, ;€ (c; — CKanspu), 10, yMHOXKas 9TO pader-
CTBO CKanspHO Ha e, noayumM ae;=¢; (=1, 2, 3).

Pasnokam  Tenepb BEKTOPOB,
COnpoROXkK AWM TPEXTPaHHHK, [0 BEKTOpaw, €ro oopxsylonm
Y=cyrt ey tcp

¥ =cyt-}- eV + caa;
B =t cov + cnf.

Tlupdepenuponanne pauncm =1 v'=1; P=1 noKasu-
Baer, 4ro ¢, =0 (i » 2, 3); nnddepenunposanne pasencTs
=0 pv_.o fOKasKBAET, uTO Cyy ¢,y =0 (4 j=
==1, 2, 3); HaKoheu, S OnpeNeACHs V BHIHO, YTO Cy3=0;
c.,>0 CNENOBATEALNO, €CAM O60BHAUNTL Cg==R, Cg==%,
TO RaNUCaHHBIE BHILE PaSAOKEHHA NDHMYT BUL

v= kv,
V=—ke o, @8

F= —v.

dopuynn (2.8) nasmBaTCH Wpuyﬂa,ml Ceppe—-wpeue
koax

KpyHenues mpOCTpaHCTBeHHOH — KpuBOH (n paccuarpunaeuou
Touke). OGpatnuie BeaHdmHE ;— n 1!‘- HaSHBAOTCA  COOTBET-

CTBEHHO paditycoM Kpususist u paduycos Kpy+eus KpABOH
(= paccmatpusaemoll 10uke),

3 1L Q. Posssosciu
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C nowowbio (2.8) Haxopun:

Lo k' = Ry -Fo(— Fr-Lx) =— ke Ky ey
(fr’r'")—xrr']f" KB (— R - Ry - o) =

d L} v P
KpHBOR noxyuaeM Q)opuyuu
k= VP,
= 2.9
="

TlycTs Teneps NPOCTPAHCTBEHNA® KPHBAS Sanaa BEKTOP-
HBIM NapaMETPAYECKHM YPABHEHHEM

r=r(t)
npa MioGoM nuﬁope napauelpa t (Qurypmpyomas B 9rONM
P pe a€TCA  TPHAAN Henpe-
pﬂBHO . Moabsysice ans npous-

BOAHMX NO ¢ TOUKaMH M coxpamm ans o6osHauenus AubdepeH-
uMpoBauus MO § WTPMXH, Oyaem HMeTb (yuuTeiBas npasana
BaMEHb npu opmyst
C.eppe—@peue n cBoMcTBa onpeneumenen)
ri=pn P=3%
F=r"S =k tsn
[r= 1k & (rr]=R'sY

F=r"8 43554 7S}
(rF F)=("r'r") 8= pxs$;

otciona ' fpo-
CTPaHCTBEHHOR Kpu!ﬂﬂ npu modou BriGope napauevpa (® 10u-
Kax, fae F— HEHYJIeBOR aen‘rop)

Irr I —(rr)'

@9)
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§ 4. CKAJIIPHOE NOJIE. TPARMEHT CKAJSPHOrO noas

Ecau kakpol Touke M Hexoropo# 06sacTH npocTpaHCTBA
ornecen cxansp @ (M), 1o obpasyerca cxatspHoe nose. Ecau
Bagath CHCTEMy Np ( npasyio),
TO Kakaas T04ka M OymeT HMMETb 1eKOTOPHE KOOPAMHAIH X,
¥, z n dyncuns touku (M) cramer QyHKuue# Tpex nepe-
MEHHHX (X, ¥, 2]

Onpeneneune. Ilycts n— Kmtoe-nmsyn <HaNpaBAeHAe>
n BEKTOp). no Hanpas-
AeHuo n 8 Touke M ot q> HKUME @
npenea (€Cnk Ol CYWIECTBYET) OTHOWEHHA NPUPALEHHS @ TpH
cvenmeniu TOUKA M nO HanpaaeHWIO B K BEAMuHHE CMEUlEHHS
10ukM M, KOrRa mocAemuee CIpEMHMICA K Hyaio. IIpoMssommas

no HampasaeHmio n  00o3nauaerca on* Taxus 06pason, no oupe-
Aaeaentio

M im 2M) =9 (M)

0T i MM (2.10)

rae Mg uemﬂ Ha Jyue, us M no p: n.
Tocye P (M) Qysrinen
Tpex [YEN _v, 2). I 410 972 dynKuna
nueer wacTHWE nepeoro nopaaKa,

Tycms a, B, Y— yran nanpasaenns n ¢ Ox, Oy, Oz. TMonaras
MM, =p, nepenuuten (opuyay (2.10) s uge

z=mw% y+e mﬂ'- 2EPeSN—p 0 D) oo
uin

gﬁn‘m—l)em —v O
rae

$@)=9(x+pcose, y-4-pcosh z-pcosy)
@opuyaa nosHOM NpPoH3BOREOH HaeT
¢ (P)=9%(x-Fpcosa, y--pcosB, z2-p cos 1) cos o -

~+ ¢y (o) cos Bt 9p..) cos 13
8 .
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CNIeAORaTebIo,
¥ (0)= 9k (%, , 2) 08 &~ g, (¥, ¥, 2) 08 B =} 92 (%, 3, 2) cosy
W

g=3cosa+g;cosp+gtoq. (210"

(o] rp M Pynkunn @ B TOUKE
M na3nisaeTca BekTOp

gndw—i"'+joy+b @11

Bosbuen 6y b n (n
BEKTOP); NYCTb 4, B, Y —€ro yrAW C KOOPLAHATHBIMA OCAMM;
Torga m==1cosa-}-jcos B & cosy. Ha ocnosanmm popmysl
(2.1), D BEKTOPOB yepes
KOOPRUHATH, uveem:

gradqm=g;cos o gcos? +3:cos~(.
CrenoBaTeasHo, yuntusan (2.10”), noaywum:
]

on = grad gn =(grad 9)s, (2.12)
T. e n  pasHa
npoexulm rpl.'meu'ra Ha sro Hanpaunenne OTcwnl noxyyaem
caepyloiyio y Hanpa-
BAHie TPANMENTa XapaK: Tew, uto o
STOMY Gyaer " (cpean or

@ B RaNHOR TOUKE MO BCEBOSVOMHAM HANPIBAEHWAM); AJMHA T2
AneHTa ecTb o
u ganHoW 10uke, Mueem

lgrado|= (3;)'+

,v) +(2) = max 2. (213)

TlosepxHoCTh YPOBNS CKAJAPHOFO mONs

TeomeTpuyeckoe MecTo TOueK, B KoTopux ¢ (M) nweer
MOCTORHHOE ~ BHAUENHE, HA3BIBACTCA  NOBEPXHOCMBIO YPOBHA.
Tlocae 3amawmsi  CHCreMbl
YPOBHA UDRHRMZEr BAL:

elx y, 2)=C.

yp
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YpasHeHhs HOpManM K STOM NOBEPXHOCTA B TOUKE X, y, Z OyayT:
Hox_Yos 2o

ox ay 0z

O1Ci072 BARHO, WTO HaNpaBJeHwe HOPMaim COBNazaeT C HA-
NpaBaeHueM TPARHEHTa B PaccMaTpuBaeMoHl TOuKe.

bopmansnsie csolicTea rpaauenta

Iycts ¢ » $— nea noas,

f— Radwpepenunpyemas ckannpHan ¢ynKuns ogHOH ullu HECKOAL:

Kax (c 06AacThio Onpe-
menenns). Torza

grad (¢ -+ ¢) = grad ¢ -} grad ¢, (2.14)

grad (p9) = pgrad $ |- Y grad o, (2.15)

grad f(9) = /" (@) grad g, (2.16)

gadf(o, D=grgadg+Jgndy,  @17)

npAvEM B NPaBRIX YACTAX (2 H), (2 15), (2.17) snak + o6o3Ha-

uaeT B NPaBHX WaCTAX

(2.19), (2.16), (2.17) npouanenenm CYTh NponsBeseHns BEKTOpa
na ckamip. B camom pene,

pad(pp=1 2Dy =
=130 ) (150 ) =grad o4 grady.
grad e =12 4 =1(FFyto it 4. =
=410 ) o1 ) =tead oo giw
gradf @)=t L2 4 =@+ =
=f@® (l @—f- ".)—f’(?)zud (3
e =i (L LY 1
=l )+t ~~)=,,C¢rldv+o,v,z"¢¢»
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MuoroTonuss BClogy 0G0SHaualoT, 9TO CMemyeT BOMCAaTh BTOPOE
W TpETbe CraraeMble, AHANOTWYHBIE NEPBOMY, MOAYHALOUIMECT H3
Hero B pesynbrare SaMennt { Ha ju B, a X HA y B 2.

§ 5. KPHBOJIMHEAHBIE MHTETPANBE

Iyry kpusoft HasWBalOT 24a0KO0d, €CAB (yHKWAH, erypu-
pyouwe 8 ee

Dyry dKotl, ecan ee MO:XHO
PasGuTh Ha KOHe'HOE 4nCnO raanKix Ryr.

Mycrs P(x, y, 2)—menpepusuas ¢yHKUAS Ha KyCOYHO-
rnam(on ayre AB (puc. 3). Pasobpem Ryry AB Ha yacth C no-
MOWLIO ToueK Redewua M; (X, i, 2;).
Ha kaxnol uactw MM,,, BossMem
KaKyio-nubynb  Touky N, (& M U)i
3HaueHKe PACCMaTPHBAaEMOR  (YHKIRK
B 9TOH TOUKE YMHOKHM Ha AX, == X;,,—
— X; 1 COCTABAM CyMMY TaKMX NpPOH3-
BexeHni

;P(% ) Axy

Ecan HanGOMbiuas WB RAMH vac-
Teh ayrn AB crpewutca K Hyaio,
To 9Ta CyMMa CTPeMTCA K onpeme-
NEHHOMY Tpeeny, KOTOphH Hasui-
BaeTCA Kpusosunelnsim unmezpanom ot P(x,y,z)8aons RyruAB

N0 nNepeMeHHoMy X u O0OsHawaercs 3nakoM \ P (X, y, 2)dx.

Puc. 3.

8
AHazorH4HO ONPENeAsIOTCA KPHBOMMHERHNE HHTErpain Mo nepe-
MeHHnM y 1 2. Takum ofpasom,

‘s Pl y, ds=ln 3 G m WA 219)
i

{ Qe 3 Ddy=tm Q. w W&y .19)

AB

‘; R(sy, de=tim BRE w05 @20)

rae P, Q, R— Henpepusuuie ¢yHxuns Ha nyre AB.
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Ilanee BBOAMM, NOHITHE
unrerpansa

{Past+Qay+Raz= [ Pds+ | Qay+ | Raz 221)
A3 AB A8 Ais

W3 onp! HHTErpana
caenyer, 4TO NP nepemene HanpaBaeHus

AYTH WHTETPan NUWb MEHSET CBOH 3HaK / ¢
- B
=—1{. (2.22)
y A

Puc. 4.

Jlazee, ecau Ayry pasGuTs Ha wacta, TO
WHTErpan BIOAL BCell Ayrd padeir CyMMe WITErpaios BOMb e
uacrel, nanpumep (puc. 4),

- " + S @23,
B BC
Otclona creAyeT, YTO WHTErpan BAOMs 3aMKHYTOH KpHBOR He

8aBUCHT OT BHOOPA HaUaMLHON TOYKH, a BABMCHT JHWL OT Ha-
n p  TPaurerng o6xoaa kpusoh. B camom pene
(puc. 6),

RIRARIK
A m =
Puc. 5, n.ju BSA+MSIH'
OTKyAa (7aK KaK NpaBuie 4aCTH STHX PaBEHCTB OAWHAKOBHI)

AnBrA ML

M3 onpenedesns kpuBonHIENHOTO WiTerpara cpasy caemyer,
MO MOCTORIHKE MHOXKWTEW BRIOCATCH 83 SHAK WHTErDana, WHTE-
1pan cyumu pases Cymme warerpaxos. M3 (2.18) suamo, uro
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,; Pdx=0, ecan ayra AB pacnoaokena B NI0OCKOCTH X == const.
Auazornuwo w3 (2.19) ® (2.20) cneayer, uro | Qdy=0,

xoraa AB pacnonokena u nAOCKOCT® y == const, u ‘SRdz-=0,

worza AB p B

uurerpaza
B npocrofl HuTerpaa
Tlycts Aauw napamerpsteckue ypasuewns ayru AB:
x=X%(t)
y=y0) th<t<T
z=2z(f),
(MN npeanonaraeM, 410 BCe TPH GYHKuME HEnpepusHO Audipe-
penuspyemn). Ilo teopeme Jla-
rpaika (psc. 6)
Ax(f)=x(ty) — X ()=
Puc. 6. =¥ () (a—t)=x (z) Bt;,
TAE Ty ACKHT MEXLY & W {1y
Tyets M(x;, y;, 2;)—104ka Kpusoll, COOTBETCTBYioWaR

suauenuio napaserpa ¢, N, (¢, 7wy {;) —TOuKa Kpusolt, coorser~
CTIylﬂﬂﬂl BHAYEHWIO NapameTpa t;; TorAa

;P Gomn G Ay = ; Plx(s), y (s 2] ¥ () Aty

!

OTKyna W Mpesene Npd CTPEMACHHM K HYmMO HauGoabweRt w3
pasxocTed Aty

T
‘S P(5 9, dx= 5 PLe@ 3O, 2O £ () dt =

T
={Piren v 210202
h
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auernw, qto sTh BuKIAAKE He rmm 30T BUPAWEHWE KPUBO~
nmpua uepe3 mpocTo, HO W JOKAIWBAOT CyuleCTROBAHNE

KPHBOTHH 0 yuTerpana (B caydae wempepuisno LH(QEpeHUNDYeMuIX
x(f). y(z). x(t)], €CAH CUATaTb CYMECTBOBAHME NPOCTOTO MHTErpasa of
yHE

Ananorsutiie OpMyAN 4MEOT MeCTO AAR E Qdy, §Rd:.
Al A

Mul eunuaM, 4T0 AAR 1PeoGpasoKaKHs KPHBOARHEHHOrO HHTErpand
B MpocTolt MHTErpaa CAeayer B3RTh MaPaMETpHueckHe ypaoHeHus
11YTA HHTEPHPOBAHMR, 3aTEM BCIOAY MOX 3HAKOM KPWBOAHHEHHOrO
WHTErpana 3aMEHUTh X, y, Z WX BHPAKEHHAMA uepes mapaverp
W noCRe STOFO PacCMATPHBAaTs MHTErpan Kak mpocTod mo mapa
Merpy, p3atul B Npe/lenax u3MEHEUKR napamerpa.

Ecan, nanpamep, umeem ayry

y=y(*)

2=z2(), } X = XS X,

10 (6epr x 3a napamerp) moayuam:

Aip(x, » A)dx={ Pla y(0), z(0ldx.

x

Ycnoohe He3aouCuMOCTH KpuponuHelinoro murerpana
or (opMb nyTH

Bynaem ropopur, uTo KpuBOAHHEHWH WHTErpan
5'pdx+0dy+ Rdz (2.24)

HE 3aBHCAT OT (OpMBI MYTH B HeKOTOpo# o6aacth (s Kotopolt P,
, R Npeanoaaraiorca HEMpEPWBHNMH), €CAH STOT HHTerpan,

H0Ab BCAKHX ABYX KYCOUHO-TABAKUX AYT (AekauMX B paccyar-

yuBaemMol 06AacTH) ¢ OGmAM HauaaoM i OGUHM KONLOM, HMeer

OnUHaKOBYIO Beauuuuy. B srom caynae npa odoauaueuuu unte.

rpana Auws Y

TOUKY nyTh (e WaBWpas caMoro myTH) yuotpednuru sancs
M; LR

\ s g (rme swnucanw Koopauuara Touek M; u My

iy LIS
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Ecan noAuuTerpanbHoe supaXewue B (2.24) ecro nommft
nagdpepenuan wekoropot dyukuwm z(x, y, 2), T0 Aaf Kakoh-
unbyas raaakod nyrn MM, ¢ napaMeTpHUECKAMW YDaBHEHHAMH

: x=x(t),
I=y(@) ( h<<t<ly,
z=2z(f),
nonyqum (yuur o
HOTO 0003HATeHHR):

1
§ duex, 5, z)='fdnrxm.,va), 2(0]=

MMy

1y
=alx(O), 3O, 20| =105 yo 20— 51, 30 20
h

‘To xe Oyaer ana Kycoudo-rnaakoh ayrm MM, » caeno-
BaTEALHO, KPHBOAMIEHHWA WHTETPAA HE BABUCHT OT (OPMH nyTA.

QO6paTHO, NpPeANoACkKMM, 9TO KpUBOAWHERHHH mnTerpan (2.24)
He 3aBHCHT OT (JOPMH MYTH W NOAOKHM

wyE
u(x, y, 2= \' Pdx+ Qdy+ Rdz.
20,3070
Torna
g bxyx
n(x+Ax, y, 2)—u(x, y, )= S Pdx+-Qdy-+Rdz.
e

Bepa B noCACMileM WHTErpane Ba MyTb WHTErPHPOBAHHR NPAMO-
OTpesoK p WHTErpaa B npo-
CTOM, NOAYuHM:

Pryv
#(x4A%, y, H—u(x, y, )= S P, y, 2)dt=
=P(x+46Ax, y, )Ax (0B 1)
Tax Kax
BEHARIA—ROID e {-Oax, 3y 2) > P (5 31 2)



§ 5] KPHBOARHEHHME WHTENPAJLI ki

npu Ax-»0, TO, CrenpsaTeabHo, cymecnyer g:: n g;—P

Anunrmno Halnem, 4TO Cywectayior ay, :, npaen 5 & _o,
95 __R. Otcona suano, o
du(x, y, 2)=Pdx+ Qdy—+Rdz,

1. €. MOAHHTErpanbHOE BHpaxenue B (2.24) ecTb moamsifi Auc-
(pepeHunan.

WTak, AAR HE3ABHCHMOCTH KpHBOMRHENHOTO nnrerpana or
Gopm nyTh (8 obnactk)
4TOGH NOAMHTErpaibHOE BHpPAXEHHE OBA0 nonm-m nugpepen-
uvManoM Hexoropoi Qywkunu (s ynmomawyro ofaactw).

3aMeTHM, YTO HEIABUCHMOCTh KPHBOMMHeRHOro HuTerpana (2.24) or
OpML MYTH 8 HCKOTOPOA OGAGCTH PasMOCHAbHZ PABENCTBY HYINID 37010
MHTCI paZa BAOAL BCAKONO 3aMKHYTOrO llYTH, JeWanieco B paccMarpjisae-

n
n 5 Y]
4
A ‘m
Puc. 7. Puc. 8,

MOR oGnacTd, B camoM nefe, myCTh WMCeM He3aBHCHMOCTb OT (hopmbt
NyTH B AmBRA — kakoil-an0ynab 3amkayTufi nyTh; Toraa (puc. 7)

[ -§+f-- -
AmBnA  AmB  BRA  AnB  ARB
OG6paTHo, NYCTh MMeeN PIREHCTBO HYAID HHTErpalos BAOTE sauuny-

THX IyTeft, § AyCTs AmB ® AnB — a8a nyTH C OSWHM Na4as0M H OBwS
xounom; rorpa (puc. 8)

l-g-fef=F = I~

A8 AnB  AmB  BiA  AmbnA Ans A

Yeaosms, npu KoTopwx seipasenne Pdx-j-Qdy--Rdz
ecTb noAun# nudpepenunan

Ecan o510 swpaxenne (npeanoaaraercs, 4ro P, Q, R ume-
T HacTuue nepsoro nopsaxa)
€CIb oML anpdepeniuan nekotopod dynxunk u(x, y, 2)
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(8 paccmarpssaemolt o6aacth), TO

du

Oa __
wx=h Jy

ioQ P=p;
CAen0BaTeNbHO,
Su_oP, M _dQ, om _0R
3 @Oy’ Oydz 0z’ dzox Ox}
w _0Q, e _oR. P _oP
5y3x_ﬁ’ 920y dy’ Oxdz 02’

OTKyn3, yuHTHBaR wacTHEX or no-
cAenosateasiocTa Ruddepen-
UMPOBaHUA, MOMyuzeM:

P__dQ .
H=0
9.
w0 T'; b o9
R _oP

ox T 0zt
OG6patio,  MPeaAnoaoKHM,
4TO paseucTsa (2.25) Bunos-
e HeHs! (B paccMarpuaeuoll 06-
Puc. 9. - aactu). Ilycrs Mo (<0, Y0, 2g)—

uKCHPOBaHKaR TouKa (pHC. 9),

M (x, y, ) — nepemeHHan

TOuka, MoK LM — Tpex3BenHas noMaHan, CTOPOHH KOTOPOH mo-
cnenosarenbho napaanenbhl ocaM Ox, Oy, Oz. Tlonowmm

we = | Pdx+Qdy+Rez
Mok

npasuao D, p WHTerpana
W npocToN, MaXxomm:

u(x, y, 2)=

x B I
=Pt ye zyar+ _fo(x. tzydt+ { Rexey, nde,
b 2

9



§ 8] KPHBOAHHEAHWE WHTETPAJN kg

orkyna € npasuaa nHTErpana
© nepeMeHHLM BEPXUMM MPEAEAOH W npabana mudxdePeHuupoBa-
HHR MOA 3HAaKOM WuTerpana ¢ yderom (2.25) monyuaem:

ay (%, ¥, 2)=

=P(x 30 20+ fo;(x. t zydi 4 g Rl 3, dt=

=P uzn)+§P;r(x:' :.)dt+§ % (5 3, )t =

=Pt s 20+ Px b 2|20 +Pln s | TS =
=P(%, Yo 20+ [P (%, ¥, 20— P (%, Yo 20}l 4+
+IP®, 3, )= P(% 3, 2}l =P(x, 3 2).

.
%6 3 D= Q5 3 2+ | Ry (5 3, it =

=Q(x 5 W)+ j Qilx y ydt=

=Q(x ¥ 2+ Q0 3 0~ ——
=% 9 2)+[R(% 3 D—Q(x, 3 2)]=Q(x, 3, 2}
a; (%, 3 2)=R(x, y 2
#, CA/IOBATENLHO,
du (x, y, 2)="Pdx 4 Qdy- Rdz.
Wrak, anm toro urolwm pwpaxenne Pdx -+ Qdy--Rdz

6HI0 NOMHWM p (= o6nact),
] ), 4TGB!

P_0Q. JdQ_o0R. OR__dP
W% T xT oz
(B paccmarpusaemoft o6aactv).

B 10K23aTEALCTBE TEOPEMBI O TOM, YTO €CAM BUNOAHEHH YCR0BUR (2.25),
70 Bupaxcenue Pdx+ Qdy 4 Rdz cctn wominft auddepenunar ueko-
Topolt  (yHKuRR, P b, uTO B
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oBaacTH HARZETCA TaKan Touka M,, wr0 Rus moGoit Toukn M paccMatpn
paemofl o6nacTH Tpex3sentian aomanas MKLM aexur B 370l e 062acTH.
C rONOWBIO RONOAHTEALHHX PaCCYXAEHHH MOKHO NORA3ATS, ¥TO TEOPEMA
ocTaneTcs BepHoRt 11A BCAKOR ofaacTH, B KoTopolt moGue Nma myTH

© oSutM HayuaaoM W oOWMM KOWUOM MOTYT GhTb HENpepuBHO Redopmii-
puauu onuu B APyroff, He BMXONA W3 OOAacTH (TaKue o6RacTM Wa3Li-
natorea OnHOCBASNLIMH).

§ 6. BEKTOPHOE MNOJE

Ecau xaxzoh touke M obnacTu pi
oTHecen BekTop @ (M), To oOpasyeTcs sexmoproe noae.
Ecad 3a7aTh CHCTEMy KOOpAMHAT (HanpHwep, npasyio), TO
mxnan TOKa M CyIET WueTs HeKOTOPWE XOOPRRHATH X, y, ¥
TOuKH M BEKTOP- TpeX
nepeuennux a(x, y, 2).

Kpusonunefiubifi uHTerpan or sekTop-PyHXUHH

Tycrs @ (M)~— HenpepunHas HeKTOP-PYHKUHR HA KyCONHO-
raamcodl ayre AB (puc. 10). Pasobnem ayry AB ua wactn
€ MOMOWbio TOuEK AeACHHR M;, Ha KaXION YaCTH BOSLMEM KaKyio-
nuGyne Touky N,, snauenne pac-
cMaTpUBaeMOf  BeKTOD-PYHXUHH B
STOR TOUKE CKANRPHO yMHOKHM HA
sekTop MM;,, u cocrasum Cymmy
STHX CKanApNuX NpoWspeneHri

Sa W) MM,

Ecan HauGonbLuas v3 AN vacTert
AyTH AB CTPEMHTCA K HyJio, TO 3ta
CYMMA CTPEMHTCR K ONpeNeneHHO-

My Tpexeny, KOTOPMH HasmBaeTcs
KpuBOAMHeRunM nuTerpanom or a(M)spoas ayra AB u ofosua-

4aeTCR 3HAKOM ‘ @ (M)dr (3necn dr ecTb <OpHEHTHDOBaMHHIN

Pue. 1o

3AEMEHT Ayru»)
Kpusonunetun#t wurerpan or -ex-rop—d:ynnuuu AETKO  BHPpa-
XAETCR 4Yepe3 OOHIKHOBCHHHIA KPUBOAMMEHHHH HuTerpa



§ 6 BERFOPHOB 10UB o

3aganun cuctemy Koopamuar, [lycrs r;— panuyc-Bextop
B X Yi» 2;—xoopauHats Toukk My &, mp §~— Koopaunars
Toukn N Torma

e ) Ml = S0 G o G Ary=

= ;lﬂ; Go M A+, 6 e 8) Ay 2, 6 i L) AZ),

otkyaa B npenede noayuaem:

As;a Wydr=

= Sa, (x, 5, 2)dx+a, (%, ¥, 2)dy+a,(x, y, 2)dz.  (2.26)
AB

310 plccylmmme He rom-o mer BHDZECHIC  KPUBOMMHERAHOrO
wHTCrpara ot
MHTCrPal, WO ;aet nonsnam.cno cyluecmmuml €ro, ecaH
CTBOBAHHE OGWKHOBEHHOro KpHBOAWIlCfiHOrO JuTerpasa CWITACTCA M3se-
cTubiM,

Ecam L— 6yab nyTe B REKTOPHOM
none, 71O, paccmaTpHBas BeKTOpW & (M) Kak cHaw (Toraa
EEKTOpHOE NOME CTZHOBHTCA CHIOBMM mnOJeM), HalizeM, uTo
ckaaspuoe npoussenenne @ (M;) - MM,y Gyner (c TouHoCTBIO
10 GecKoneuHO MafWX BhiCUIEr0 mnOpsAKa) padotofl cuaoBoro
noag mpi TOUKH OT M; B noaoxe-
uhe M. Cnanwoan stn pi paGoTa

K npeneay, uaimes, uro \ a(M)dr Gyser paGoroi cunosoro

nons npn nepememewnn Toukm no nytw L. Tlo sroi npuunue
KpuroauHelinull  mirerpan a(M)dr wasusaercs paGomott

8eKmopro20 noas waoms nyth L, Pa6ora sekTopuoro mons
BAOML BaMKHYTOrO NyTH Ha3HBaeTCA ewe gupKyaaguell oex-
;nopuazo 7047 bROML STOFO sauknymro nyTH.
e .
ecan pabora sToro moas me aanm:m 0T ¢opuk MyTH uA4, uTO
ecan PHOFO NOAH BAOAL Kk~
10r0 BaMKIlyTOrO MyTH pasHa Yo,




80 OCHOBH TEOPHW 1049 [ra. n

s 4aopuynu (2.26) cnenye'r, YTO MR MOTEHIMaALHOCTR
0, 4TOOM KpPHBO-

AuHeRtunit um'erpul
S a,dx—Fa,dy-{-a,dz

He saBucen m dopun nyTa. Us § 5 creayer, 9t0 aam sTOrO
10, NTOOH
a,dx+a,dy-{-a,dz
Guno noanum nnbdepenunanom Hexoropot dyukuws u(x, y, 2)
(cu08a3 hyrKyu), HHAuE rOBOPR, YTOOH BLNONHRNHCH PABEHCTBA
9a, [ 0a, da,
=0 o8, Gag g, _; W—o. (2.27)
B stom caydae paGota noas Baoib myth MM, pasua
{ dn ey a=u@a—uuty=v@io—om,
LA

rae v=-—u nonsa.

‘Takum 00pa3ow, paboTa NOTEHUHANLHOrO BEKTOPHOTO NOMA

PasHa MPHPAULEHKIO CHAOBOR (YHKUWA WIM YMEHbIUEHWO no-

TeHUHaAa.
C.

las nons MeoG-
XONUMO W NOCTATO4HO, HTOGW OHO GOHJO MOAEN TDagweHros
HEKOTOPOr0 CKAzsiPHOrO Momsi.
B camom nexe, ecai a=gradgp, TO

i ot am
H, CAER0BATENbLO,
adx'tadyfade= 3 dx -0 dy -5 de=dp(x, 3, 2)

ecTb noAHHA Auddepenunan, NPHICM ¢ UrPaeT Ponb CHAOBOR
Dy KunH,
Obparwo, ecan
a,dx+-a,dy+e,dz=dg(x, 3 2),
0

=%, . )
oty o= 3 am
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#, CIeNOBATeNHHO,

a=igl )3k F=gudy,
§TO W TPEGOBaNOCh AOKasaTh.

2p. TlycTs MMeeM Kakoe-HHOYIb YeNMpPHPOSGHHOE BEKTOPHO®
nore (c ne O); 9T0 3HAUHT, ¥TO KAWIWR BeKTOp akM) ACHHT

sa ayse OM, nmpuucm namma ulnpaueum: sekropa @ (M) sasrcat
TOABKO OT pac«:mmu p= OM. Tor;

a(M)=

e £ (o) Gynguus aprymenta (| a(M)| =
=D, i "
Hneen

T,
P

agdx+aydy+a,dz=
’(") xax+ﬂ9—yay+ ’(” IO s dr= 1) de=dF @),
rae F(p)=S/(r)dr. YUHTHESS, UTO
Pmat st pdpmxdxtydyded

Takum o6pazom, noas mo
noss a (M)

KpHBUE, xomg‘ue B :numn cooeft touke M HueoT 'HaNpaBacHHe m-
Topa @ (M) H ARHHH H3 CHCTeMW
ypasuenmit

de_dy _ s

ay ay =3
' Beam C— Gy. KOHTYP B

BeKTOpHbE MMM, (POXORAILHC HCPE3 TOMKH STOTO KOHTYPa, ocpaayur
NOBEPXHOCTh, HA3WBAENYIO SeXMOpPHOU mpyOkod.

§ 7. NOBEPXHOCTHBIE MHTEIPAJIb

Kycok S, xoro-
pun MOXHO pasONTh Ha KOWEWNOZ WHCAO HacTeM, KaKmas W3
*KOTOPHX W60 H30GpasuMa ypasuewwem Buma 2z==f(x, y), m6o
HBAAEICH  HACTBIO P c
LML, NapannesbHHMK OCH 1 Oz.

BuGepen na S onpenenenuyio C10poHy.

Opasy
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3ametnm, uTO He BCAKWA KycOR RNOBEPXHOCTH ABIAETCA JBYC
uam. Jlerko Rath nynnep ONHOCTOPOHHefl MOBepXHOCTA. Baas npamos
yronpmyk abed (puc. 11) B cxaeus croponst ab n cd TaK, uroSu d
CoBmazo C &, ¢ COBNASO C d, Momyums
NOBEPXHOCTL € OMHOM CTOPOHOM.

Mycrs R(x, y, 2)— wenpe-
puBHas QyHKOMS HA  KYCKE MO-

| E—
a a (&.7.0;)

Pac. 11 Puc. 12,

sepxuocts S. PasoGuem ero (pac. 12) ma wacta S, Kawpas #3
KOTOpwX ARGO 1300pa3AMa ypasHewnew Bmpa z==/(x, y), au6o
npHHazAeKAT c obp
napannensibiva ocu Oz, Bossmem Ha Kaxno#t wacta é, TOUKY
[
3uauedne paccuaTpnsaemoll (YHKUAR B STON TOuKe YMHO-
UM Ha BIATYIO C ONPEAGNEHHWM BHAKOM MAQUIANb NPOEKUAN
Kycouka S; ma maockocth Oxy, npuuem Gepem 3Hak |-, €CAH.
CTOpoHa Ha kycowke S, oOpaute-
WA B CTOPOUY BO3pacTaHWi z, B 3HaK —, ecan BuOpannas
C10poMa nOBepXHOCTM Ha Kycouke S; ofpawena B CrO-
pory yOwisaums 2z, Ecam S; npuxannexut Ilﬂ)ml!npn‘lecl((]on
ocn Oz,
TO BOMPOC O SmaKe omanler. 6o naowafL MPOEKuMW paBHA
Hyni0,
Oty nnowans npoexunw S; Ha Oxy c BuOpaHiBM 32KOM
oboautaums (S;),,. Tenepn Cocrasuh CyMmy YROMAHYTHX Npo-
ussenenitt

; RC» s W) (Sayr

Ecan G it ns S§; crpexutTcs
¥ Hymo, To 9Ta cywxa CIpewTed K onpeneneuuoay npexeny,
KoTOphi#l ep. or R(x, y. 2)
no cropone D S no

u 0003Hau2eTCA  BHaKom ‘ISSR(x, » Ddxdy. Aunmruum
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ONPEAeAOTCA NOBEPXHOCTHWE FHTErPasd mO APYrHM napaM
nepeMentiX (NPH SHANOTAYHX OrPAHAIEHUAX, HANAraeMuX Ha S).
‘Takny oGpasom,

S,S Pls,y, Ddydz=1im TPC, 7 D (Sdyer (228)
§ § Qe y, Adzdz=tim FQCy 1 O (Sdurs @39

Sj R, » z)dxdy=lim;]R(Eh M ) (Sdey.  (2:30)

Danee sBoauM moHsTHE p
mHTerpana

U Pdydz-Q dzdx -+ Rdxdy =

= U Pdydz+ U Qdzdxt SSS Rdxdy. (231)

Vs onpegenewns NOBEPXHOCTHOrO WHTErpana ClERYeT, ¥ro
NPH  nepeMene CropoHH MOBEPXHOCTH WHTETPAA AWML Mels-
er ceoft BHaK; ECAIH KYCOK MOBEPXHOCTA pasOHT Ha wacrTh,
10 WHTErpan no BCEMY KyCKYy NOBEPXHOCTH pPaBeH CyMme
MHTErpanoB N0 €ro YaCTiM; NOCTOSHHHE MHOKHUTENM BHHO-
CHTCA B2 SHAK WHIErPana, HHTErpan CYMMsl paBen CYMME HHTe-
1panos.

Ms (2.30) o, uro SS Rdxdy=0, ecna S ects kycox
s

P ¢ obpasy
och Oz (B 9TOM CAyuae NpoeKuH# S; Ha nnockocTs OXy BMPO-
Kaglorcs B auun). Ananornuno, us (2.28) a (2.29) suano, uro

Sj Pdydz==0, echn S ecTh KYCOK NBAHHAPU4ECKO! NOBEPXHOCTH
€ oGpasylowmms, napainenbhsma och OX; SS Qdzdx=0,

€cmu S ecTh KycoK IMANHAPRUECKOR nunepxuocm ¢ obpasyio-
WHMH, Napannensusia ocn Oy.
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B H i neoiinoi ( cayqau)

TMycre nvweem mosepxHocre Z2=2z(x, y). IMycrp §~—xycox
paccMatpreaeNol NOBEpXHOCTH, A-—ero fpoexuns Ha 0a0-

Puc, 13,

ckocre Oxy (puc. 13). Ecam ua S emGpaHa cropoua, o6pa-
WeHHat 8 CTOPOMy BoOspacramma 2, TO (puc. 13)

‘E RGis e W) (SDey= ‘E REo mw 2CGo )]0
OTKyAa mocre Mepexoa K Mpeaeny noMyuaem:

§JRe s pasay=[§ Rin.5 205 pidsdy.
s

Anasornunie (OPMyAH DOAYYAIOTCA AN NOBEPXHOCTHHX
MHTCrPANOB MO APYTAM NapaM nepemenux. Mrax,
[§ ey ade={{rizv a0 e e
8 A
[rae S~—kycok nosepxwocth X=x(y,2z) ¥ A—ero npo-
exuna na Oyz|;

Sbj Q(x ¥, 2)dzdx= S,rs' QL% y(z %) 2)dzdx (2.33)



§7] TIOBEPXHOCTHME WNTEFPANS 85

[rne S—xycox nosepxuocTu y ==y (z, X) u A—ero npoexnus
Ha Ozx];

[§ R s nasty=(§ Rix s 2 ax ey @30

[rne §~—xkycok noBepxHOCTH z =z (X, y) 1 A—ero npeexnAs
Ha Oxy).

3amervi, YTO BWBOA oMYA, BUPDKAOWMX NOBCPXHOCTHWR Wi~

Terpan uepe3 OOWKmoBenMufi 1BOHWOA HMMTErpaa, Juer OBHOBPCMEHIIO

HTerpana, ecas

cymecTBosaue oouxmeuuufo ABoROre HuTErpasa cwnm» HIBECTHBIM,

8 o6bikHOBennwil nBokIOR uHTErpan (oGuum' npuem)

Mycrs  §— kycox
CKHMH ypaBHeHUAMH

x=x(u, v)
y=y@ ) »
z2=2z(n v)

rae (1, v) npoGeraer ofnacts A Ha naockoctTd Ouv (Pymxuwn,
CrosuMe B NPaBWX YaCTAX, NPEANIONAraiOTCA HEUpEPHBHLNK
BMECTE C BX HY3CTHLIMB NPOHSBOHWMH NEPBOrO NOPSAKa).

Mpennonoxsm cnepsa, 4To Kycox S mower GuTbh mnpen-
CTasneH ypaBHewneM z==f(X, y), rae f-— oaHOBHAuHAA He-
npepuBHas  ynkums, H nycib A— npoexusa S Ha nAOCKOC1H
Oxy. Torpa

z(n, 0) =f[x (@, v).y (1, V).

B cany (2.34) n npasmna saMeHH TnepeMEnHWX B BOHHOM
wurerpane (eciu COOTRETCTSHe Mexmy A @ A npaMoe, T. e.
5

S’S R(x, 3, 2)drdy= SAS Rlx 3 f(x pldxdy=

= ss R[x(x, v), y(n, v), z (1, v)] ';:,‘; i} dudo. (2.34)
a

Ora Ke Gopuyaa Bepua, ecan S OKAKETCA KYCKOM WAAMA-
ApauecKol  NOBEPXHOCIA ¢ OOPas) wittMH,  NAPaAneAbLIBINN
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oca Oz, T8K Kak Toraa 06e uacTn QOPMYM PaBHH uymo'
Tlpapaa wacTe pabHa HyaiO BCAEACTBHE TOrO, YTO a‘:"" =0.
T p aerko Mycrs,

y=o(x), rorma eer
v v)=¢[x )}

orKyna N )
Loy E, Tavwl,
9(x, ¥)

W, Cnenosarenslio, B sikoSMaHe Bis) CTPOKA mponopumo-
HanbHBI,

B ofwex caydae S MOXKHO pPa3buTh HA wacTH, nopXoasutie
NOA OfMR M3 PacCMOTDEHHHX 18YX TANOM (MW OFpaHWuMBaewcs
rakemp  nosepxwocramp S). Torna A pasoSvercd ma cooTBer-
crayioume uacrd. ITpuvewws K KakmoR W3 vacteir copmyny
(2.34) ¥ cknagwBas nOnyYeHWBIE DaBEHCTBA, MNOayuaM (Op-
myay (2.34) naw Bcero kycka S.

Ananornunsie  GOpMyAb! TOAYYaleTes s NOBEPXHOCTHHIX
MHTErpancB MO APYTHM NapaM mepemenwiX. Mrax,

U P(x,y 2)dy dz = SS P 32998 duao,

d(u,0)

SS Qe v, adzax= | Qs 5. 2 5= dua,
§

S:j Ry, 2)dxdy= SS R(x, » z)—z%%:—dudo,
)
oTKyaa
Sdeydz+dedx+ Ruay=§ﬂ 3?..:.',: 4
KR

o & o
13 2
g+ Rt anao= | | |5 o |0 o

ox ov Oz
v
(2.35)

npR Hanexaulem BNOOpE CTOPOHW nosepxHocTA S.
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Tycts, B WMEEM KyCOK z=f(x,y),

rne x, y npoGeraor o6nacts A naockoctd Oxy. Torpa dop-
uyna (2.35) naer (3mece X, y Wrpaior poae 4, v):

5Plyd:+dedx+Rdxdy=‘§I5‘

= 5 S (—pP—qQ+ Ry dxdy, (2.36)
A

0 p dxdy=

rue p= ;é, q=-g§ n nonepxuocma-ﬂ wnrerpan Geperca no

Repxuell cTopoHe MOBEPXHOCTH.

§ 8. ®OPMYJIA OCTPOrPAACKOro

Dra ¢opuyna npeolpasonHBaeT NOBEPXHOCTHWA HHTErpan
no 8aMKHyTOH NOBEPXHOCTH B TpoHHOW WHTErpan fo obnacra,
‘orpatnyensoll 1ol NOBEPXHOCTHIO.

Mycre D — samknyras 06MacTs, Orpannuennas SaMKnyToll
tosepxtocsio S, a P(x, ¥, 2) Q% 3 2, R(x 02—

r

%, = )zzow
A .
=254}
g, — E_._. v

I

)

3
Puc, 14.
¢-yunuml c

1CPROTO mOpAaKa Ha D.
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Cnepsa npeanosowimm, YT0 D orpaiuveHa CHUSY NOBEPX-
HOCTBIO Z==2;(X, y), CBepXy ~— NOBEPXHOCTHIO Z =2y (X, V),
¢ Goxos — c pasy

ocn Oz, Oxy
unowanky A (puc. 14). Torxa S Gymer coc-rom H3 KycKa 8,
N0BEPRHOCTH 2= 2, (X, ¥), KYCKa Sy noBepxXHOCTH 2= 2; (X, ¥),
Kycka S c pasy n,
napaanenshem oce Oz, Mmeem:

53R anarermfovar § S8 eem

= SIE IR, 3, 20— R(x, 3, 20} dxdy=

= 5;.5 Rdxdy+ ;S Rdx dy,

rhe WHTErpHPOBalME NPOHCXONMT no HHXHEH cropowe Sy B no
vepXHeR cropoe Sy,
DoGasasa SS Rdxdy x npasoft uacts nocrenHero paseH-

CTB3, MW ME HaDYWHM €ro, Tak KaK “S Rdxdy=0; cneno-

BATEALHO,
S;SS IR axdydz= SAS Rdxdy, @31

fAe B NPaBOl MaCTH MHTErpHPOBAHHE NPOHCXOAHT NO BHewHed
CTOpOHE SaMKHYTOH nosepxiocTH S.

B obulen cayuae D MOwHO pasbuTh Ha KOHEUHOR uHCHO
uacTefl DACCMOTPEHHOrO BHIME TuNa (MM OTPAHWUHBAENCH pac-
cmoTpenseM obnactet D, KOTOPMe JOMYCKAIOT Takoe pas-
Guenue). l'lpunemu K Kakaolt w3 uwacred ¢opmyay (2.37)
uaines, uro (2.37) Gyner
cnpaseanuBa nn- paccuarpunelloﬂ 06nacTa (TaK KaK MHTerpans
no neperop B3aUMHO Y ).
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Mensd poan NepeMeHHHX, NOAYYRM eWle A8e aHanOrHyHbe

oy S 5) S 9 dxdydz= SSS Pdy dz; (@37
l’o = . X
5 i S 2 axdyaz SSS Qdz dx. (23™)

Tlounennoe croxeune dopuya (2.37'), (2.37), (2.37) naer
HaM ACKoMylo dopuyay Ocrporpanckoro

SSS Pdydz4Qdzdx -+ Rdxdy=

=S g S (%+%+%§-)dxdydz,
(2.38)

rae D~ orpaHaueHHas 3aMKHyTas oG- Puc. 15,
AacT B npocTpasctse (puc. 15), $—

BaMKHyTas NOBEPXHOCTs, orpamaumssiowas D, # P, Q, R—
ym<naM, HENpEpHBHHE BMECTE C MX YECTHBIMA NDOAZBOLHHME
nepeoro mopinka Ha D, DOpuieM 8 neBod yacTm  hopMyas
nmryg.ponanne NpoACXOAMT 0O BiemHeH ClopoWe  MoBepx-
Hocta

§ 9 BEKTOPHASl 3ATIHCb ®OPMYJIH! OCTPOrPAACKOrO.
AUBEPTEHUMS BEKTOPHOI'O noast

i wnTerpan o7 P

Nycts a(M)—~— nenpepuBias BeKTOp-GynKnAa 12 ABYCIO-
pousem Kycke mnosepxocts S. Ilpn sTom npeanonaraercs,
410 S wuMeer B KakAoH TOuKE KACATEMLHYIO MAOCKOCTb, Ha-
npasaexue KOTOPOH HENpEPHBHO 33BHCHT OT TONKHM NOBEPXHOCTH
(nnm ke Kycok S MoxeT Ourb pasGMT Ha KOHEWHOE HHC/O
Takux vacte#t). BuGepem wa S kaxyo-unGynb cropody (puc. 16).
PasoGbeM S a wacT; nycre MUOIMAmM STuX uacTefi OyayT S
Ha xawno#t uactu sossMeM rouxy N, ¥ NOCTponM Bexiop 1,
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uanpasneHuul no Hopmanm 8 Touke N; K BuOpaHHo# cTOpone
NOBEPXHOCTH H HMelowmk xauny |my|==S;. 3atem sHauenne
BeKTOP-GyHKUMK 8 TOuKe N, CKANADHO YMHOMHM W3 7, W COCTa-
BHM CYMMy TA4KHX CKanfpHWX NPOM3BEAEHHA

SaWn;

Ecau a3 uactelt 0
KYCKa fOBEPXHOCTH CIPEMATCA K Hyaio, TO 8Ta CyMMa CTpe-
MATCA K ONPEAeNeHHOMy npeneny, Ko«
TOPHHR HA3WBAETCA MOBEPXHOCTHHM  Hil-
Terpanom ot @ (M) no BHOpaHHOR CTO-
pose nosepxHocTa S W oosHauaercs

mm(ouS a(M)ydw (snecp do eciv
s

'

BNEMEHT
cTH»).
Puc, 16. TloBepXnOCTHMA miTErpan OT BEKTOP-
GynKuun  nerko pepaxaercs uepes oGu-
KHOBEHHHH MOBEpXMOCTHHI wnTerpal 3Bamanum cHCTEMy KOOp-
awnar. Tlyers &, w;, §, — koopamnars N Toraa

1‘; aN) "‘2 (2 G > ) ()t

+ay G w L))y A0, (i e C) ()]
Ho (n),, (m),, (M), € TOIHACTHIO RO GECKOHEUHO MAMX BHC~
Wero TNopaaKa pastu  cootsercTBenHO (S)yp (Spew (Siiy
noatomy
lim ‘Z a(Ny)ny=lim 12 [a. Go o 8 (SDye 4

Fay G S Sdasta:Cir e WSy

ann

§ S a(Mydo= S§ a, dy dz 4 a,dz dx 4 a, dx dy. (2.39)
$

O; Mbl NOXynaex no-
+ BCDXHOCTHOIO HHTEI]2NA OT ~BCKTOP-BYUKUMM, CUMTAS, 4TO CYULECTBOBd~
1HHE OOBIKHOBCHUNX NUBCPXHOCTUBIX MHTCTPAIOB yie NOK33ANO.
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Tiycts @ (M) — BexTopHOe mOAe W S— KYCOK MOBEPXHOCTH.
ECaH 3TO BEKTOpHOE mone KaK noxe
NOTOKa KMAKOCTH, TO Uepes SNEMEHTaDHYI0O MIOWALKy S;
(puc. 17) B eAuHmLy BpEMEHM BhiTeuer
€TON6 XUIKOCTH, O6hEM KOTOPOro eCcTh

Sa(Ny=
A
= |m|la(Np|cosn, a NV)|= W
=a(N)n;.
CnenoBaTensHo, a(M)dw ecms
s SS Puc. 17,

KOAMGECTBO KHUAKOCTH, NpOTeKaomeN ue-
pes nosepxwocts S B enmuuuy spemenn, [lo sroft npuvnne

NOBEPXHOCTHHA WHTErpan S Sa(M) dw HaguBAETCA NOMOKOM
s’

P noas uepes S.
JluBepreHuns BEKTOPHOrO MONA W BEKTOPHAR 3AMACH
dopmyast OcTporpaxckoro
+ Ecan S ecTb 8aMKHyTam TIOBEDXHOCTb, OrpaHMuHBAIOAR

obaacte D, 1o 8 cuny (2.39) u (2.38) (mrerpupys no smew-
Hell CTOPOHE 110BEPXHOCTH) MONyqmsM:

SSa(M)dm——-:SSa,dydz+a,dzdx+a,dxdy=
S
.=S “ (""* Sy )dxdydz. (2.39)
0 1 u no.u a(M)

B TOuKe (X, Y, 2) HasWBaeTcA cKanap —-€+—ﬁ’+ , 060~
SHavaeMuh chnsonom div a. Taxum 0Gpasow,

diva= i‘-{- -|- Fr (2.40)
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Berasass TOT cumsoa B dopmyay (2.39"), moayuum:
a(Mydo= '5 diva dv. @41
{ fanemm( | §

Bra dopMyna, ABAROWANCS BEKTODHON BanMChiO  (OPMYan
OCTPOrpaACKOro, MOKA3WBAET, UTO NOTOK BEKTOPHOTO MoAR
4epes BaMKHYTYI0 MOBEPXHOCTh DaBEH TPOWHOMY HHTErpasy or
AuBepreHuud MOAS NO OObEMY, OrpaHAYEHHOMY 9TOH mOBEpX-
'HOCThIO.

Touk, B KO1OPLIX q
ucmonnuxas (8 ITOM cnyqae NOTOR BEKTOPHOTO NOAS uepea
Manyi0 SaMmKityTyiO MNOBEDXHOCTb, OKPYHAIOULYlo TaKylo TOuKY,
nonontrene). Toukh, B KOTOPHX AHBEprenuMs OTPHUATENbHA,
Ha3WBAIOTCA cmMOKAMN (B STOM CAYyuae MOTOK BEKTOPHOrO nons
uepes Manyl0 3aNKHYTylo MNOBEPXHOCTb, OKDYKaloWLYIO TaKkytlo
TOUKY, OTpUUATEneH).

WnBsapuanTHOE ompeneneHue MUBEPreHUHA

<opmyna OcCrporpaackoro moSBOAIET Aarb HHBADAAHTHOE
OT CHCTeNb! AnBeprennun
-emopmro nosf. C uoNOwbIO 1eopeuu O cpeaueM Aas Tpod-
HWX WHTErpancs HaXomnw:
g S a (M) dw

diva = lim ———- N (2.42)

rae S — GeCKOHEUNO MAAGR NOBEPXNOCTh, OKPYKaOULad AAHHYIO
TOUKy, V — 06bem 064acTH, OrpauuuerHod 3TOH ROBEPXHOCTHIO.

Takut OGPa3OM, AWBEPreHIMA BEKTOPHOrO MOAS B KaKOW-
HHOYAb TOUKE DaBHA OTHECEUHOMY K CAMHMlE O01L.eMa MOTOKY
BEKTOPHOrO NOAA 4epes GECKOHEUHO NaAylo SaNKHYTYIO nu-
BEPXHOCTL, OKPYKAIONLYI0 AANNYIO TOUKY.

dopmanbHbie CBOICTBA AMBEPreHIHY
INycte @ » & — BeKTOpHHE 10AN, @ — CKAAAPHOE nOKe.

Torua
div(a-- b =diva --div: (2.43y
, div (¢a) = ¢ div a + grad ga. (2.44)
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B camom nene, )
dvietoy=20t0y  _ deckh)
Oa, b, "
...=(-3;-+...)+(%—;-+...)=dwa+d1vm
— O — 9yay) —o (Y0
div(ga) =" 4. =20 o —o (FE4. )+
+(—?;a,+...)=9diva+gtadwa.
Muororousa Bciony 0603Haual0T, YTO CieNlyer  BNMCATH

3TOpOE M TPETBE CnaraeMkle, aHanOrMuHBIe NEPBOMY, MOAyvao-
WMECA H3 HETO 3aMeHOR X Ha y B 2.

ConeHonnanseie HEKTOPHMIE WONS

Bekropuoe noae a, Aas Kotoporo Toxaecruenso diva =0,
NasHIBACICA COAEHOMIANLKbLM.

Hs (2.41) caenyer, uTO B CAyuae COAGHOMAANLHOTO BeK-
TOPHOTO MNOAS NOTOK BEKTOPHOrO NOAA YePe3 BCAKYIO SaMKHY-
1Y10 NOBEPXHOCTh PaBEH MYMO.

Ecau  B3aTh BeKTOPHYIO TPYOKY S
(puc. 18), npouects 18a ceueHus ee
Si u Sy U NpHHATL BO BHHMaHWe, WTO
U010k uepes GoKoaylo CTEHKy BCeraa g
PaseH Hyao, 10 NPHXOAWM K TaKoMy
3aK/MOYCHHIO!

Ecan BexTopnoe none  cozeio-

WaansHO, TO NOTOKW BEKTOPHOTO NoOAR

UePe3 PasAHUHBIE CEUEHWR BEKTOPHOH Puc. 18,
TPYOKU paBHH Mexcy COGOA.
Npumep. 6; noae (c.
f(v)

npiMep 8 Konue 9 6) aM)=¢(pr, rie¢(p)=-——., Torna
divig () r) =W (@ Net-. T @ %) +
=[np) R ]+...=n ©+3¢0)

)
mm.xo mr.u, Koraa q:ynmuu (P !lonnmpan ',l(;':wpemm»mny

ypasHenu
Py’ () + 89 (p) = 0.
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Pasgeans nepemeHHue, nOAYYHM —NL“»=_%' oTkyza Ing(p)=

D]
=—3Inp+1n6 ¢ (5 =, cxczonareasio, /() =75. Taxau ofps-
80M, UEHTPHDOBAHHOE BekTOpHOoe nOAe GYXeT CONCHOHIAALHO TOALKO
B TOM CAy4ae, KOPA8 ATHHM BEKTOPOB STOFO 0OAS 0ODATHO pOHOPUHO-
HaALHE ToueK 0T ucHTpa.

§ 10. JOPMYJIA CTOKCA

Sra ¢opwynsa npeoGpasoBLBaeT KPEBOAMHEHAHWH MuTerpaa
BAOAL BaMKHYTOM Kpasolt B p:
MHTErpa NO NOBEPXHOCTB, HAaTAHYTOH H3 3Ty KPHBYIO.

Iyers S —Kycox nosepxHoCTH, HMetomal B KawaOR Touke

NAOCKOCTH, Koropoit pep!

Puc, 19,

83BHCHT OT TOUKM MODEPXHOCTH, WaM MOTyuw# GHTh paaﬁnmu‘
1A KOHEWHOE 4HCAO T3KuX uacreM. 3aMknyras xpusas C, orpa-
S, aerca B KoM TOuKe
KOTOpOH 34BICHT  OT
TOUKY KpusoH (wam ke C COCIOMT M3 KoHeunoro ancna ayr,
aTony Nyces Plx, y, 2),
Qx, y, 2), R(x, y, z)-—uenpepusuue Gyskuan, uMeoue
qacTHEE BO BCEX TOUKaX MOBEPX-

nocth § (n TOYKaX, AocTar04Mo Gamakux x S).
Iycis cnepsa Kycox nosepxnocin S moxer OuTH NpeA-
crapaen ypashemwien 2==/(x, y). Ilycrs A —npoexuns S Ha
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0Oxy, T'— np Cua Oxy (puc. 19).
Ecan
x=x(0),
y=y@®,
— napamerpuueckae ypasuewns I' (nycts BospaCranmio ¢ oTse-
uger 00koX I' B MOJOMATeZbHOM HaNpasneHmn), 10
x=x(f),
y=y@) t h<I<t,

z=2z(!),

} Lh<t<t,

rne z(t)— flx(t), y(®)] OGynyr napameTpudeckuMm ypaBHe-
Pl

l'lonarn 3;_ P g—’—_q W UCNONLBYS NPasuno npeobpaso-

DAHAS KPHBOMHHERHOrO WHTErpaaa B MPOCTOH HHTErpa’, MoweM
HARHCATH!

§Rdx+ody+kdz=j(i’ Lt QYR u=
- f [Pt @44 R{p L2 t-g 2]t~
—f [P+ pR S5+ @+ aR) 3 at =
= § (P+pR)dx+ @+ qR) dy, @45)
:::ﬂeu B nocnenwem uurerpane P, Q, R caeayer nosamars

PIE 3 Sl ) QLe 3 fe 9L RI% 3, £l 9,

T. € KaK QYHKUMM ABYX NePeMEHRLX X, J.
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@opmyna Tpuna, np niTes
rpan NO 3aMKHYTOMY KOHTYPY 8 Apohuoi muTerpan mo oGaactd,
OrpaHUYLIHOB ITHM KONTYPOM, Raer:

§P+oRd+ @+ R ty=
=§ Ji@+omi—@toriiars, @)

no (ucnomyeu GopMyny ROAHOW RPOUSBOAHOW # NoJaraeN
B_o}"‘"
<o+qR).=T—+Tp+sR+q( +320)

(P+pRY = 50+ g+ sR+A{ S +-3R 0 ).
orxyna
(Q+qR)s— (P -+pR), =
{22 ()04 (2 8. v

Ms pasencrs (2.45), (2.45"), (2.45™) Wynu (2.36) (on.
Konen § 7) noayuaem uckomyio popuyay Ci

§pdx+ody+Rdz=

_.Sj ._._.&. dydx+( T)dadx-l—
+(§-;l 9P )dxdy, (245)

rae nanpasaenne o6xoza Kourypa C Geperca NOAOKHTEAbHIM
nA BHOPaHHON C10poHH wowepxuocTh. Ho 312 dopuysa noka-
8au2 NOKA AMINB AAA KYCK2 fOBEDXHOCTA CMIeN#aJLHOTO BN,

Menss poan Repemennsix, noayuusm ¢opmyay (2.45) rakke
s wuna x=f(y, 2)
R YDUBUEHHEM sana y=flz, x). ’B obuwexn cayuae pasobhem S
Ha KOHEYHOE UYHCAO UYACTEH, KAXAaA #8 KOI0pHX #3obpasuma
AM60 ypabuenwenm BHA3 Xx==f(y, 2), ;60 ypasnenuem Buaa
y=1/(2, %) au00 ypavHenuem bEAa 2==/(¥, y) (Mb O1paum-
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auBaeMCs MOBEPXHOCTAMU S, KOTOpHE MOTYT GuTh pasGHTH Ta-
Kum oGpasom). Tlpumenss K KawioR wactd qopmyay (2.45) u

pi (npu STOM uHTErpaal no
neperopoaKan saammo Y BOKaXeM crip
dopuyn (2.45) 0 Kycka

Teneps npopuy:m Croxca (2.45) nokaszaHa B ofiieM ute.
§ 11. BEKTOPHASl 3ATIHCb ®OPMYJIbl CTOKCA.
BHXPb BEKTOPHOIO noJs

Mycms @ (M) — sekTopHoe rnoae (oﬁnacn onpeaenexus
sextop-ynkuun a (M) — 8§ —kycor
C — KoHtyp, Orpannunsaomvfi ero. Mimeem B cuay (2 26) u (2.45):

§ a(M)ydr = §a,dx+aydy+a,dz—

S P
+(-°;l OT dxdy]. @.46))

( Buxpen 0 noas a(M) B Touke
X, Y. Z HA3HBAETCA BEKTOP
0a, Oay da, 0a, Oy
=)+ =T+ (%)
o6o3navuaeMbil sHakom rota (a Takxke cumboaom curl @),
Ys ¢opuysn (2.39) Haxoaum:

f!(__a_)dyd;+(———)dzdx+
. +(%——doi;) dxdy =
= f f (rot ), dy dz +-(rot a), dzdx - (rot @), dx dy =
s
= J’ f rolado,  (2.46")
Hs @. 46‘ # (2.46") waxomam: F o
§A(M)dr—f!mtadw. . :""’ - (2.46)

wra i
4 T W, Pounoscxud
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npHyeM Hanpasiexue 06xona Koutypa C Geperca NOJOMHTENb~
HHM AA4 BHOpaHHOH CTopons nosepxHocrn S. dopmyna (2.46)
ABNAETCA BEKTOPHOH 8anucuio popMynu CTOKCA M NOKa3HiBALT, YTO
UMPKyASuMA BEKTODHOTO NOAA BAOAL BZMKHYTOTO KOHTypa DaBHa
MOTOKY BHXDA 4epes NOBEPXHOCTh, HATHHYTYH HA STOT KOHTYp.

MupapuantHoe ompexencHue BHXpA

Tlpamenss ¢opuyay Crokca K GeCKOMEYHO MadoH maowanke,
coaepxameH paccMarpusaeMylo TOYKY, NOAY4HM CJeaylouwyio
) xa-

)

or
panepumny BuXpA.

Tlpoexuns Buxpa Ha KaKOe-HAGYAb HAanNpapneHHE PaBHa OTHE:
CeHHOH K emMHHue nAOwWanH uupxynnuuu BEKTOpHOrO noAs
BIOML  KOHTYPa Man

TOUKY # pr K

1anpasaeHuio,
Bessuxpessie BeKTOpHb® NOAN

BekropHoe none a (M) uasmBaeICA Oe3euxpessis, ecin
uMeeM TOXAeCTmeHHo rota =0.

W3 onpenesenus BaXps BMAHO, YTO AAA STOr0 HEOGXONMMO
W AOCTaTOUHO, 4TOOM

da oa da, s, o day _ dag _
G =0 =0 =0
Ho sm ycnanun [cm. ¢opuynu (2.27) b § 6], kak Mu sHaem,
noas.
Wrak, n.'m TOre 4TOGH none 6uio

HEOGX0NMMO W NOCTAaTOYHO, qroﬁu oHO GHA0 nmennuanmun.
Takum 06pasom, nousTHe Genuxpeloro BEKTOPHOTO  noaR

nouATHIO 0 noaA,
Tak Kak none r e y noas ¢

nory T0 noay
rotgrad g =0, (247)

Conexounanssocts moas saxpelt

Tlycrs @ (M) -—kakoe-unGyas BeKTopHOE nOAE; TOTAA ero
Buxpn 0Opasylor HekoTopoe sexropxoe none rota. Sto ects
none Buxpeh nawnoro sexropHoro nond. llone Buxpet sceraa
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conexornansHo. B camon mene,
divrota = - (10t a), + 55 (rota), + rg— (ot @), =
9 { de, e, 2 _(ds, da, da, da,
=g (G- S - (R )=
s, d%a. P
=dxoy axdl+'_7!t dxdy"' - Ha=0"
Wrax,
divrota=0. ._, . N (2.48)
@opManbHbe cwlcﬁa il!’pl
Mycts @ # & — sexTopuue noas, ¢ — CKarApHoe nose.
Toraa
fot (a - b)=r10t a - rot b; © (249
1ot (¢@) = @ 1ot @ -} |grad pal. (2.50)
B camom nmene,

rot (a0 =i (200 _ 2@ |
STLIOET N TR %) WU FIE 7. A
+[I(—g—:!-—%)+...]-=rota+rotb;
rot(wa#l(ﬂ;i&—m)-l- =i(m—-ﬂ£’l)+...-—-
N
=g rota - [grad pal.
Muororourst Bciony 0608HAYRIOT, 4TO CNEAYeT BHNACaTH

BTOPOE W TpeThe CAaraeMse, NOAy4alOmMeCs M3 NepBOTO Kpy-
TOBOM nepecnno-kotl no cxelu

()Q

4
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§ 12. ONEPALWHA BTOPOrO MOPSIIKA

P BHWe TpH nepeoro MOpAAKa
grad g, diva, rota,
nepesopfie COOTBETCTBEHHO CKANAD B BEKTOp, BEKTOP B CKa-
NAp, BEKTOP B BEKTOP, NOPOKAAOT MATH OnNepaunti BTOPOro
nopsnka:
divgrady, rtotgrade, graddiva, divrota, rotrota,
U3 KOTODHX NBE TOMAECTBEHHO HyneBue [cM. dopMyan (2.47)
u (2.48)):
10t grad 9 =0, divrota=0.
Boenen eule OMEPALA0 BTOPOTO NOPAAK3, HIIHBIENYIO oMe-
4 ans

0 noan ¢ PHOrO

nons a:
R v =3;—!+$+%‘,‘:;
pa= 545
(Ap ectn cxansp, Aa — BexTop). Ouenuamo,
Aa=1Aa,+jAa, -k Aa,

(2.51)

Vimeem:

div gradg = (grad ), + 5 (@rad o), + 5 (gradg), =
=%+ 5 @)+ Z(X) =S+ R+ =0

CneaosaTensHo, .
cdivgrade=Ap. " . " . (252)
Hmeen: v .

gaddiva=12 @va)+ 15‘;(&:& )+ kg’(diva); -
=G ) (i S S+

PR,

-

; L +k(§v§+§%+%). (253)
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rotrota=1 [a%(mla),—a‘;(ml a),l+...=-

~ (38545l
A L
=i e G TE) =
=l(§diva-—Au,)-]—..‘=gmldlva—Aa.

MHOFOTOUNS BCIORY OGO3HAYaIOT, YTO CAENYET BAHCATh BTO-
POc M TpeThe Charaemie, MONYNZOUIMECK W3 MEPBOTO KPyro-
BOH no Cxewe, 8 xouue § 11. Cae-
ROBATEALHO,

fot rot @ = grad diva — Aa. (254
§ 13, CAMBOJIMKA FAMHABTOHA
Beeaem CuMBOAUYECKHN -europ (nabaa) X -
v=igtidtid,
W NDH BHNOAHEHHH NEHCTBHA MO NMPABHAAM, YCTAHOBAEHHEM Rad

pos u eKop aﬂyn.eu noa «npous
BeJICHHAMH> CHMBOJOB Frik i Ha ckansp @(x, y, z) coor

BETCTBEHHO CKAAAPH
a a m
x' dy' 9dz*

Torza

vo=(t Z i 4 a L) o= 412 +k27—gna,

(smec B 1eBOW uacTH CTOMT mnpoHsseneHHe CHMBOTHECKOrC
BEKTOP2 Ha PeatbHuH ckansp); .

Va=(ia;+j;-y+kd—,)(ta,+ja,+n,)=
s =+ =ave

Tes e
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(3meCh B NEBOW uaCTA CTOMT CKAASPHOE NPOMSBENEHRE CHMEO-
ARYECKOr0 BEKTOP2 Ha peanbHuA BEKTOP);

tval=[(i &+ 5 +# L) da, + o, + ka)| =
) e

(smech B 1eBOH YaCTR CTORT BEKTOPHOE MPOHIBEJEHRE CHMBO-
JRYECKOrO BEKTOPa Ha peanbHmill BEKTOp).

Takam O6PasoM, TPH ONEPAaURR MEPBOrO nopnmﬂ. grad g,
diva, rota, moryT Gurs
CAMBOJRYECKOTO BEKTOPA Habaa:

ve =gradg;
va=diva; (2.55)
[va)=rota.

Torza AA% onepaun BTOPOrO MOPAIKA NOAYUAM CAERYIOmWAE
pasetcTsa;
vvg=divgred g =Ag;
[vvel =rot grad ¢;
yva==grad diva; (2.56)
v(va)=divrot a;
[v(va])=rot 1ot a.

§ 14. BEKTOPHBIE ONEPALLHH
B KPUBOJIMHEAHBIX KOOPARHATAX

Ecam kaXmo TOuKe HEKOTOPOH OGAACTR MNPOCTPaHCTBA OT-
HeCeHa cHCTEMa Tpex uyucen (4, U, W) TaK, YTO PasHLIM TOYKAM
OTBEYAT pasHue CACTEMH (X, U, W), TO MW CKaXKEM, YTO B pac~

o6aacTR BBefeHH
Koopduxams (4, v, w). Feomerpaueckme mecra TOuek, rae
n=const, R v==const, RAM wW==const, HasoseMm KoOPOU-

HamHyML m, RBYX
noBEPXHOCTEA — Aoopauwmnu.un AUKTAMI,
Beenew, nanee, 8 o6aacTH

NPAMOYTOAbHHE KOOPARHATH X, ¥, 2.
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Torga MEXAY NPAMOYTOABHMMH KOOpAHHATZMH X, ¥, Z
KpUBOAMHERHEMU KOODAWHATAMH 11, U, W TOMEK pacCMarpusae-
MOH 06AaCTH MPOCTPAaHCTBA YCTaHABAHBAETCH B32UMHO OfHO-

BHAYHOE BHAE
x=x(u, v, W)
y=yu v, w); ] (2.57)
z2=2z(@u, v, w),

rae ¢yHkuus, Crodmye B NPaBHX YaCTAX, ORHO3HAUHL, 3 TAKNKE

Gopuyrann Buna
u=u(x y, 2);
v=10(X, y, 2); ’
- w=w(x, ¥, 2),
rae QyHKuaM, CTOAWME B MPaBuX 4aCTAX, TaKKE OAHOBHAWHH.

Byaem npeanonarars, 4T0 (yHKuuw, CroawMe B NpaBHX ua-
crax (2.57), p uMeioT yaCTHWe npo-

H3BOAHLIE TMEPBOFO MOpsaKa U uxoﬁnu gm He 06pa-
aeTcs B Hyan (TOraa OH COXpaHsder noctmuuun 3HaK, Gyaem

(2.58)

aTh ero Ilpn stux ycaosusx Qysk-
UFH, CTOSIME B MPaBHX uacnx (2.58), 6yayr oGaanath Ta-
Kumn ke B cayua MOXKHO ROTIOAHHA-

TEAbHO MOTpe6osaTh, YTOGH ¢yuxuuu, CTOAMAE B MNpaBuIX
uacTaX (2.57), WMeAW uaCTHHE NPOHSBOAWME TMOPAAKA BHINE
nepsoro.
Iudxpepenunpys no & rommecTso
alx(@ v, @), y@ v, ), z2( v, V)=a
noayun:
9 9. 0u 9, 0u 9:
Zntsataa=" (2.59)
Ananoruunse (opMyau CrpasepmmMBu AR U H W,
l1yu|. r=ix<-jy4-kz (i, j k—opra). Bexropw
37. 0 gw* OUesuano, OynyT Henynesumn [nGo %{M # 0}
LanHa STUX BEKTOpOB v awe an

m=[G =] m=|E]
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HasHBMOTCA Kos@unuenmanu Jase, Kaxauh A3 HAX ABATETCA
Qynxuuelt ot u, v, w.
Enuununne sexrops

10r
e, = P ey=3i—
“= H, 0u
TaKKe ABAAIOTCA BEXTOP-QYHKUMAMU OT 4, U, W.
(o] ncTeMa P. HaBu-
BRETCA OpMO20HAAsHON, €CIR B KaKIOH TOUKE KOOPAMHATHHE
NRHHH TIONIAPHO OPTOrOHAMBHEL

Taxum 0Gpasom, opror CHCTEMH K
KOOPAMHAT OGOBHZYAET, YTO B KAXION TOUKE BEKTOPH €, €y, €4
TNOMAPHO Op' Haw, 4T0 B Kaxaoh TOuKe

or or or
TIONAPHO  OPTOTOHANLHEL BEKTOPH I, 5o, 5o,

EciR KpHBOAWMeNHNE KOOPAMHATW BBEMEHW AuUIb § HEKO-
TOpOHl uaCT# pacCMarpusaemoit OGAACTA NpPOCTPAHCTBA, HANpH-
MED B OKPECTHOCTH HEKOTOpOW TOMKM, TO [OBOPAT O AOKGA6-
Holl cHCTeMe KPuBOAMHENuMX KOOpAHHaT.

Tpanuenr B opror

Mycrs @ — cxanapoe nose. Ecar BBeCTR Kpusoarueiinue
KOODIAH2TH 4, U, W, TO ¢ CTaHeT (YHKIMEH NepeMeHHNX u,
v w.

Beeaem npsaMoyrosbhue Koopaunatd X, y, 2. Hasectno
(cu. § 4), uro

gndu=i% 4 /%485
HanpaBAeH Mo HOPMan K NOBEPXHOCTH U == Conist, A NOSTOMY B CAy-
4ae opror gradu = he,,

rae h, — Hexoroput cKaasp; 3ateMm
G it S =
CranspHoe mepeMHONMeHue paneHCTn
1R =he,
1L R =t
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naer [ecan yuecta gopsiyay (2.59)f
\=h,H,,

orkyna k, =?T' caeposareasio, gradu ,;“ Ananoruyso

Oopuy.n rpaauesTa :mmmon dynkaun (2.17) naer:
grad ¢ (4, v, W) gq'Lgradn+—%gradv-l-a— grad w.
U3n0KeHHOE NOKA3BIBAET, YTO TPajgHEHT CKAaAAPHOTO mOAR

8 0p
popuy o

p

L
grado=e, H"; +e iy +ew H‘f . (2.60)

JluBepreHnus B OPTOroHANbHHIX KPHBOAHHERHBIX
KOOpARHATAX

» Tlycre a— sexroproe none. Ecnm BBeCTH KpusOAHHEHHHE
KOODARHATH U, U, W, 70 @ CTaHET BEKTOP-DYHKUHEA Nepeden-
HuX #, U, @. CHCTEMY KDHBOAMHEHHWX KOOpAHHAT GYXeM nped-
10M13raTh OPTOrOHAALHOH.

Bocrionbayemcs  misapuantio-

CTbIO  ONPEneneHns  A¥BepreHuMH
(2.42) B NPOH3BOALHO BISTON TOUKE
(Un Vs, wW,), Oepa B KaueCTHE
BaMKHYTOW nosepxHocth S 06o- 24
MKy Kp"lMM"EﬁHOI‘O napanaeae-
nuoeas D (puc. 20), orpamnuen- g
HOTO TOBEPXHOCTAMA

u=u, v=v, w=uwy

u=uy+4 Ay, V="70,-}-Avy, z

@ =w, -} Aw, Prc, 20,

rae Auy, Av,, AW, CTPEMATCA K HYMO.

Bsegen npamoyrosbhsie KOOpAAHATH, noMecrus Hawaao O
B TOuKe (U Up Wo) W HANDABHB KOOPAHHATHHE OCH 0O €
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€, €y nag sTOR Toukm. Torna (ecan H,, H,, H,,~— snaueins
kosprunenros Jlame ans sroft ‘muxu) nneeu:

SN LA

(x, ¥, %)

(ferd) =0 H, 0 |=H.H,He,
0 0 H,,

v=j‘55 drdydz=

o+ 880 'c+"n % a
= S "" 5 '))dndodm=
i '.

= H..H,,H,, Auy vy Awy |- ¢ Autg Avy Aw,,

FHE & CTPEMWTCA K Hyno BMecTe ¢ Au,, Avy, Aw, 3arem (yusm-
Theas dopmyay 2.35),

v 443, W,

SS““‘= S .i‘".[ a, T ﬁ)mﬁu. e

(a, & —)m' owdwt. =
TR R Pty
¢’ Auy Avy Awy,

rae ¢ cTpemuTca K Hyao suecre ¢ Auy, Av,, Aw,.

MuoroToune 060SHau2€T, UTO CAEAYET HanAcaTh eme nBa
CAaraeMuiX, NOAyYaloUWXCA W3 NEPBOFO NyTem Kpyrosod mnepe-
craHoBKR GyKB NO cxeme

O

Caenosaremho, npR cTpemaennn Atg, Av, Awg K Hymo

SJ“' o(, o ar
i ,Jaa o5 g 0 o000
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HO
v o 2, a, a,
(o 55)=|0 H o |=anH,
0 0 H,
n, TaKsM 0G6pa3om,
]
[ @ttt . e
p— ) T, @)
(diva), “‘Q*’—_—H,,.H,.H,. .

M8A0KEHHO® MOKAZHIBAET, YTO AHBEPTEHIHA BEKTOPHOTO NOAS
B opror

dopuyaon
o Outie) + 5 (@ o) + B (@)
diva Tl . (2.61)
Buxps B Op

Tlycrs @ — sextopwoe none. Ecam Bsects KprBonBHEHHHE
KOOPABRATH U, U, W, TO @ CTaHeT BeKTOP-hyHKuWell nepemen-
HuX #, v, w. CHCTeMYy KpBBOARHeMH-

HHX Koopaasar Oyaem npeanosarats 2| ¥
OpTOroHaALHOH.

BoCnoAL3yemch MHBADHAHTHHM ON-
penenennem srxps (cm. § 11) B nposs-
BOALHO B3ATON TOUKE (U), Ty, Wp).
Tlycts S —KpssonauedHul uerwpex-
YrOMbHHHA KYCOK KOOpAMMATHOH NO- g

BEPXHOCTH W == W,, OrPAHBUCHHHHA AB~ c
HAAMA
u=u, V=105 z
u==ty4-Auy, V=1, Avy; Pac. 21,

% nycrs C—koutyp S (pre. 21)
BseaeM npamoyrobHMe KOOPAMHATH, noMecTn Hauano O

TouKe (ds, Vs, W) B HANDABEB KOOPAMHATHWE OCH UO €,

B
€, €q 117 STOH TOUKR,
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Hmeem:
- - Aup
—_ ar
iadr_ f (a 3")(-. ou -.)d"+

o
L)

+ 5. (a g)i"-+‘lo. - -.)d"+'. 5 “‘(a 37:)0:. ot o, 90 dnt-

+ S“o (" g)u-.. ey =

v

[( )"°+"'n - wo) ( g)u.. N it

(A M L

o, r
= [a—n (a 3;) —% (a ﬁ)l{-.. o w0 AutghAvy - € AugAvg,
rae e cTpeMuTca K Hymo Buecte ¢ Aug, Avg
3arem, ecan A— npoexums S Ha waockocs Oxy n y— yroa
wopmann ¢ Oz, 10

=1
-1

9(x, 9)
Ho, g B +40y
—( (e f Ko
. S= = dudv=
e =g
== HugHogAAvy - ¢80 T,

cae ¢ crpemutcs K Hymo mMecte ¢ Au,, Av, G0

9 (x, y) H, -

(=10 au =ttt

(cos)e=1.
CaenosatenbHo, MpH cTpeMacHud Aug, Av, X Hyaio

S:; (o8- £y

%im <

uotln0

Ho
a X = (e, + etu o) e, =,
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R aHANOTRIHO ég{=a“Hu. Taxam obpasom (cm. § 11), umeem:

(8 @t0— 5 @],

{(rot a)), =—_—HZH.,,JM

N opuyau nony aan [(tot @), [(rot aklye
VisnoMEeHHOE  TOKa3WBaeT, YTO BHXPb BEKTOPHOTO MOAR

B Op
opuyao

2 watta— L @it
(R~ FE—

LI —F Gty L (et~ L (aut)
e HoH, +ea s .

ota=

(2.62)

Ouepatop Jlanaaca ® OPTOroRaJbuMX KpPUBONMHEHUBIX
KoOpAUAATAX

Tlyers ¢ — ckanaproe wone, Ecam ssectn Kpusonmuelnwe
KOOPAMHATH @, U, W, TO @ CTAaHET (YHKuneW nepeMeHHux n,
v, w. Crcremy Oynem
FaTh_OPTOrOHansHOM.

CornacHo ¢opmyne (2.52) umeem:

Ap ==div grad ¢,

rae Ap —onepatop Jlannaca, nosroMy, noabaysch GopMynamu
(2.60) n (2.61), nannem, uto onepatop Jlannaca B OPTOrOHaAb-
MAX

bopuy noh
L A2 T)
WHoHe »

KOTOpY10, OUEBHAHO, MOXKHO MEPEnucaTh B BUAE
o 0% 9"
_a‘u‘ 35 Ex' 1 0. H,H,
bo=fr+ g+ + Lo mn e+
1 0 . HgH, 19 HyH,
T e g e 08
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B
b P P

TMepefinem oT NpaMOYroAmiwX KOOPAHHAT X, ¥y, Z K W=
AWHADHUECKHM T, @, Z N3 GCpMyAam

: x=rcosg,
Yy=rsing,
7=z

(3nece r, ¢, z sHNOAHALT pons z,
v, W),

Koopauuaruummu  aunnamn  Gyayt
AYYR C HAUaABHLIMH TOuKamH Ha OCH
Oz n nepriennukyaspuue k Oz, oKpy=
KHOCTH, aeXaune B NAOCKOCTAX,
neprieHauky agprbix K 0z, ¢ uenrpamn
Ha ock Oz, npsmbie, napaanesHse OCH

0 0z (puc. 22).
2 Llnantinpuueckas crcrema KoOpaHe
¢ r Har, oueBHAHO, OpTOroHaasHas. Kosdp-
. Jlame B paccua
Puc. 22, cayuae Gyayt:
H,=1, Hy=r H,=I1.

A
Tycts f— ckaaspuoe none, @& — sekToproe noxe. Us gop-
uyn (2 60), (2. 61) (2.62), (2.63") nomyunm ewipakesns ans
, BHXpA R Jlannaca s un-
nuunpuuecxu! xoopnmm‘ax

grad f—ﬂ,-,;, +G;E~+ ?: (2.64)
dva =% 4 %y L0 ) 2a, 2.55)
ota=e, (35— %) e, (3 — 1)+

+e (45— 1), @
ar=24 1 ""+3.‘§+ L g, @.67)
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P 0T npsMoy X, ¥, z K che-

paueckaM 7, ¢, 6 0 dopuyaam

x=rcosBcos e,

y=rcosbsing,

z=rsinf
(snech r, ¢, 0 BunoausioT poab
v, @)
KoopauHaTHHME ArHmaMm  OyayT

2]
AyqH, BRXOLSUE HS HAUaNa, OKPYW-
0
kK 0z, ¢ /4
z

HOCTH, AeXHe B MAOCKOCTAX, nep-
uB oc 02, NOAYOKPYXHOCTA C LEHT-
PaMH B Hauane W AMaMeTpamu Ha ock Oz
(puc. 23).

%epsuecxu cHCTEMa  KOOWHAT,

enraun JlaMe B PaCCMATPRBIEMOM Cy e
Gyayr:
H,=1; H,=rcosb Hy=r. Puc. 23,
Tlycts f— cKaaspHoe mose, a — BekTopHOe moae. s ¢op-
Mya (2 .60), (2.61), (2.62), (2.63) noayuum BmpaweHns AnA
rpaienTa, NBBEPreHUMH, BHXPA M onepatopa Jlanaaca B Che-
PAYECKHX KOODAMHATAX:

df 0]
grad f= e,—,;,+e.,m,, +e' (2:68)

ava=}200 4 Lo "' —_— "—(‘-k—! (2.69)
tota=¢,(%§-%";‘—r—l’- 0( c0s0) 4
i 19 10 1
o (o — ) 4o (L 5. @10
1

9
M=ag "%%)hﬁa;ﬁmﬁ(‘“’%)"”"




FRAABA 1
HAYANLHLIE CBEAEHUSI OF AHAJIMTUYECKUX
SYHKUMAX

§ 1. KOMNAEKCHBIE YMCAA

Ecnu XOMNNEKCHOMY YHCAY 2 ==X -}-iy OTHECTH TOWKY Ha
NAOCKOCTH € NPAMOYTOZbHWMH KOODAWHATaMA (X, ¥), To Mexay
KOMINEKCHEIMH WHCIaMH M TOWKAWH NJOCKOCTA (HASONEM ee Mo~

CKOCTbIO B3ANMHO
OMLHOBHAYHOE coornevcrnue.
Ecan wucao z (r.e. y=0,

TOrma 2Z==X), TO COOTBETCTBYIOUIAR TOUKA NEWHT HA OCH
abcunce, u HaoGopor. [Tosromy och aGcuuce HaswBaor defi-
cmaumeasnoll  ocsio. ECnn  KOMNAEKCIHOR WHCRO Z — MHUMOE
(1. e. y5#0), TO COOTRETCTBYIOUIAH 104KA JEXHT BHE OCH
abcumncc, w HaoGopor. Ecau KoMnaexcHoe WHCIO 2z~ 4ucmo
Muumoe (1. e, x==0, y#0, Torna z==ly), ro coorBerci-
BYIOULAA TOMKA NEXHT Ha OCH ODAMHAT, W HaoGopoT (sa nc-
KAIOyeHueM Havana koopanHar). IloroMy ocb oOpaumar Hasu-
BAIOT MAuMON 0CBI0,

Monspuwie koopmunaTil (r, ) TOWKH, u3oOpaxaoued pac-
CMaTpuBaeMoe KOMMJeKCHOE u4uciO z (€CAW B3ATh NMOMOC B Ha-
vane " yio 0Cb NO ocu abcudcc),
Ma3NBAIOTCR  COOTBETCTREHHO JDDyMM W QP2YMERMOM KOM=
NNEKCHOT0 YHCna z n 0O3HAuAIOTCH COOTBETCraeHHo [Z|
Argz. Ouesunano, |2|=>0, nputeM paBHO HyMIO TOABKO NpH
z=0. Tpn z7#0 Argz umeer GeCKOHeWHO MHOrO BHayee
HHN, MONYYAIOWMXCA H3 KaKOro-#uGyAb OMHOrO arg z MO GopMyse
Arg z==arg z -}- 2kn (k — npouasonbhoe ueroe uucno). Ilpu
2==0 Argz ue onpenenen.
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DopMy N, CBASWBAIOMME NPAMOYFOABHKE KOOPAUHATH € MO-
JASPHBIMY, TIOKAIWBAIOT, 4TO

lz|= V)~ Arg:=Ardg%

(npuyen, ® dopmyae, ), np He Bce
8Havenus apkramrenca). Ms x==rcosp, y=rsing naxomm:

z=r(cos ¢} isin¢). (3.1)

Bup 3.1 mpuzon it dopuoit
XoMnaeKcnoro uncaa z. OGparHO, eCau KOMNJEKCHOE 4HCIO Z
sanucano B copme (3.1), rae 7, ¢ MeHCTBHTeNbHW, NpuueM I
HEOTpuuarTebHo, TO I GyneT MOAYJeM, 3 ¢— OHWM w3 apry-
MeNnTOB uMCha 2.

Ecau kaxno Touke M NIOCKOCTH KOMIIEKCHOTO mepeMet-
HOrO OTHeCTH BekTop OM, TO 10ABMTCA BOSMONHOCTH mNpea-
CTABAATL KOMMMEKCHHE YHCAa BeKTODaMHu.

Croxeune u BuuMTaHHe KOMN/EKCHMX WHCeld CBOAMTCA K
C/OWeHUIO W BHYMTAHWIO COOTBETCTBYIOWMX BeKkTopos. Otciona
caeayer, 4To A48 MOCHX KOMNAEKCHHX 4HCed 2y u 2y

|2 zl<|zi| 4|2l 3.2

OTKYMa, N0 MHAYKUWHM, AA% MOOHX KOMMAEKCHWX unced  Zy,
23 ooiy 2y

ozt tal<lalt+lal+... 4|zl G2)
Ha (3.2) caenyer, uto
|2y —2zl=|z|—|z) (3.3)

460 M3 2y == (23— 2) -} 2, 10 (3.2) Haxonmm | 2y | < | 2y — 29|+
2|, orkyna caenyer (3.3). BameruM, 4TO MOAYJb PasHOCTH
ABYX KOMN/EKCHHX UHCEn DABEH DACCTORHMIO MEXAY TOuKaMu,
n300paXAI0NMMH OTH unCAa.
Tlpn yMHOXEHWH KOMNJEKCHWX YMCeA MOAYAH MePeMHo-
MaIOTCA, APrYMEHTH CKNANHBAOTCA. B cadow Aene, nomsyfics
opmoft uucen, Hanem:

Zy==ry(cos gy} Isin @\); 2zq=re(cos pa-{sin y);
2329 ==r3ry [(cOS @5 COS Pg— $in ¢y 8In ;) -} 2(coSs @, 8in g
~+ 8in @1 cos @) =rirs [€0s (p1 =+ $a) -2 810 (1 + @)
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Orciona caefyer, 9TO NpPH AeAeHMH KOMIJEKCHNWX uuces MO-
RYyAW REAATCR, aDTyMEHTH BHYHTAIOTCA.

M3 npanra yMHOMEHHA KOMIVIEKCHWX uiCeA CJAAyeT, YTO
NPM BOSRENEHMH B CTeMeHb C MEAWM NOAOXMTE/bIHM MOKa3a-
TeMEM 71 MOAYAb BOSBORMTCS B M-10 CTElEHb, aDFYMEHT YMHO-
waeTcs Ha 7. D10 NpusomaT K Popuyse Myaspa

(cos ¢ -1 sin ¢)* = cos no -1 sin np. (34

PackpuBas nesywo uacts (3.4) no dopuyse Gutoma Huio-
TOHA W OTAEARs AEHCTBHTENbHYIO 4acTh OT MHUMOR, NOAYYAM
OPMYAN 1AR KOCHHYCZ M CHHYCA KDATHHX YrAOB:

a(n—1)

1.2

cos nep == cos” ¢ — cos™ g sintp4-...,

{n

sin np==n cos™ ¢ sin ¢ — "__)(”3;2) cos™ g sinp+-. .
34

TpuroHoMeTpuueckan (OpMa KOMNAGKCHHX UuCen NpPHBORHT
K npocTOMY NpasHay KopHeft u3 -
cen. Kopeub n-# cTenesn u3 KOMMAEKCHOTO wiCAa z 7~ 0 umeer
n snavennt. Iycrs

z==r(cos p4-sin 9)
@CTL PACCMATPHBAEMOE KOMIUIEKCHOE YHCAO H
w=p (cos 0+ 5in 6)

ects Kakofl-uuGynh Kopewb n-#i cTeneHn u3 Hero (T. €. uncJo,
yRoBaerBopaiomee pasexcTsy w"=z). Toraa

p" (cos nB-}-1sin nB) =r (cos ¢+ sin ¢),

otkylla p" =1, nb == 2kn, rae k — HEKOTOPOE UeEAOE YUCIO.
Caenosareabro,

1
w=r" (cos —E""z—""— 4 tsin '—"‘"2—"")

OGpatHo, nNpH BCAKOM ReAoM % NocCAeaHee BHPAMEHHE SBIRETCH
KopueM n-f ctenewn u3 z (WGo n-a cTenews ero pasua 2). Ho
yNOMAHyTHe BHpaWeHus AS ABYX 3HaueHWH £ GymyT pasauu-
HBMA KOMIVIEKCHBIMH YHCAaMH AHWbL B CAly4ae, KOraa STH BHa-
uewna k oTamdaloTcs Ha uHcao, He kparwoe n. Otcioma Cae-
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ayer, uto, n2vas k suasewna O, 1, 2, ..., n—1, M& nony-
wnM Bce puavewns /Z w, Takum OOPI3OM, BHIHM, 4TO UHCAD

BTAX sHavenuRl pasno n. Bee sHauenws ";/ z onpeneasiorca Gop-
MyaoH

Vo= (aos'—"’”—z"l +isin ?#) (3.5)
h=0,1,2, ..., 0—1)

CooTBETCTRYIOIHE WM TOUKH J€XAT W3 OAMOA  OKPYXHOCTH
¢ uentpom B Touke O M nenaT ee ua n pashux wacted. Cre-
TOUKH, SHAUEHHA KODHA n-l CTe-
nems us umcna, npasub-
HOFO n-yroabHuka ¢ uentpom O,
B uactaoctd, npu z=1 (rorpa r==1, ¢=="0) noayunu:

Vimcos 2 b1sin 2 (=0, 1, 2, ..., n—1). @5

Mycrs z==x-}-ly; Toraa KoMniexcioe unACAO Z=x—1ly
HA3LIBACTCA CONPANCENKUM ANA 2. TWKH, COOTBeTCTBYIOWME 2
M Z, CAMMETPHYHH OTHOCHTEALHO nmeNCTBATeAbHOR oCu. Oue-
BWIHO, YTO KOMIJIEKCHOE YWCAO COBNagaeT CO CBOWM CoNps-
WEHHBM TOMLKO TOr/l3, KOFAA OHo AeftcTBuTeasnoe. Henocpen-
CTBEHHO NPOBEPAETCH, 4TO CONDAMEHHWE CYMMH, PasHOCTH,
npoudsefeHHA, 4YaCTHOrO PasHW COOTBETCTBEHHO Cymme, pas-
HOCTR, NP yacriomy T. e

Ltrn=4i+% %

&-

Bamerum eme, uto 2Z==|z[".

— 25 Bh=

§ 2. PAAbI C KOMINJNEKCHbLIMH YAEHAMH

Tlycrs umeeM Ly
HBIX uucen

Zi Zy s Zar s 36)

rae z,==x,4ly, Yucno z= 1y uauBaeTcs npedeson
BTOR [10CAEN0BATE/BIOCTH, €CAH AAS BeAKoro ¢ >0 wafnercs
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Takoit Homep N, uto npu >N Gynem umers |z, —z|<s.
B stom cnyuae muuiyT: 2, >z Ram lim 2, ==2. Teomerpaueckn
3TO 03Hawaer, YTO AAA BCAKOTO KPYra ¢ LEHTPOM 2 BCE uneHs
NOCNEAOBATENBHOCTH, HAYMHAR C HEKOTOPOTO, neXar BHYTPH
9TOr0 Kpyra, ITOCRENOBATENLHOCTh KOMILAEKCHWX HHCEN HE MO-
WET UMEThb ABYX MpEAENos, CAEN0BAaTEALHO, AHGO MMEET ONMH
npenen (TOMAA HaswBaeTcA cXx00AwedcA), MMGO We mMEeT fipe-
mena (TOTAA Ha3WBaeTcA pacxodnuedcs).

Ilns cxomMMOCTH MOCNEMOBATENLHOCTH UKCEN Z, ==X, [y,

n 4TOOH
HOCTB WHCeN X, W [0CNENOBATEMHHOCIb WHCER Y.

B caMoM nene, €Cnu 0CNENOBATENLHOCT 2, == X, ~{~ [y, CXO-
RuTCR K z=x-}iy, TO npn n>N umeem |z, —z|<e; HO
10rna nomasko | x, — x| <e, |y,—y|<e u, cremosarensHo,
Xa=> X%, Ya—>y. OOpatwo, ecan x,—> %, Y,—>Y, TO mpn

«

n> N, wmeen | x, — x| < npu 1> N, mueem |y, — y| <

7‘—2_, nostomy mpr n >N (rne N — HanGonbwee us N
a Ny
120 —2|= V=2 + U= <o

CNENOBATENBHO, 2, —> 2.

Kputepuit Komn. [lng  CXogmMocTn ROCAENOBATENBHOCTH

qHcen 2z, " 4yTOOH An%

scakoro ¢ >0 Hawencs Ttakod Homep N, uro upn n >N u
P>0 uMenn Ou

|2n0p — 20 | e
DT0T KpATEDHR MOWET OWTbL HOK33aH NpAMBM MYTEM, HO
€ro MOXHO NOAYHMTh M3 Kputephs Kowm 1nm nocaenosarenn-
HOCTER MENCTBATENbHWX uACen (CYMTa”, 94TO ANA HEX OH OWA
yx®e nokasaw). B caMoMm nene, eCim AAf 2, BWROAHEHO TpeGo-
Bape KpuTepHA KoUMW, TO OHO BHNOAHEMO W 1N X, R Yp
TaK Kak

|%asp— % | S| Znip—2ab | Ynip— 9| S| 200p — 24
O6parro, ecnn pun_ Kourn ANS X

R A Yoo O M3 | 20y — 201== Vnry— E F Olmp— 70

Cpasy yCMaTpuBaeM €ro BWROAHHMOCTe AMA Z,.
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Tlycts mueeM pAN € KOMNJEKCHHMA HJeHaMH

oo
@+ Wy-s . Wy WM glw,, X))

v,
Pan (3 7) Ha3WBAaETCR CXO)AUUMCA, €CAR NOCAeNOBATEND-
HOCTh YacCTHUIbX CyMM S, =m }-... 4 ®, CXOAM‘C!.+ Torna
o

ee npenea S HaswBaoT cyMmod pana (3.7) n nauyr S

=]
B nporusioM cayuaze pan (3.7) HasHBaeTCA PACXOIAUUMCH.
Hs Builie ans

€Tefl HEMOCPEACTBEHHO CAGMYET: NAA CXOLMMOCTH PAA € KOM-
NACKCHUMH YiCHaMH Y, W,, TAe W,==u,-}-iv, 1eobxogumo u
MOCTATOUHO, YTOOM PARS C AEACTBUTENBHWMA uneawd Y u,
u YU, Ghan CxomamuMuca.
W3 kputepun Kown pas 1]

WHCe/ HENOCPeNCTBEHHO BHTeKaeT kpurepuit Koww ass pamos
€ KOMNJIEKCHRMA YAEHAMM: [NR CXONMMOCTH pana Y w0, Heo-
XOLUMO M MOCTAaTOMHO, 4TOOW A BCAaKoro e >0 wawenca ta-
Kot HoMep N, uro npn s >N u p >0 umean Ou

(Ot + g - - Wy | <
B camom nene, KOCTAarOqHO AHlMb BamMeTHTh, 4TO
Snip— Sn=Wpy1+ Wpya 4o 4 Wgy e

PAn ¢ KOMAAEKCHHMH uaeHaMn I W, HaswBaercs adcoanomuo
exodauwumca, ecan pan 3| w,| cxonures. Ws kpurepus Kown
cpasy caemyer, ur0 pan
Jlna aGcomorron cxonuuocru Tw, rae w,=u,--lv, oue«
BHRHO
nos N, v X, ntSo

|4,

!} < w1 < o] 410l

Ecan pan Y@, aGcomoTHo CXORMTCA, TO NpW JmoGof mepe-
CTAHOBKE 4/EHOB (pakt aGCOMOTHOM CXOAMMOCTH W BeaHuMHa
CyMMb He MewmiotcR. 1O CrefyeT HB MOCAENHErO BaMeuanns,
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€CAM CYHTaTh, YTO AAR PANOB C NEUCTBUTEAGHBMH uwiCHIMH
TeopeMa yme W3BECTHa,
B

pamax ¢ une-
HamW paspewseTca 00aR TPYnnMposKa 4AeHOB (B ORuy rpyn-
My MOXET NONafaTh KaK KOHEWHOE, T2K # GECKOHeuHOe uHCcio
unenos). D107 (aKT MOKHO YCTaHOWMTD NPAMBIM NYTEM, HO
OH TOMYYaeTCA KaK CAGACTBHE, eCAM AW a0COMOTHO CXO-
AAUHXCA PAAOB C ACACTBHTEAbHHME WAGHIMA €rO CMATATH h3
lecruuw

pags ¢ uneHaMu
MOXKHO TIOUNGHHO NEPEMHOKATs. I10 MOKHO AOKASATh NPAMEIM
nyTeM, HO 9TOT (KT NOAYYAeTCA CPasy, ECAU CUHTAT €ro
yKe YCTAHOBMEHHHM AN PANOB € MEHCTBUTENLHMMA UNEHIMH.
B camom nene, nycrs W, W N W, a6cOMOTHO CXOMATCS,
w.=u,,+lu,,, Wa=Tp iV, Torma XNu, Xv, Jum,
S vh aGconotro cxomarca u sarem

.zw.;;u,z@u,,+z§;w,)(§;n;+z;u; )=
=¥n,§ n}~§:o.zlfni+i(2~:u,zl]m' +“V_,' 'n.;:u,')=
=§uw;—gv.m+r(§ukv;+g;o.u;)=
= 3 luatli — v30; + L (it vy) = Sy

§ 3. CTENEHHBIE Psi/lbl

CrenesunM pSaoOM HaBHBIETCA PAA BHAA
e
Gtz tad ot 0 4w Do, (B8

rae a, —noOue KOMIAEKCHME 4HCAA, Z— KOMIIEKCHOE nepe-
MeHHOe,

Teopema AGens. Ecnu crenewHol psa CXOAMTCA AN HEKO-
TOPOrO sHaueHus ) TO OH an
BCEX SHAUEHHA NEPEMEHHOTO C MEHBMM MOJY e

D10 8HauuT, uTO echu Yla,2i CXOmMTCA, lzl<|z.1, 10
S a,z" abcomotio cxoputca.
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HokasatenscrTro. T2k Kak pan X 2,27 cxomurcs, TO

€ro wieHs CTpeMATCA K HyMO H, CNeNOBAaTeAbHO, OTpanHyes,
T. € Hamerca Takoe 4HCAO K, 4TO A4 BCex n

2,2} | K.
Ecmn |2|<|z,], T0 uncao q==T'-:-:|-l<l n

ot =ouet (2| =1 e (1) <o

Ho uicma K¢* npo*
rpeccio, sHawnT, pax X Kq* csomnres, o Torna Ha ocllola'
nau pa; uneHaMs
pan X a,2"| CXORHTCH, CAGROBITEMHO, pn B a2t ascomomo
CXOAHTCR, 4TO H_TPeGOBANOCH AOKA3IaTh.

Crencrae. Ecn crenenon paa pacxomurcs (uaH HeaGco-

JIOTHO  CXOAMTCH) AAR 0 BHaueHH ), TO
OH pacXomuTCR ANR BCEX BHAuEHHM MepeMeHnoro ¢ 66mim
NonyneM.

370 8HayuT, 4TO ecan X @,27 PacxoanTCh WM HeaGCOMOTHO
cxonnres, |2|>>|2,), T0 3 a,2" pacxonurcn.

B camom nene, ecan OW psia Y a,2" €xomuncs, TO MO Teo-
peMe AGens (tak kak |2,|<|z[) pin X @,z} Oua Gu abco-
NIOTHO CXORANMMCH, 4TO APOTHBOPEMMT YC/OBHIO.

O6aacTh CXOMMMOCTH CTENeHHOro pima

PaccvotpiM Kako-uiGyap pAf, 4neHM KOTOPOrO SaBUCAT
or z Te mHauewna 2z, ANA KOTOPHX pPacCMATPuBAEMHA pAm
ero; Te sHaue-

MU 2, AR KOTOPWX pan Hagn-
OTCR  mouKamu pacxodusocmu ero, COBOKYMHOCTs BCeX
TOuEK pac-

CMaTpHBaEMOrO punn.

Teopema AGena No3BOAMT pelwuTh BONPOC 06 OGNACTH CXO-
RHNMOCTR CTENEHHOrO PAfa.

Myers X a,2" —KakoW-uuGyab crenensoll pan. Jlornueckn
BOSMOXHN CrlenyioimAe TPpH CAyuas:

1) BCe MONOXMTENbHHWE YHCAA CYTh TONKH CXORMMOCTH;
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2) BCe NONOKMTENbHWE YUCNA CYTb TOYKH PAacXOAUMOCTH;
3) cymecrayior TOUKM ™™ U nono-
WUTENbHLIE TOUKM PACXONUMOCTH
B nepsom caywae B cuay Teopemn AGeas NanHbfl CTEneH-
HOM paa cxoamTca (alcomoTHO) MR BCeX 3uavennH 2 (Tak
Kak A% 70000 KOMINEKCHOFO YHCAA 2 HAHAETCA MOMOMATENb=
HOe uucao Ooaswee, uem |z|). Cnenonnenmm oﬁnac‘rb cxo-
AMMOCTH €CTh BCR
Bo sTopoM cayuae 8 cuny cnut‘rnuu 3 reopeuu “Acenn
ManusB cTeneiHol AL PaCXOMMTCA AR BCeX 3uauewntt 2z 7= 0
(Tak Kak A% M060I0 KOMOAEKCHOTO uucaa 2z 7 0 waMaerc
NONOXMTENLHOE UHCHO Mewblree, uem |2[). Caenosareasto,
06/1aCTb CXOAMMOCTH COCTOMT 3 oavoHl Toukm 0.
TPETHEM CAyYae HaNIETCs NOAOKMTENsNad TOUKA CXOMH-
MOCTM 7y M NOJAOWHTEAsHa® TowKa pacxommvoctn R;. Ecam

ntR, _n+tR
—r~ €CTh TOYKA CXOAMMOCTH, TO MOAOKHM Fy= Pl
Ry==R;; ecan we r:_+rl\’. €CTh TOYKAa PacXoAMMOCTH, TO MO~

n+Rx

n0KAM ra==r;, Ry= Takum e o0OpasoN, HCxoas
u3 ry, Ry, ssees wucaa r.. R, u T. '8 B pesyasTate noay-

un LHOCTS ToNEK.
CromumocTh

n<n<n<...
n TOuEK.
pacxoaumocTs

R=R=Ry=...,

ApHYeM R,—-r,=R‘?——0. Cnenosateasio, o6e Hassan-
HHE MOCAeN0BATENLHOCTH MMEIOT o6uwlu# npeaen

lmr,=limR,=R.

Ecm |2|<R, 10 npn mocratouso Goapwom n |z|<r,
W, ClejoBaTenbHo, B cuny TeopeMw AGeas z ecTs TOUKAa CXO-
LUMOCTH, Ecm |z2|>R, 10 npu uocnmuuo Gonbwom  n
1z|>R, #3 TeopeMbl
AGeasn, z ec‘rb TOUKA puxmmuoc‘ru. Takum 06pasoM, BHYTpH
npyra paamyca R c uentpom O paa cxomuten (aGconotio),
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Blle 9TOFO Kpyra paa pacxomurcs. Bompoc 0 TouKax, Aexaniux
Ba OKPYKHOCTH, OCTAeTCA OTKPWTHM. OO6aacrb CXOAMMOCTH
cTenemioro paia ect, TakuM 0GpasoM, Kpyr pammyca R
¢ uentpom O (TOuHee, BHYTPEHHOCTb STOTO Kpyra nawcC, GuTb
MNOXet, TOUEK OKpY n). BtoT KDY
113HBAETCH  KPY20M CX00uMOCHMIL. Pajuyc ero Hasubaerca
paduycom cxodumocmi.

B nepaoM u BTOPOM CayuadX CJAEAYeT CuMTaThb COOTBET-
creenHo R==c0 n R==0 (Kpyr CXOmMMOCTH COOTBETCTBEH-
HO BO BCIO nm B
TOUKY).

Bo Bcex TOUKAaX SMYmpi KPyra CXORMMOCTR CTenenHo#t paa
a6COMOTHO CXOAUTCA.

Ecm B TOUKE Ha OKpY W Kpyra cxoam-
MOCTH CTeNentod Pam aGCOMOTHO CXOMMTCA, TO OH CXOMWTCA
alComoTNO BO BCEX TOUKAX OKPYXHOCTH KPYra CXOLMMOCTH
(160 MOAYAH YNEHOB CTEMEHHOr0 PAA2 MAAA BCeX ToueK STOH
OKPYKHOCTH COOTBETCTBEHHO ORMHAKOBH).

Ecm 8 POt TOYKE Ha OKD; Kpyra cxopu-
MOCTH CTENEHHOH PAR Au60 HeabCoMoTHO CXORNTCR, AMGO Dac-
XORWTCA, TO B KaIO# TOUKe STOR OKPYWHOCTW OH AMGO Heal-
COMOTHO CXOANTCA, AHGO PacXOAHTCA.

Paccmotpum Teneps pan

+o
b by b, b,

L S T - S n 68
=0

Tonaraa C=%, npeBpaTHM STOT PAA B CTenenno# paa

®
%b.(" € HeKOTOPwM pamuycom cxomuMocrd p. Torna npw

18 <p pan npu |C|>>p p . C
pan (3.8') npu (z]>Pl CXORATCA, NpU |z|<—:— pacxonntcs.

Tonarasn r=%, Halinem, 4TO OGMACTb CXOAMMOCTH pana (3.8')
€CTh _«BHEWHOCTh» Kpyra (puc. 24) pamuyca r ¢ ueuT-
pon O (Tounee, BHEWHOCTb STOFO KPyra, NaoC, OWTH MO-
WET, HeKOTOPOe MHOXECTBO TOYEK OKPYKHOCTH). CXOMMMOCTH
pana (3.8') 8O BCEX TOMKAX BHE YNOMAHYTOFO Kpyra— aGco-
AOTHAR.
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Teneps psn, 8 ofe CTOpoHH,
a, =
et B+ ot ozt o
... (3.8)
Ran
o
Y a2
=
Pan, GeckoHeunw# B 06e CTOpOHH, CYATAETCA CXOAAUMMCS,
€CIH CXONATCH pAn, COCTABAGHHWH M3 UAGHOB, ACKAWNAX Mpa-

BEE HEKOTOPOrO WAeH3, W DAL, COCTAEJEHHMA H3 uNeHOB, Jae-
Wauwx nesee 0 uieHa Het

Puc. 25.

yXa3uBaTh HOMED STOTO HEKOTODOrD uAgHa, TaK Kak mpH ADy-
TOM BHOOpE er0 YNOMAHYTHE XBA PANA WIMEHSTCS H3 KOHeuHoe
YHCAO 4ACHOB U, ax He

Takau oGpasow, paa (3.8”) cxomnrcs TOrza A TOABKO TOFAA,
KOTA2 ORHOBPEMEHHO CXORATCA 062 pina

a,+aizta@' ...+ a,2" ... Am ;‘ia,:";

L N N }::"—;,« (o z;:a_f).

O67acts CXORMMOCTH NEPBOTO M3 STHX DAAOB €CTb BuY-
TPEHUOCTh HEKOTOPOro Kpyra paamyca R ¢ uentpom O. OGaacTh
CXOARMOCTH WTOPOFO Psiia €CTh BUCWHOCTS HEKOTOPOrO Kpyra
panuyca r ¢ uentpom O. Ecau 7 <R, 10 ofwas uacte ymo-
MAMYTHX OOJacTed CXOmUMOCTA eCTh KOnuo ¢ uenrpon O
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(puc. 25). B stoM cayuae o6macth cxonuvocTH pama (3.87)
€CTb KO/bUO, OrPaHHYeHKOE ABYMS OKPYKHOCTAMH C uewrpom O
(nac, OWTb MOXKET, HEKOTOPOE MHOKECTBO TOYEK, AEWAlHX
Ha OrPaHHYUBAIONIUX OKPYXKHOCTAX). ITO KOALIO HaSWBAETCH
Koneyom cxodumocmu pafa (3.8”). BHyTpH KOAblla CXOAUMOCTH
cxomumocTh pafla (3.8") —aGeomotnan. Ecan r>R, TO pan
(3.8”) e umeeT ToueK CXOAUMOCTH, €cad r=R, 10 pan (3.8")
MOKET HMETh TOMKH CXOLMMOCTH TOABKO Ha OKPYXKHOCTH pa-
anyea r==R.
PaccMoTpum cTenexHofl pan

At+AE—a) +A(z—a) +...+
+A(z—a)'4... nm +2:A,,(z—a)‘. 3.87)

P
Tonaras {= 2z — a, npesparium s1oT paa B pain 2 A,L" ¢ He-
o

KOTOPHM PajuycoMm R
HoMy 2, wafinem,  uTO
062aCTb  CXOAUMOCTH DAAA
(3.8™) ectb kpyr (puc. 26)
paasyca R C uewTpom a
(ToUHEE, BHYTPEHOCTH STO-
ro kpyra nawoc, GuTe MO-
KET, HEKOTOpOE MHOXECTED
TOUEK OKPYKHOCTH). IT1OT Puc. 26
KpYT HaswBaeTca Kpy2oM
cxodumocmu pana (3.8™), ero pamuyc — paduyconu cxodumocmu
(npa R == ~}- ©0 NoAyyaem BCIo NAOCKOCTH, npA R == 0 Kpyr BHpoX-
naeTcs B TouKY a). Buytpu kpyra cxomuvMocTh pana (3.8”)—
a6conoTHas.

PaccMoTpum pan

b G AL A A=) s
vt A (z—a)"+... nm -;V:‘:A,.(x—a)". (3.8™)

o
Tonaran (= z — @, npeBparum STOT PR B PAa E A" Ecau
)
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on maeer KOMuoO cxomimoct r<|C|<CR, 10 06macth
cxonumocTs pana  (3.8”7) Gyser KOAbUOM, OrpaHHuEHHBIM
OKPYXHOCTAMA pandycoB r 4 R ¢ uentpom a (puc. 27). 310
KO/BUO HasbiBAETCS KoAbyoM cxodumocmu psma (3.8"). Buy-
TPH STOFO KOAbU2 CXOMMMOCT psna (3.8'") — abcomornasi.

§ 4. NOKASATE/IbHBIE, TMNEPE0JIHYECKUE
¥ TPUrOHOMETPUYECKUE &YHKILUH KOMNINIEKCHOTrO
NEPEMEHHOIO

Ias  aoGoro 0 wHCma Z yurunn

e, chz, shz, cosz, sinz

KaK CyMMH TeX CTENeNIMX D508, B KOTODWE pPadjarasdCh 9TH
¢yHkunn, xoraa 2 6uao Tax KaK
coor punn Gelni 12 BCeh
4ucA0BOH npnuoﬁ, T0 (B CHay TeOpeMu AGens) OHu ﬂynyr
cxonuTLeR tla  Beed
Takuy OGpasom, nosaraeM no onpedesexur aan  moGoro xau-
naeKCcHoro 2:

+o

a=1+:+;}+g}+...=20'§;; 3.9
oo
chz=l+;:—+;|!+‘.‘=20é—.)l; (3.10)
shr=z 442 o e
—‘+3|+5,+-~~—20W, @.11)
. +o
cosz=l—;r+:~,—“.=20(—l)"&.—mﬂ; (3.12)

4o
sin z=:_§+;}—...=zo(_x)"n§'|7-. (3.13)

Ws s10r0 Onpedesenus BUAHO, uTO AN NEHCTBATEAbNNX BH3-
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uewmdl 2z 9TH QyuKuMH [OAYUAOT YKe u3BeCTHWe 3navenus.
3atem BumHo, 4ro chz, COSZ—wuerusie [r. e. OGaagawue
csoticroM f(— 2) =f(2)], sh2, sin z— neveruste |1. e. oBna-
naowHe cBoicTsoM f(— 2)=— f(2)].

dopmyant ditnepa
Tlpu aoGom xoMnaexcuon z 8 cuay (3.9), (3.12), (3.13) nveem
=1 +1z+"2'|'+”"+"4'|'+"5‘,'+‘..=
=Gty =
=(1=hHi— ) i i) =

=cos z4Isinz,

Bas, 410 B page
modu TPYNNHUPOBKA 4NEHOB.
Takuu oGpasom, noayuaem dopmyay Siaepa
ef=cos z|-Ismz (3.14)

3amenns z wa — z, noayuam:

e =cosz —Isinz.
Tlounewnoe cloKenHe W BHuMTauHe ABYX MOCAGNMHX pABencTs
naer:

e e ==2cos2 e'—e"=2sinz

1e

iz,
elf—
sin z=

cos 2=
2%

ele g it
3

. (3.14)

D popMy n TaKKe HasWBAIOTCH Qopmysamn Daepa.
C noMouwio gopmyan Sfaepa (3.14) TparonoMeTpuueckas
GopMa xoMnaeKcHOro wucaa (3.1) npuunvaer Bam

z=re'?, (3.15)
rae r—MOAYAb 2, @ — aPryMeHT 2.
By 3.15,

gop uoit
KOMINEKCHORO uACAd 2,
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Cunss mexay h B
yHKUMEMU

Wueen mpu moGom Kommnekchom z B cuay (3.9), (3.10), (3.11):
e=ltetgtitititoe=
=(1+gtit)F i+ )=z

3amenss z Ha — 2z, NOAYUHM:
ef=chz—shz

TTe n aByx pa-
BEHCTB aaeT:
e Hfetf=2chz & —et=2shz,
oTKyaa )
-3 —
ahz=CHT =5, (3.16)
Cufisb MeXRY T p ¥ r
dyHKUMAME

Us (3.10). (3.12) caeayer:
chiz==1 +5—2:-.+£:|—.+...= 1 —;l:+:-‘:+...=ms z
H HAZOTHYHO
cos iz=ch z.
Hs (3.11), (3.13) crenyer:
shizemtz 455 +'15“f+...=1(:—§} +5—.)=tsinz
H 2HANOT HYHO
sinlz==1Ishz
Takun 0Gpasom,
chiz==cos 2, coslz=chz ]

shiz=1Isinz, sinlz==lshz. @17

Popmyast (3.17) Takme HENOCPEACTBEHHO MOAYNaOTCA HI
3.14) u (3.16).
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Teopema CHOMEeHus RAs NOKASATENbHON GyHKUMM

Wimeen, y npaBua0 cxoasn-
waxcs pAnos:

1S o
f‘=2’r.'s a=3%
l=0

=@+any
(¢opmyna GuvoMa HbioToHa).
Cnenosareasio,

e
cren=Y L@t ay=en,
A0

TakaM 06pasom, nOKa3aHa TeOpeMa CAOKEHHS NAR NOKABaTeNb-
HO cpyHKuwH:

efith = i efa, (3.18)

O1ciona BUAHO, UTO NOKasaTenbHas (GYHKuUUN € Hurae B HYAb

He oGpamaercs. B camon nese, ecau 6u et =0, 10 nas moGoro
z ef=¢"1e""1 =0e"1 =0, o 9T0 HeXemo, Tak Kak e*=1.

‘Teopema RIS Tpur P bynxnui
Vuuteinas (3.14), (3.18), (3.14), monyuaem:

el (sbey) gl (5400)  gleygley f goit goley
cos (214 23) = 4; +2 =

= (c082y 1 8in 2,)( 008 2441 8in 2,) 4 ( 08 2,~ 1 8in 2,)( C08 24— 8in 2,)

= cos 2, 08 23— 8in 2 $in z;;
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el (5460 g=i (5,4,) ,u, elry — ,,.u, ,-u,

sin (24 2)) =
gwu+ism:-)(wu-+lsin:.)—-(omu—-r'slnn>(oou.—: sinz)_
== sln 2y cos 2+ €05 2, Sin 2.

Taxum o6pasoM, TeopeMsl Bas
W cunyca:
€08 (2) - 23) == cos 2, cos 23— sin 2, sin 2g;

sn (2y 4 z) = sin 2, coS 2; -} Cos 2 $in zy. } G.19)

Teopembt clowennss RAA runePSONMUECKHX (YRKUMA
Ws (3.17) n (3.19) naxonum:
ch (214 20) == cos 1(2) - 23) = cos I2, 08 Iz —
— sin izy sin {zg=ch 2z, ch 2; — ish 2, Ish 2y =
==ch z, ¢h 2y + sh zy sh 2y;
sini(z,4 z,) __ siniz,cosizy 4 cosizysinizs _ . (3.20)
H - i =

sh (21 23)
=ihanchadchaiha o, chzytchzyshz
Mepuonuuuocts

Ilokasarenbuan ¢ynxuus e* umeer nepwon 2zl B camom nene,

P = %1 — ¢% (cos 2% |- U Sln 2) =¢”,
Orciona creayer, uto chz, shz (kak BHpaxaiowasca uepes ¢°)
umeioT takwe nepuon 2xl. [lanee, pynkuun e umeeT nepwon
2®, TaK KaK

£ ean) g leani ol

CcnesoBaTenbHo, €os z, Sinz (Kak BHpaNaowdecs uepes e')
WNeloT Takxe nepwoa 2.

§ 5. HEKOTOPBIE MHOT'O3HAYHBIE $YHKUHW
KOMMJIEKCHOrO NEPEMEHHOIO

Jlorapudmn KOMOAEKCHBIX wHCER

Yucio w 0 uHCna Z
(W0 OCHOBaHHIO €), echH e =2z, Beskoe BHaueume norapucma
4ucna z 0603nauMm suakom Lnz. Tlyers 270 (uyns, oue-
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BHAHO, HE wuMEeT TaK KaK (ynK-
uHs B Hyab HE Y hop-
MOR R2HHOTO uncaa 2, Z==ré'¥ (r — MOLyb, @ APryMeHT)
n anreGpanueckol (opMoit uCkoMoro umcna ®, w=u--lv,
noayunM TpeGoRanie

Friv=re®  wm e =re,
oTKyna e®==r, v =¢ - 2k% (k—uenoce wuCIO) B, Cre0sa-

TeaBHO,
w=Inr -4 1(¢ 4 2k=).

O6paTHO, MPH BCAKOM UEAOM £ NOCAGANCE BHPaMEHUE, KaK
MENOCPe/CTBERNO BHIHO, €CTh BHAUEHHE JOrapupMa uwncaa 2.
Takum obpasos, Lnz, rae 230, nMeer GECKOHEUHO MHOrO
SHaueHHit, npauem BCE OHH NOAYYAIOTCS MO Gopmyre

Lnz=Inr 41 (p -} 2kx) (321)
(& — npousBOABHOE UEAOE 4NCAO) HAW
Lnz=in|z|4-1Argz. @.2r)

Orcrona BuaHo, uTO Bee 3Haends Lnz Noaywaworca 48 Kakoro-
Hibyas oguoro (Lnz), mo gopmyae .

- Ln 2= (Ln 2), 4 2k=! 3.21")
(% — nponssOAbHOE LEeA0E UHCHO).

. Jlerko Bumers, 4TO OGHYHHE NPaBAAA JOFapHPMAPOBAHHS
OCTalOTCa 5 Cuae.

Crenenu ¢ L
noxasarensmu

Tycts A 1 B— no6bie komnaexcuwe wacaa (rae A 7 0).

TloaaraioT no onpenenexio
AB=—BLuA,

Orc01a BAAKO, 4TO 5Ta CTENeWb, BOOGWE [OSOps, HMeeT Gec-
KOHEWHO MHOTO 3Hauenuh (Tak KaK LnA umeer GeckoweuHo
MHOrO 3uavenuit). B cayuae, xoraa B eCTh neficTBATENbHOE
MeA0C WACIO0, SHAUEHHS rokasaTeas BLnA npaso uacTH orau-
SMOTCE Mex1y COGOM Ha KpaTuse OT 2w}, H, CA€]OBareblio,
A® mucer u 3TOM Cayuse OnHO SHaueHie,

5 0O 0. Poussoscsss
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Tpasep. -
P PYP ] (’;“('”“)“= ,'(%"‘“‘)

(&~ moGoe nenoe).

O

Tyers 2 —kaxoe-nuyas kounaexcwoe wucxo, Ilo onpe-
naenenuio Arcsinz ecTb 1060 KOMOAEKCHOE 4YHCAO 70 TAKOe,
uto sinw=2 C Ky

o
doem

=z
a

Y 2z v 1 =0,
pewwas KOTOpoe, mOAYuHU:

=iz YT =2
w="1Lu(iz4-VT—7).
Taku# 00pasod, BCe BHAUEHHA apKCHHYCAa AaloTcs (opuyaoh
Arcsinz =1 La(lz4-VT—7). (3.22)
MKOFO3HAYHOCTL STON (YHKUHH MPOHCXOAHT OT ABYX NpHUHH:
0 KopHs, nora-

puqmn Bupaxenue (3.22) nmeer Cunica AR BCeX BHauewui z,
HOO BWpaxenie, CTOsiee NOJ 3HAKOW JOFapupua, BCeraa oOr-
JMHYHO OT HyAS.

Lanee, Arccosz ecTb /1060e KOMTAEKCHOE vucm w TaKoe,

4TO COS W= 2, y yp:
elw :{:2 e
n
A% 226 1 =0,
orKyna
=2 VAT,

L LoV F=T),




[X.] HEKOTOPHE MHOTOSHAUHHE OYHKUAH 131

Taxnu oﬂ)ao‘u, BCE SHAWEHHS APKKOCHHYCAa JaloTCs (opMynoi
Arccos z=1 La(z -+ YF=1). (3.23)

MHOro3HayHOCT> 9TOR ()YHKUHH NPOHCXORHT OT ABYX NpH<
1y 0 KOpHR K
aorapima. Pasencrso (3.23) MmeeT cMuCH ANA BCEX SHaves
Wl 2, TaK KaK BHpaXEHWE, CTOAllee TOL BHAKOM JOrapndma,
EMEET CMMCA A7% BCEX SHaeHHR 2 M TaK KaK STO BupaxeHue
BCerda OTAHYHO OT HYAS.

eme Arctg z, KaK MoGoe Takoe
Ao w, yro tg w=2z. Vmeem:
v — g
e
aan
cnenonaTensHo,

Takum 06pasom,

il—z

T+

Arctg z=5; ! Lni=2 (3.24)

MHOrOSHauHOCT,  STOR (yHKUAM MPOHCKORAT OF MHOFO3HAY~
HOCTR Morapudma, Bupaxenne (3.24) Tepser eMbica npn z==-t1

O

Mo onpenenennio Arshz ects MoGoe Takee KOMMAGKCHOE
WHCA0 @, uTo 8h w=2 Wmeem:
e —e

=2z

'R

1 — 226" — 1 =0,
oTKYyAa

=z VI,

=Ln(z4-VZF1).
Taknu 06pasom,

Arshz=Ln(z -V ZF1). (3.26)

B
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Hanee, Archz ects s0Goe Takoe w, 4T0 chw==2 Toraa
L.
% —2z¢" 4 1==0;
=z Y I—T;
e=Lu(z4-VF—=1),

Atchz=Ln (24127 —1). (3.26)

3arem, Arthz ects no onpenenenmio moGoe TaKoe W, UTO
thw==z. Toraa

CA1EAOBATEMLHO,

o
v 5
ev—1
P %
142z
o _ .
ET=
1, 14z
w=5Lln =
Caenosatensto,
Athz= Ln[2, (327
3710 BHpaxeHBe TEPRET CMMCA MpH 2==k 1, A
B Teopu Gyuxunt ynkunn neaes
P Kak n
(rax e nMen
BO3MOXHOCTH NPHBECTH 3/ieCh kakoe G 70 In 6nno oéuue onpenenenve
aTux P AARHOCO
STHX nnl dyuxnuh }/_ Lnz
nepemen-

wom z (koTophle nuyw:pye« wncramn 1, 2. ey 1), pxspenunux no
NOZOKHTEALHON WacTH neficTBHTEARHON otu, CKNEHM X Chelyiowny
HWKHHA  Kpali paspesa  Licpsoro uscmunpa CkacHBaeTCA
€ BEPRUNM kpacu paspesa sToporo Skacamanpa, HmKHAR Kpafi paspesa
BTOPOO SK3EMIINAD2 — C BEPXHHM KPACM P33PE3a TPETHErO SKIEWIIAPA
W T, R, umxun kpall paspesa (n— 1)-ro sklemnaspa —C lcpumu
KpaeM Da3pe3a NI-T0 SK3ICMIIAAPa, WAKOHCL, HHXKHAA Kpa paspesa
9K3eMnaApa — C BCDXHHM KPacM Paspesa fEpBoro lmnlunpa (nocuul-
nee cnenatb Gcs nep
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n-ancTHas ¢ Toukoh wag 0, Onwe
aman npocTolt SaMkHyThit komyp, oxsaTwsalomuh Touky 0, Mn nocac
=EamI0r0 OGXOna GyjeM nomajaTh Ma Clelylomui aMCcT W Tocie n
npugeM & ymk-

"
amo V2 Ha obuunoR MOXHO
Kak Ha n-TucTHOW mOBEpX-

mocTi. D10 GyneT pHMaHoBa noepxHocTb naa ¥ z.
Teneph naoc-
wocta € nomoutso

BCex UeAMX uHcen = 0) ¢ pa3pe3aMH Mo NOAOKHTEALHOM YacTh feCTBH-

sexmHolt ocu. JIan kaXnoro HEROro 7 CKAeBM HWKHAH Kpafl 7-rO xaeM-

maspa C 8ePXHMM KkpaeM (n-+- 1)-ro sk3emnnspa. B pesyabrate nony-

wEM  6CCKOHEUHOTHCTHYIO  MOBEPXHOCTb, XORA 3aMKHYTHH KOHTYP,

oxsatwBalomuit Touky 0, 8 MOGOM HanpaBeHnn mOGOC WHCAO Pa3, MH

Gynem BCAKHH Da3 MONANATL HA HOBMWE AWCTH M WHKOTAA He BEPHEMCR

yio dynknno Arg z
MOMHO

»
wa 0GuuHOM
Kk ua nooepx-
mocrw. Torna Ha 91oft X Lnz

‘ORNOAHAYHYIO q;ymnun (su 110BEPXHOCTL. :muuca pHMaHOBOR no-epl-
®ocTbio aaa Ln'z),

§6 OYHKILHA HOrO
NEPEMEHHOIO

nehcT
aepemenHoro

TMyct z(!)—x(l)—l—l_y(t)—mnnnexcuau GyHxuna aeHcT-
SNTENLHOTO NEPeMenHoro !,

Ara dynkuns unuule'ICl Henpepusnoli B TOuKe f, ecan

aas Beakoro e >0 walinercs Takoe 4 >>0, uto npn |Af|<q
lleeu [z(l+ Al)—z(t)|<l Iian HenpepusnoCTH  Z(f)
» T0uKke Gynxunt
x() ny(t) B TOUKE £,

Tlponssonnan 0T 2(f) B Touke # ecTh NO onpeneneHuio

Az
Inm 1R
ecxm OH cymecrsyeT, n o6osHayaeTca 7’ nan 2 (f). Hs onpe-

2eIHAR CHEAYeT, 9T0 Ans cymecnonuu% HeobxoanMo H
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ZOCTATOSNO CyIecTBOBaHAS 7? u 3{ , npver

ds
g

gepemennoro

Tycrs @ == f(2) — $YHKIUHA KOMNIEKCHOTO NEPEMEHHOTO 2.

Ora QyWKiua HasWBAETCA Henpepsienoll B TOUKE 2, €CAH
ann seakoro e>>0 nangerca rakoe 1>0, wro mpu Az |<q
(ecna z-}~Az Bxogar B 06nacTh onpeseneHHa QyHKuuH) AMEEM
jaw|<le.

ITpoussodnan or w==[(2) B Touke z (Qpymxuwa npeamno-
naraeTca OnNpenenesnof B OKPECTHOCTH STOA TOUKM) €CTh MO
onpeserennio

Jim b umwﬂ

ecnn On cyuiecrByer, B 0GosHasaeTca d—:’ wm f7(2).

Il B TOUKE 2
HenpepHBHOCTb (yHKIMH B STOH TOUKE.

Ilanee, Gynem roBoputb, ¥TO QyHKuHA Ouﬁﬁepemnpyua
B TOWKE 2, EC/IM W8 NpHPAWEHHs (yHKunM B 9TOH TOW

Fl+082)—f(2)
MOMET OWTb BLIENeHa TraBHan AmuelHan 9acth, T. €. TaKam
uacrb Bupa CAz (rre C~— HEKOTOPOE KOMIIEKCHOE WHCHO), YTO
OCTaBWascA 9aCTh GyAer GeckOHewHo ManoH BHCIIErO nopsixa
oruocntenbno Az, Takmm 0Gpasom, f(2) Audpepenuupyema
B TOWKE 2z, €CAM CYMECTBYET MpefCTaBaeHHe
fle+82)—f(=CAz+1(A2) A

rre Y(A2) =0 npu Az—0.
Orciona crexyer, uro

£EEMI=10) o yayac,

a STO BHAuHT, ¥TO B paccmaTpuBaeMoi Touke f(2) umeer npous-
sopuyw f'(2)=C.
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O6parmo, ecan ¢GyHKurs f(2) AMeeT NPOHIBORHYIO B pac-
CuaTpunaeMolt TOUKE, TO
LELBfE) ()41 (a2)
rae 7(Az)—» 0 npn Az —» 0, otkyRa
Fe+82)—f(2)=F"() Az + 1 (82) Az,
B Touke  gymiuna f(2)

u
andpeperunpyena.

Taxum 0Gpasoy,
UMPYEMOCTH H TOUKE — SBJEHHS SKBMBA/CNTHHE,

0 mONHOM
neficTHRTeNB HUX nepen:nnux

amyx

Pynuuna u (X, y) Waswsaerca Ongbepenyupyesoll, M AmemeR
nOANBI y duaﬁe(pc' La,c B JaHHOR TOuKE X, ¥ (qry' pemmn-
ueml onpeeseHiol B OKPECTHOCTH STOR TOMKH), ecm
UpHpaleHns QyHkuun 8 STOH Touke

u(x+4Ax, y+Ay)—u(x,)
MoxeT Gurb BNReFeHa T[AaBHas NHWefiHan 4aCTh, T. €. TaKad ¥acTh

Buna A Ax+DA,v (rne AnB uucna), uTO
9acTb 6!‘!!1‘ 6GeckoHEyHO Madol  BbICIErO TNOpA/Ka OTHOCHTEALHO

V/Ax" 1 Ayl TakuM oGpasow, 11 (x,y) Msddepenunpyema s Touke (X, y)
ecay cymecrsyer npenctaBieHne
#(x+4Ax, 9 + Ay) —n(x, y)=

=AAx4 BAy 4 1(Ax, &y) VAR,

rae
1(Ax, Ay) = 0 npn:;} -0
Toraa (Gepa Ay ==0)
(x4 A%, ) —u(x, ) =AAx 4 y(Ax, Q)| Ax];

"“"““'g’l—" (% 9) A+ 1(Ax, 0)—> A npn Ax =0,

OTHYNa BHINO, YTO B paccMaTpHBaeMOH Touke QYHKUMA u (X, y) MMeer
WACTHYIO MPOM3BOIUYI0 MO X, MpHYeM 7‘:‘ ==A. AHaIOr#uHO OGHapy®H-
Baercs wacTHOR TO y W paBeHCIBO

oa
'—,—B.
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TakuM 06pa3oM, raasHas AWnefHas W¥acTb MOAHOTO MPUPAUIEHHS
Oyukunn u (x, y) pasua o Ax = > Ay. OHa wuaswBaerch MOAKBM
szemuuou Qynkusn u (x, y) B nauuolt Touxe. O603Hauan nos-

‘nnddepenunan aHakoM du, a Npupamesns ucs-mcuuux nepemen=
HHX 3uakamu dx u dy, notysnm (opMyry da——dx+5;’d,v.

Mss sHmAM, uTO WD NOAHOTO
YacTHHX OOp-ruoe nenepnn, r e.

MoXer NTO YACTHME
a moaHoro mHGepenunata B STOR TOUKe ue cylnmaye'l' Tem He menee,
€Cal 4aCTHbe
MOl TOUKH H, KpOME TOro, B RanHOR rowxe HenpepbiBHb, TO B MauHOA
Toyke CyuiecTeyeT noaunfl nAddepenunar

B caMoM feae, Hcnoab3ys Gopmyay Jlarpanka, noayunsc

u(x4-Ax, y+A9)—alx )=
=u(x+Ax, 3+ Ay) = u(x y + 49)) -+ (6 (x, 9+ 89) — u (x,y)l =
=u (x+40Ax, y+ Ay) Ax ) (x, ¥ -+ 0, 8y) Ay =
=g, (%, ) +0] Ax+[u) (x, 3)+B) Ay =
=u(x, ¥)Ax-tuy(x, y) Ay +oAx P AY;

o e ax
o<’ <t } 0 npn } o
o <lip}-0m o

ahdx4-BAy
Ve £ay

| tei-+i810mm 4} oo

caenosareasho, u (x, y)u+a;(x, ¥)Ay ABARETCA raaBHOM aHHeh~
HOAl WACTHIO [OAHOrO MpHpaWlewns 1, TakuM 0Gpa3oM, moausit nude
Gepenusan cyutecTsyer,

ycaoRHs
KOMIJIEKCHOrO mepeMeHHOro
Tycrs

w=fR)=u(x, y)+iv(x, »)

€CTb (PynKiMA KOMMNJEKCHOTO MepemeHHoro 2 ==X -1y, Rugipe-
peHmUpyeMan B RAHHOW rouke Z.
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Tax aKk B NauHoR Touke f(2) auddepenumpyema, TO B 5TOH
ToMRe u(X, y) B v(X, y) Toke nmppepesunpyemu. B camom
aeae, ecan B3 npRpawenna Aw = f(z - Az) — f(2) moxer Outs
BufeneHa TXaBHas AuueHHat uwaCTh, TO AeHCTBATEMbHA 4aCTh
M KOS{xpuuMeHT 0pA [ B HEA CYTb COOTBETCTBEHHO T/ABHHE
AmueflHbie uaCTR NOAHKIX NpRpawenal

An=n(x+4-A%, y+4Ay)—u(x, y)

Av=1(x A%, y-+A»)—v(x, y)

Ecom cMewennas T0uKa z - Az GyneT CTPEMATBHCA K 2 N0 1o~
y nyTh, 10 B

Az=Ax+IAy
caenyer noaownts Ay==0; rorna
Ao__Butibo _Au |, Ao du , .0
Eramby vankatvis sl ving r ol 0
Ecm TOuKa K z no
MyTH, TO B BHIP2XEHAR

Az=Axidy
caenyer nonoxntb Ax=0. Toraa
Mw__Autiso do_  Au_ o ,du
Az T by By By Ty oy
CnenopateabHo, Ans CYWleCTBYiOweH MO yYCAOBRIO Npous-
sontolt f7(Z) noayumm BupameHmA:

o 0o __do__ ,0u
re=g+ig=g—1%,
orxyaa
=3
X y’
do__ou (3.28)
xT oy

Ypasenna (3.28) Haswpaiorca ycaosuamu Kowu — Pumana.
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¢ X ycnosne nad dyuKnan
KOMRIEKCHOTO MepeMeRHoro

Tycrs z(x, y) 8 v(x, y) anddepeHunpyems m ynosae-
TeopaloT yCaoemAm Koww —PrmMasa B RannoR Touke. Torma

(m:; } ~»0 npn ﬁ; } ~>0) umeem:

Aw Autido _ B"“"“'g%‘”"”n""’

B3z Bx+iby 3xFiay +
+ (§u+W”+PV_I’+_?A)
A% by
B Py (2 Ax+;—Ay)+(u+me+Ay-
= Ax + By
(dn lbo 5
3 +132) (e +ity) + 2+ 1) VERF B
Ax T iby

_ou 00 @) VISTAS
=atlat " atay
Ho

I VERESR | 8.
l+m2x+m:- 2 l—lf >0 “P"A; -0,

caenosarebHo,

7. e. f'(2) cymecrsyer.

Hrak, ans dyHKuHR
NEPEMEHHOMO m=f(:)._u(-e, Y)+iv(%, y) 8 pansoHt rouke
HEO0XonAMO | AOCTaTOunO, 4ro0M B STOR TOUKE U(X, y) M
v(X, y) Oun Ry 61 ycno-
snan Kown — Puwana (3.28).

an /‘ (2) nmeem Mpnynu

FO=gtig=t =R BT @)
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flpumep. Tlyctb f(2)=e*=e*cosy{-le*siny. Bee ycnos
Mx::‘.n&omzuu. nfé)(?ﬂ):lyw-";'-‘(-z)at':v yenswh

TMpouseonnas cioxuolt pyukumnn
Mycrb w=/(2), z=¢ () Torna w=7,[g ({)}. Ya pasencrea

Aw _Aw Az
iy s @0
mpn AL >0 Haxonum s npexene
dw _ dw d:
'E“T,‘é» (3.30)
s touke L, f

4o @
B 1ouke 2=¢ (L),

Bugox opmyabt (3.30) ABARCTCA 3aKOHHMM, KOrAQ zz #0, Tak
®ak Toria nph AL 1OCTaTOuHO MaioM Gyaem mmers Az 30, W sanmkch
(3.30°) mucer cumcn, Ecam 8 mannoh rouxe 'd:=°‘ TO NOKA3ATEALCTBO

5 Ecan xak yromso Mamwe Al
a3a woropsix Az£0, To u3 (3.30') cAcayer, Yro fpu crpemacuan A¢
K WO N0 TAKHM 3HAYEHWAM OTHOIICHHE 5&';—' crpemuTes Kk

dods_

dz &t
0% Tex 3mavenwh Al, i woropwx Az==0, ouesuino, Aw =0,
WO3TOMY, eCAH CYWECTBYIOT Kak YrolHO mabie AL, juIa KOTOpWX Az ==0,
70 mpH crpemicnd AL K YN0 NO TakuM 3HAYCHHSM OTHOIIeHHE -A‘—,'l

dw
Eo=o.

ToKe cTpemurca k uyaio, Takum oG6pasom, ':—'2' CTpEMHTCS K HYMIO npH
A; — 0, nosTomy %’- €ymecTsyer M pasHo HyMo, a Tak KaK B paccMar-

paBdeMoM chyyae npasas YacTo (opmyan (3.30) Toxe passa ymo, ro
@opuyna (3.30) cnpasemsusa M 8 Caydae 7€=0.

P! TeXHuKa p Gynxunt  Kom-
NAEKCHOrO MEEMEHHOr0 Me OTAHYBETCA OT TaKOBOW ANA (ymK-
LR IEACTBMTENLHOTO NEDEMEMHOr0, W Mu He GyieM OCTaan-
AuBaTsCA Ha nell, 3amernm ewe, uTOo ecnu 2 (f) — KOMDIEKCHaH
@YRKRHA , f(2)
@yuKUMA  KOMUAEKCHOrO nepemenworo, 10 f[2(f)] Oyaer
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XaK npR -uuo:{e opuyau (3.30), non;quu
Vol =,1z617¢) @30

B urypup
B npasofl yacTh.

§1. AHAJIHTHYECKHE H FAPMOHHYECKIE ®YHKUHH

TOYEK Ha
ecam BOKPYT KaXAOM ero TOUKA MOKHO OMWCATh KPYT, MEAMKOM
nexawntl B paCCMaTpHBaeMOM MHOXeCrBe, OTKPNTOE MHONECTHO
HasWBAaeTCH 004aCmsi0, €CAM SCAKHE fBE €r0 TOUKH MOXIO
CoeHHNTs HEMpepuBHOA AYroH, nexaweh B paccMarpusaeMoM
muoxecrse, [panmunol Toukoh 06nacTH nasWBaeTCA  TOuKa,
He MpWHaanexamas oGNacTH W TaKas, 4TO B JMoGOH GausocTn
K Heh WMelOTCR TOUKW paccMaTpwpaeMod oGnacrh. Cosokyn-
HOCTb BCEX [PaHHUHBIX TOYeK 06/JacTH HaswBaeTca 2panuyel
o6nacru. Ecan k oﬁmctu npucoennunrb ee rpamuuy, TO mOAY-
yennoe

TOueK ua P M,
ecan ero MoKHo Ha poM  Kpyre
oonunoro paanyca.

B npocroro y KOHTYPa eCTb

nrp:lm'leuun o6nacTh. BHYTPCHHOCTb NPOCTOrO 3aMKHYTOTO KOMTYDa

MecTe C TOUKAaMH CaMOrO KOHTYpa OOD3a3yeT OTpAHHUENHYIO SaMicHy~
Ty10 06nacTs,

Ecan C — npoctoh samkuyTai lﬂll‘l‘ép. Cy, Cyy +oo Cp—npocTuie
9aMKHYTWEC KOMTYph, Aekaline BHyTpH C, HO BHe ApYr Apyra, T0 MHo~
WECTBO Tovek, nexaunx suyrpu C, Ho sne scex Cy, Cy ..., Cp, CTH
orpadMyennan ofnacTb. BCA NIOCKOCTb, NORYNIOCKUCTb, NONOCA MEWAY
1apasACABNLIMH [IDAMBIMH, BHYTPEHHOCTb YTAA JalOT MpHMEDM BEOTpa-
HHuenHNX oGnacTeit.

®ynkuua o f(2),

8 oGnactu D n nuWepeuunpyman B KaKIOM TOUKE STOM 0O
2aCTH, HaswBaeTcs anammuueckod s obnactu D,

DYHKIUNs ABYX AEACTBHTENbHWX nepeMenumX (X, ¥), onpe-
nenennas 8 oGnacth D, umeioman B STOH 0GNACTH HENPEPB-
Hble YaCTHWE MPOHIBOAHNE A0 BTOPOTO MOPAAKa BKMIOUUTENBHO
M yaO0BAETBOpAIOIAN ypalnemm Jlannaca

: + =0 3.32)
HasuuaeTea aap‘amuewoﬂ B o6nacra D.
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Mexay u rapm DyHKIMAMU
WMEeTCH MpocTas CBA3b.

JeMcranTenbHas 4acTb BCAKOH aHaINTHYECKOW PYHKUHH eCTb
FapMOHUYECKas (YHKUHA.

B camom Zene, mycrb

f@=u(x )+ )
€CTb aHaauTHyecKas ¢ynkuns 8 obmactu D. ByaeMm npeanona-
Tats, 410 u(X, y), V(X, y) MMEIOT HEMpEPMBHME YaCTHHE NpPO-
M3BOLHBE N0 BTOPOr0 MOPAAKa BKMOUATeAbHO B o6aactu D
(3aMeTUM, 4TO STO NPENONOKEHHE HE SBARETCH OFPAHWYEHMEM,
W60 Tak BCeraa GYReT, HO M3 CAMOTO OMpeXeAEHHA aHAMHTH-
4eckoh (yHKuMH sTOro He BHAHO).
uupys ypasHenus Koumw — Pumana
du

o w__»

=o' T ox

COOTBE1CTREIHO MO X W MO y W YUNTHBaR HE3ABHCHMOCTb 4aCT-
or

noayunm:
St =n(E)te(5)=#3) +5(-5)=
=oxoy"‘§z}

u(x, y) ectb rap: ¢yuKuus 8 ofna-

cra D.
OuesnaHo, v (x, y) Oyaer TOxXe rapMoHHYECKOH, HGO ABASETCA
AeficTBUTENBHON vacTeio s —if (2)=v(x, y)—iu(x, y).
B cayuae oanocssanolt o6nacte D (061aCTh HABWBAETCA 0JKO-
C€8A3K0d, eCAH BCAKMH HENMpEPHBHEN 3aMKHYTH# NyTb, JAexautut
B 9TON 06NacTH, MOXHO HenpepuBHOW aedopMaumued CTAHYTb B
TOUKY, He BHXOAR 43 06M1aCTH) CPaseaAHBO 06PATHOE NPEANOKEHHE,
Bcskas rapm Pynkuus 8 obaacta D
BARETCA off  uacTbio pon (i )
aHanuTHYEeCKON (yHKUMA.
B camom Zxene, ecam u(X, y)— rapMoHuuecKkas (YHKius
8 06nacTH D, TO MOXHO HaHTH TaKyio (YHKUHMIO U (¥, y), KOTO-
pas csusana ¢ u (x, y) ypassenuamu Kown — Pumana
d___ou dv__cu
5T T T ox*
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ecan saMeTHTH, HTO m.lpa)«enun P_—W n Q_g ynose

71€TBOPRIOT yea0BHIO 55 «Q

3-—0, TaK KaK
9Q_0P_ 0y O( ou)\ ooy
Ea =) —n (5 =Et =
Caenosateasno, #(x, y)=iv(¥, ¥) eCTb aHanuTuuecKad QyHK-
UHA_KOMNAGKCHOTO MEPEMEHHOro Z2==X -}-ly B ofaacth D.
Tapuonuueckan pyukuus v (X, y) HaswBaeTca conpacessol
AAu rapmoHuueckoft dynkuma #(¥, y). Mu -vum(, uTO ecau

u(x, y)— rap , TO dx+a—d}'
ABASeTCA NOAHLIM W sagava

NpAKHHO FapMOHMYECKOR (YHKUAM €CTh 3a1aua umerpnpona-
HAS  TOFO TOMHOrO nmmzepenuuma Conpsxennas  rapMonu-
HeCKan QYHKUUR no

NOCTOSHHOTO CAATaeMOro.

§ 8. HHTEFPAJI ®YHKUHH KOMIUIEKCHOrO NEPEMEHHOIO

Mpoctolh muTerpan OT KOMmAEKCHON QyHKIMH
HeHCTBHTENLHOTO MEPEeMEHHOro

Myers  f(t)=o (£) 1) () — HenpepusHas  koMnAeKcHas
(yHKuMs JefiCTBUTENLHOTO NEpeMennoro f Ha cermenre fy<f<<T

(pac. 28).
ki T
ey
%4 L
Puc. 28.
236HB STOT CerMeHT Ha uaCTH C MOMOUBIO TOYEK Aenenas

t.(t. <t,<...<t.<tm<‘. <ty 1) W B33B Ha Kampolt
HacTH Kakylo-HUOYnb TOUKY ©,, COCTABEM CyMMY

S e,

rae Afy="rys—lu
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Toraa mpenex STOM CyMMsi Npa CTPEMACHUH K HYNO Hau
O’tumlml H3 pasHocteH Af, ecth N0 OnpeaeseHwo WHTErpan

5 f(®)dt. Vs pasenctea
;f(‘n)“n=z.:9('u)un+‘;"(‘k) Aty
W mpenene noaydam popmyay
T T T
‘Sf(t)dt= §emar+i§ewa
3 fo fy

Onpenenenne nuterpana GyHKnUa KOMn/eKCHOro
0; ero "epes
HuTerpansi W mpoctefimue ceolicTea

Mycrs f(2) dyukuas
MEUHOr0 M3 HEKOTOpoM KyCOWHO-raankodl ayre AB (pm: 29)
PasoGbem nyry AB Ha wuacra;
NyCTs KOMMIGKCHME waCAa, COOT-
BETCTDYIOIUHE  TOUKAM  AEAeHNS,
6ynyt z, Ha kamaoft wacta Boan-
MEM  TOMKY,  COOTBETCTBYIOIWYIO
uucny &, (B kavecrse {p, B waCT-
HOCTH, MOKHO BSATH 2;), H o0pa-

3yem Cymmy
-1

3 C) 4z,
-0

rae Az, =24 —2,

Mpenen sToH Cymmm (Mpu CTpemnedus K WY/MO DMMMH HaR-
Gomuwen u3 uaCTHWX AYr) HaBHBaeTCR unmezpasom or f(2)
®p0M6 nyré AB w 0G0sHawaercs 3HaKOM

S f(2)dz (3.33)
AB

Jlerko suipasuTh 9TOT WHTErpan uepes OOLIKHOBEHHHE KPUBO-
ammefline wnterpanb [oTCiona OymeT Bhirekah W (akT Cywecr-
mosannss auterpana (3.33), ecau Cyuecraopaiue Kpuuoauuel-
MMX UUTErDaNioB CYNTATH MSBECTHEIM],
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Tonaran f(2)=u(x, y)=+iw (%, ¥} zy=x4 v, Cynem
HMeTb:

‘ﬁ F@)dz=1im 3 fe) bry=1im S lu (s 30+
+ 10 (5 90O+ iy =
=lim }.][u (% ye) 84 — ¥ (X0 ) Avil +

+ilim g [V (%1 ) Axs + 8 (%10 33) Byil=

=};udx——vdy+l£odx+udy.

Takum 0Opasom,
i[(z)d::é ude—vdy 41 S;wdx-]-udy. (3:34)

Al
Vs wenocpencraentoro onpenenenus Rurerpana (3.33), a

Takxe ua opMynn (3.34) surexaer, 4TO Npu NepeMene Hanpa-
BNEHUA MYTH MHTEr nHTerpan NpOTHBONO-

AOKHBIM HHCAOM: §=—‘i; €CAH MyTh PasGMT HA HACTH, TO
)

HHTErpan NO SCEMY NYTH PABEH CYMME HHTETpAI0B N0 €ro HacTAM;
WHTErpan N0 3aMKHYTOMY MyTA He SABMCHT OT BHOOpA HauanbHOW
TOHKH, & 3ABUCHT TONILKO OT Hanpasnehus 06Xona (3 CAyuae npocTol o

BAMKHYTOTO KOHTYP3 MOXHO YMOTPeOAsTs 0GOBHAweHMst &u&,
npaven §=—§); TIOCTORHHEIE MHOKMT@AH BHIHOCATCH 83 BHAK
WHTErpana; WHTErpan CYMMbl DaseH CYMME WHTerpanos.

MpeoGpasosanne muTerpana GyHKUAR KOMIIEKCHOrO
HepeMeHHOro B MPOCTON WHTerpan OT KOMNAeKCHol

xelcroa
Ecm
x=x(¢),}
ne<t<t,
y=yo,f" v

cyTh napameTpuueckue ypasuemns ayra AB, To z=z(f), rae
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2(=ux(t)} iy () ecTs KoMnacKcHoe napasempuiecKoe ypas-
nenne nyra AB. Torma murerpan or QyHKuu@ KOMOAEKCHORO
nepeventoro (3.33) Moxer Owrb npeoGpasoBail B npocToA
RHTErpan OT KOMIJEKCHOR (YHKnUa neHcTBATEALHOTO mepeMeH-
HOTO 10 hopMy ne

‘Sf(ndl=$f[2(i)li(t)df (33%)
?

I aem z (f) wenpep by
or t].
ay (3.35) MOXHO BHBECTR HENOCPEACTBEHHO, 2 TaKKe
NOAYuNTb €€ U3 3HANOTENHOTO NpPaBEAd AAA  OGHKHOBEHINX
HHTErpanos opasou:

‘fuf(z) 2 =i udx—-wdy+l“;v'dx+u dy=
=$'(u"—"—v at+i§'v‘—"+uj{).u=
S(u-l-iv)( iy dt—'t/(z)%dt=

=Sﬂz(mz’(t)dt.

IHpunmep. Hatra zi" , Ple C—kpyr pamuyca R C uenTpos
a=a- #, MapamerpHyeckye ypapacuua 9Toro Kpyra Cyrh

x=atRcoss,
pastipded LR

Pa 63
B R(csgt | sine) umt 2=t Re'e. Hotouy

E3 toy %=
il R ) Ct B

z—a
4
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Ecan uence wmcao aE— I, 1o
o E3
?(s —apdr= 5 (Refey (Reley dg = R lnS iy dpm

etnitile
= R L=o‘ @39)
Takuu 06pasoM, npd menom a
mfe—or =200 @)
<
Onenka Moy Haterpaia
Ecnu Ha Kycouno-rnanko#t ayre AB, umeowted nammy L,

ameem | f(2)| << M, rae f(2) — wenpepsisnas QyHKitus KoMnaeKc-
HOFO TepeMeHHOrO Ha ayre AB, 1O

|Srensal<TrElian] < mTianl

Ho IAz,,l €CTb PacCTORHUE MEXLY TOUKAMR 2, R 244 B,
CnesoBarenbHo, F[Az‘l €CTh AMMHA JIOMaHO#t AuHAW, BMCAHHGH

B Ayry AB, nostomy

2]|Az,,|<L.
CnenosarensHo,
|5 reasa<m,
oTkyaa B npexene, .
5 £ @ dz|< ML, (3.37)
L]

Takum Wpaaou, MORYAb UHTErpPana OT HenpepwsHOl GynKkuua

BIOKD Ky naakodt  gyra
ne npenncxnnm' TIpou3BeNeHNs LAMHH AYrM WA )nucunyu MO+
ayas NomwuTerpansHoft GyHKuUuu na STOR Ayre,
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Tipeneabunifi MepexOR MOX BHAKOM MHTErpaia

Mycre
L@ AE), o fal2),

ects ynk

[IEPEMEHHOrO 2 HA KYCOMHO-TABAKOH RYre AB (anaust L), pas-
HOMEpHO cxoafuancs K f(2) Ha 9TO# ayre (9TO 3mawkt, uTO
ann acakoro ¢ >0 maitnetcs Takon womep N, uro mpa n >N
Ans scex z Ha AB Gynem mumets |/fn(2)— f(t)|<t) Pynx

uus f(2) Gyaet na AB (sto T ke,
Kak B CAyuae NeMCTBUTEALHOrO NMepeMewnoro). Tora
lim § @) dz= Lf(z) dz. (3.38)
s

B camom nexe, nans ¢ >0, Hauzew Takoe N, uT0 npR
n>N 6ynet |fa(2)—f(2)<s am ncex z wma 'AB. Toraa
no (3.37) noayums:

|‘§ £ d:—} fydz I ,S h@—72) dz|<u.
4T0 w KoKaswaaet (3.38), S

§ 9. OCHOBHASI TEOPEMA KOUIH
Mycts dynxuns
w=/()=ux, y)+wx 5

aHanuTMyHa B oaHocoasuot obnactw D. Tpeamonoxum, wro
uaCTHHE MPOM3BOAHWE MEPBOFO nopiaka 01 U (X, y), v(%.y),
CYWIECTBOBAHHE KOTOPWX BWTEKAaeT W3 aHamaTHuhoCTH f(2),
HenpepwBHH B 061acTH D (sameTHM, UTO STO MpeanonOXeHHe
HE SBANETCA OrpaHuueHueM, W60 Tak Beeraa OYXeT, HO Ha
onpexencHW aHaAHTHYECKOH (YHKIWH 9TOTO HENOCPEeACTBEHHO
ue wuano). Ilycte C — kakoH-nuGyne KycCOuHO-rnakaff 3am-
KHYTHA NyTs, Aexaunn 8 D; Torza s cHay (3.34)

?/(z) dz =§udx—vdy+i§vdx+ udy;
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o B cany ycaosud Koww — Pavana uween “%,L=g;:

ﬁ: g—;; CaenoBaTensuo, Buipaxenus udx —vdy, vdx-J-udy
ABAAIOTCA  MOAHBIME B o6aa-

cra D, nostoMy MHIErpans Mo 3aMkHyTOMy KOHTYpY C oOT
HHX PaBUH HYNO 4, CAEOBATENLHO, é; f(2)dz=0. Takum 06-

&
PasoM, CMP2BELAWBA CAGAYIOLIas TEOPEMa.

Ocnosnan teopema Komu. Ecna dynkuus f(2) ananurauna
B oaHOCBA3HON OGxacTw D, TO HHTErpan OT STOH ¢yHKunu
BXOAb BCAKOTO KYCOMHO-TAAAKOTO 3aMKHYTOrO KOHTYpa, JAexa-
wero 8 OGaacta D, pasex Hymo.

B uacrHoCT, ecas C — npocTol 3amkHyTsi KouTyp ® f(2)
ananuT@Ya BUYTPU HEFO @ HA HEM, TO

i» f(2)dz=0, (339)

Teopema Komm mas caokuoro Koutypa

Tiycts C— npocrod 3amkHyTsil KOHTYp & Cy, Cy, +.v (Cp—
npocrhie 3aMKHYTHE KOHTYph, aexawwe BHYTpw C @ BHe
apyr apyra. Iycrs f(2) ananarauna B oGnracTe, 3aKaio-
ueHHoll mexay Koutypow C w
kouTypame Ci, Ci o Cn &
Ha 3cex sTHX xOHTypax. Torna

5»/(:)dz= §,/(,)¢, +
+§f @drt .,
.+ 5, F(2)dz (339)

B camom nene, nycTs, HAMpumep, BHYTpA KOHTYpa C (puc. 30)
nexaT n8a KOHTYpa C' W O @ f(2) aHaIMTHUHA MEKAY KOH-
typox C & xouTypame C', C”, a Takke Ha BCEX STHX KOH-
typax. Ilposens npocrele Faakee ayra &/, mm, pg, coeamns-
jomue C u C, C a C", C" u C, noayyaM B CHAY OCHOBHOR
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Teopens Komu: ~
f(@)dz=0,
qghirmatpy
S Fzydz==0.
khgpunmsik
Ci sTe P @ gaMesas, §TO Mo

Kaxnoh us Ayr k/, mn, pq WHTErpUpOBaHWE MPOMCXOAWT JBA
pasa B  PasnWNHBIX HaNPaBACHUAX,
TnoayquM:

@) dz +§f(dz +
Q:Z i?z 4

+§faz=0
. \

5»[(2)4: —il(z) dz+§ (2)dz.

Puc. 31,

B ecan f(2) B TOUKH @,
KpOMe CaMOW TOYKM @, TO HHTEFpanl 1O BCEM AOCTATOMHO
ManHM MPOCTHIM BAMKHYTHM KOHTYpaM, OKPYXalomM a (esu-
ThHM B
pabHw Mexay cobon. B cavom zene, nycts Cy u G (puc. 31)—-
JOCTaTOUHO Majbe KOHTYpH, OKpyxaouwe a, u C; — KOHTYp,

a @ aemaumh sHytpa Cy @ BHy-
rpn "Co. Tlo ZloKaBaHHOMY

gf(n dz =§;.f(2)dr- i/(z) dz =§./(z)dz,

orKyna

§ 1) az = 5»/(:)4:.
i .
Gdopuyay (3.39) MoxHo nepenucaTh eme Tak:

?f(:) dz +«§f(f) dz + ...+§/(z)d:= 0
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5» f)dz=0, (3307

rae I' €cTo CAOXHHN KONTYp, COCTABAEHHHH H3 HapyXHOTO

KoHTYpa C H BHYTPEHHAX KOHTYPOB Cj, .., Cy, TpHuEM TiO-
o6xona I' , UTO Orp:

Baemass 06XacTh XOMiHA Ccaesa

OGXOX HAPYKHOTO KOWTYPa NPOWCKORHT B TOACKHTEMSHOM

HanpasAeHHW, 2 OOXOZ BHYTPEHHHX KOHTYDOB MPOWCXOXST

B OTPUIlATEABHOM HaNpaBAHHN).

HuTerpan ¢ mepeMenHsM BepXHUM NpexeIoM

Mycrs f(2) awamaTuuna B OpHOCBABHOW OGracte D, Ha
Toro (aKTd, uTO HHTErpaisl STOW GYHKNHE 1O SAMKHYTHM
nyTsM, nexawu 8 D, paBHe HyMo, CAeAyeT, WTO WHTerpax
or f(2) ue 3asucut OT GopmMel NYTH, 2 3aBUCHT JHWL OT Ha-
uanbHOM H KOWewHoW Touek nyTH. [losToMy npu o6osnauennu
UHTErpaza HeT HANOGHOCTE YKanuBaTh NyTs, & NOCTATONHO
AWUL HA3WBATh HANANO 2y H KOHew 24 TyTH, ynorpeGass 0Go-
BHaveHHE

P
s' f(@dz,
P by pan ¢ BEPXHUM
npenenox) .
F@)= g/(c)dz.
Toraa *

F(:+h)—F(zo=T/(¢)¢c; 1= K‘d(,
RA
LetB_rE S/(cm. fo=4 | raa
]

LCERID _rey= ¢ fl/@—f(z»ldc
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Tak Kak B TOuke Z ¢yHKuAs f HEnpepHsHa, TO Las BCAKOrO
e>>0 uapercs Takoe 7 >0, uro npn |{—z|<q Oyaem
nvets | 7(C)— F(2)] < e. Bepa s kauectne nyTw, coennnsiomero
z ¢ z--h, npAMOAMHENHHR OTPESOK H TOAB3YACh OLEHKOR
(3.37), noayuam npa || <n:

| LEEB=L@ _ 1) |<ihlhle=s

OTKyna Caenyer, 4T0

i LEER=FO — /) wm F () =12

Takam o6pasom, aHanuTAYeCKan (YHKUMA BCerna WMeeT nepso-
o0paskyro. B KayecTbe TakoBoR MQXKET OWTb BSAT WHTErpan
C nEpeMEHHWM BEPXHAM TIpenenaM,

Jlemma. Ecnu @'(2)=0 B Hexotopolt o6nacta, TO B 9TOH
o6nacta @ ()= const.

Tonaras © ()=u (x. ¥)+iv (%, y), nannem w3 ycaopus
¥'(2)=0, “"o%—%‘—E:_ 0; wHo Torma m==caonmst,
y=const u, crenopatessHo, P (z)=const.

M3 sTOR neMMbl caenyeT, 4T BCSKHE 1BE NepBOQOPAsHHE
oT oaHot ¢kauuu OT/MYaIOTCA HA macTosHHoe, B camom aene,
ecan F,(=F.(2), 10 {Fa(2)—Fy ()} =F, () — F,( =0,
[} nosrouy Ha OcHoBanua neMMul Fg(z)— F, (2) = canst.

OGosnauas swakom | f(2)dz moGyo nepsooGpashyo ass

AHANMTHUECKOR (YHKIAU f(Z), HAHZEM HA OCHOBAHMM CKA3aH-
Horo:

§rar={ romte,

rae C— npou3BoabHOE KOMIMAEKCHOE 4ACAO.

Npumeuanne, Texuuka OTHCKAHHA NepBOOOPAIHMX (TEXHHKA
WHTerpHpOBAHNA) AR AHAAMTMUECKHX GyAKUMA (ODMAaTbHO He OTAH-
N4€TCA OT TEXHHKH WHTErPUPOBAHWA SNEMEHTAPHWX QyHKumRt IeAcTBH-
TenbHOro NepeMeHHOrD, M M He OY1eM OCTaHaBaHBarbcA Ha Hel
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§ 10. HHTEPAJIBHASL SOPMYJIA KOIWM

MNycts f(2) — ananutuveckans ¢yHkuua B8 0643CTA, OrPaHi-
YEHHON KYCOWHO-TAalKuM 3aMKHYTHM KonTypoM C (puc. 382),
W HA STOM KOHType. PurcupyeM Touky z BHyTpu C W COCTasum
yHKua

fO=20=10

Sta (yHKuus aHAMTAYHA BO BCEX TOYKAX BHYTPu KOHTYpa C
H Ha HeM, Ba uckmovennem Touku 2, Ofnako npu L—>z umeen
@)~ (2), nostony ecam jo-
onpeseauts  PyHKuulo ¢ B TO4-
ke z tpebopannem ¢ (2)=,"(2),
70 @¢(C) craner HenpephBHON
yHKuuedt 8 OrpaHHYEHHOM BAMKHY-
TOH 0644CTH, OFPAaHAYEHHON KOHTY-
pou C, u, cnenoBaTenbHo, Oyner
T orpanmyennof,
Taksm o6pasoM, B pacCma-
Tpusaemoh obaactn o ()| <K,
rae K — HeKoTopoe foA0KHTEbs
Puc, 32. HOE_4uCa0.
Mycts 7—xpyr paawyca p ¢
nenTpoM 2z, newawuit suytpu C. Tlo 1eopeue Koww pan cnox-
HOPO KOHTYpa uMeeM:

?v(()dt=§?(ﬂ)dt.
T
HO COrAaCHO NpaBuay OUeHKA Moxyas MuTerpana (3.37) mmeem:

|§ e O & | <25k,
1

C/IEROBATEMHO, nepexofs K npemeny fpu p— 0 B nocaemnem
paBencTse, noayuuM:

§?(M=°'
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1910 ams

R
?L‘(g—%(-—f(z)ir‘_(;=0.

H30 sﬁ)ornlﬂlo Teopeme Kowm anst CIOKHOrO KOWTYp2 W W cany
(3.3

a_ __ £ d&
t—:_§C—3_2‘I‘

NO3TOMy NMPEABAYIIEE PABEHCTBO NPRHAMACT B
ﬁ. OL _ snif (=0,

oTKyna

FA=om §>"‘—‘£’7‘ A (3.40)

dopuyna (3.40) Haswsaetca unmezpassnoli hopuyaoll Kown
W ARARETCH p cop puan PyHK
uah. Ws ¢opuyas (3.40) san-
1O, YTO SHAa4eHMA aHAnHTHYE-
ckoi dyHxkuau BHyTpH C Bnoa-
He oNpenmensioTcs 8HaueHusMu
sTon yuxuns Ha C. Tlpamas
qacte  opuyan (3.40) wasu-
vaerca unmezpasom Kowu.
BmecTo npocTOro  SaMKHy«
T0ro KkouTypa C MOWHO OpaTh
caoxunt  koutyp T, cocros-
WAk 43 HapYXHOTO KOHTYpa W
HECKOMbKHX WHYTPEHHUX  KOH-
Typos (pac. 33). Torpa s pe-
8yMLTATE TaKOrO XKe paccyxme-
HAA HahgeM, 4TO ecaW f(2) — aHanuThueckas ¢ynkuus W 0G-
aacTe, orpanuuennodl caoxiusm kowrypow I, W Ha Hew, TO
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ANs BCAKOR TOYKW z B BTOA OG/ICTH CMPaBENIHBO PIBEHCTBO
re=g §525. @40

Dro— unterpanbuas opmyaa Kown mas cnoxkHoro KOHTypa.

§ 11, HHTETPAJ THNA KOLIH

Tycre TI'—KyCouHo-rnankas nyra (SaMKHYTad WAR He3aM-
xnytas). [Iycrs ¢ (C) — Henpepusras ¢yHKkuns va nyre I' (pac. 34).

Torna supaxeHue
: 5 28a, (3.41)

AMElOMEE CMHCA A BCeX 2z, He nexamux Ha I' (W6o Toraa
er

- or ), HasmwsaeTcs uumzpuo;l muna
Kown. To ke MOXHO CKASaTh O BHpa-
xennn Gonee obuwero suaa

(R 0(z)=5(‘_' &, @4r)

rne k — HaTypanbHoe 4HCIO.
Puc. 34, Tlokaxeu, 4ro Bupakenne (3.41)
ABNACTCA AHANMTRYECKON (yHXuuen nas
BCex 3HaueHmR z, HE Jexauwx Ha pyre I. Yuutuisaa gopmysy

& =¥ =@—b) @ +a* %4 ... -,

noayuaem:
9@t
PEy—2() 5((—97.? IS:—:
n—z n—z

(31—2) == ((—=

EJ’(Q _,. E‘Za—J?m s g

=5 G)(C—'Y“+(t—r)"'(t—n)+ +(c—s.)’“
? =2FC—2F
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duxcupys z u nonaran

v, 2) () e o (l—t)“(’—sn)-b :l‘_(:—ﬂ)"‘
ke C—2f =2

MOWEM HAMUCATH:

‘%symwa. &

Ouesunno, T (§, 2;) ect» HempepuiBHas ¢ymmml CBOMX apry-
mentos, Korna & newut Ha I' 4 2, He Jexur Ha
Ona Gyner (pynxumen L, 5,

y)
Korma § HaXomwrca Ha I, z;—HA Kpyre C HEHTPOM z, He HMeEWILEM
obmux Toyex ¢ I' (o Teopeme o pasHOMepHoA uenpe muocm yHKUAH,

HENpepuBHOA H2 OrpaHUYEHHOM 3aMKHYTOM MHOXCC! cona caenyer,
m opH z,— 2z umeem ¥ (¢, z,)— ‘!/(t, t) pa-umpuo o‘nmcmenm t
st0ro Tepexol NOA

a T.
amknu MHTErpara ABIACTCA 3KOHHHM,
Tlepexonst K mpenedy npu 2y — z, MOAYdHM:

tim 2E=2E_ (o (¥ @)k
:

ey
Vuarasag, vto ¥, ‘)=‘(TR,W' W gameuas, 41O
Li1) 9
=il ]
npHXOLEM K (popMy e
2 () —=(d[ 20
'V")=”§(t—x '““ja_x[«—»‘ «
Taknu oGpasom, P (2) umeeT MPOHSBOLHYIO B KaunoHh TOuKe 2,
He aexawen Ha I

Hrak, ecan ¢ (§)— PyHKUAR HA Ky
xon nyre T, To ¢ym(uuu

@(,)=5 (] C)
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ABASETCA 2HANMTAWECKOR AAR BCEX SHAuEwHd 2, HE AEWAUUX
#a T', npiuem npowssosHas sToi QyHKUMA nOAyuaercs No npa-
suay TR 8HAKOM :

‘b’(z)=5 %L{_%,].ﬂ:& S (t—(? . (3.42)

Bupaxenne nas @'(2) umeer cuosa ran (3.41"), nosTomy
K Hemy npumenamo Bce ckasanuoe o & (z). Orcioma sakmouaew,
4TO (yHKuus, onpefieasemas Gopmyaoh

_ (20
o@)= 5 e T

AA BceX BHAYeHmd 2z, He jsewamwx Ha I, meer Npoussomnme
Bcex npavex aAR max y
HBX noA sHa-

:0! UHTEerpana:
om0 Elt]a~
|

=k(»+l)...(»+u—x)5(«t§53%. (3.43)
;

§ 12. MPOM3BOMHLIE BHICWHX MOPSAKOB
OT AHAJIHTHYECKOH ®YHKLMU

Tlycts  f(z) — ananutAveckas ¢yHKuMa B  Kakod-nuGyab
obaacta D. Ilycte C—BamKHYTHA KOHTyp, Aewaulail BuecTe
co cBoelt BHYTpeHHOCTLIO B STOR O6Aactd. [l1a Bcex Towex z,
AEXAUMAX BHYTDA STOO KOHTYDI, MMEEM HA OCHOBAHWA WHTe-
rpansioft Gopmyast Kown:

10=gg § 8

Ho unrerpan Koww, CToRwuR B npaBoRt 4acTa, SBASETCR YaCTHHM
cayyaeM aurerpana Tana Kollin, CnesoBare’bHo, Ha OCHOBAaWMM
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H3NOKEHHOrO B § 11, f(z) nee-r nuyrpn C npouasonukie cex
(3.43) no dopuyne

=, o s Gt @49

Tak xak M06yl0 TOYKy 0Gnactéa D MOXHO OKPYXWUTh 3aM-
KHYTHM KOHTYpOM, JAexamwu (eMecre C  BHYTPEHHOCTBIO)
B oGnacti D, TO MpHXOmMM K CAERyOmEMY BHBORY: BCAKAs
aHANMTAYECKAR (YUKUMA B KaKOH-HUGYHb OGNACTH WMEET B 3TOH
o6nacru 8cex nop npHves BCe OHU
aHanuTAYECKAMA YHKUMAMA B STOH o6GnacTi.

Chnenyer 8aueTuTh, 4T0 (yHKUAN REACTEATENBHOrO nepeueu-
HOrO TaKuM ne Qyhxuns
TISPEMEHHOrO MOXET HMETh f1EpBYI0 MpOHIROMHYIO, HO He nuers
BTOPO# MPOU3 BOAHON.

§ 13. IOCHENOBATENLHOCTH H PSNIBI -
AHANUTHYECKUX ©YHKUAA

Bynes rosopaTh, 4r0 nOCEROBATENBIOCTH (YHKUMN
fi@, 12, Sa(@, s
o6nactu D,
auympu oomcm" D, ecnn ona cxomurcs pmxouepuo Ha Kaxpoh
OrpandyeHHOH BauKHyTOH O6nacTy, newamed 8
Teopema. Ecnn nocnenosarensHocts ananuTBvECKAX ynuan
8 obnacth D

[1@, fi(@h ooy fa @), e
CXOnWTCA PaBHOMEpHO BHYTpuW oGnacru D K oyukuna f(2), T0
f(2)— dynxuns, ananuraueckas 8 obaactu D, npuues nocneuo-
BATENBIOCTH NPOHIBONHBIX

fi@y /i@, ooy fa@@h e
PABHOMEHO CXORWTCA GHYTpA OGmacti D K MponIsoAHoH mpe-
nenbHoR hyHkuwm, T. €. K f'(2).

Tycts C~—3aukuyTaft KONTYp, nexaui BMECTE € BHYTPEH-

Hocrsio B D, # z—rvouka snyrpa C. Torza no ¢opuyne Komu

@)= _fr..md;
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Ho £,(0)— f (%) paenomepuo na C, cremosaressuo,

L@ fE

-

p Ha C (npn 2); MOSTOMY Ha
mpasuna mpenencHoro nepexoaa (3.38)

f(z)=§§{i—°’dc.

Taxum o6pasom, sHyTpn C npenenbHas dyxuus f(z) Bupae
MAETCA WHTErpanoMm tTuna Kﬂl.llﬂ, CNenoBATEMbHO, ABASETCH AHANH-
rhueckot. Ho moGyio Touky

o6nacth D MOXHO OKPYXHTh

TakWM  XoutypoM C, Cnemo-

BATENBHO, MPEAENbHAN (YRK~

uns f(2) aHaanTAuHa Bo BeeR

obnactm D. Tlycrs reneps

A — xaxas-nu6ynb  OrpaHue

v HEHHAR BAMKHYTan o6nacts

(puc. 35), nexamas 8 D, wC —

D BaMKHYTHA KOHTYD AAWHH L,
nexawwi BMecTe C BHYTPeH-

Prc. 35. HOCTbIo 8 D W TaKoh, uto A

nexwur suyrpn C. TMycrs 3 —
paccronune Mexay C W A (7. e. HanMeHblee WS PACCTOSHWA TOUEK
Ha C or touex B A). WMeew npn 2, nexamem 8 A [8 cany
GopMya (3.44) nma n=1]:

. 1
RO—f @=gpb ~m§pn=
=1 £ L®O~f@)
—2?i§ = *
Ho fo(0)~f() Ha C pabHovepHo, CnemoBaTenLHo, And
6cAKOro & >0 Wannercs Taxol HoMep N, uto mpm > N Gyzeu

wets | £, (8)—f(C)|<e mpu ecex § na C. Torna ws nocnen~
Hel Gopuya Halnem (N0 MPaBWAy OUEHKW MOAyNS WHTerpana):

@~ @l <ply
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npa n>>N u moGom z Ha A. DTmM 10Ka3aHO, uTO fp (2) > 17 (2)
Ha moGol orp aavKkHyTo# OGnactH A,

sewawe#t 8 D.

3ameuanne. Mul BammM, YTO NOCAENOBATEABHOCTH NMPOA3BOR-
HMX fy(Z) HEXOWTCA B TaKMX e YCAOBMSX, Kak nocnenosa-
TensHocTs QyHkunM f,(2), mOSTOMY K HEeH TakXe npAMEHMa
MOKa3AHHAA TEOpeMa.

Takum o6pasom, ecan
yncunht f,(2) B obnacte D pasromepHo cxomurcs sHyrpn D
K f(2), To nocneaosarentHOCT: NPOHIBOAHWX MIOGOr0 MOPsAKA
or f,(2) pasuomepno cxomarcs BRyTpH D K npoussoaHod
TaKOro xe mopamka or f(2).

Tlycrs Temeps uMeeM (yHKuHOHANBHBIA Pan

Zea(2)s

uieHbl KOTOPOro CYTb aHaiuTmueckne ¢yHkuun B obmacta D.
W3 nokasanxoro chaenyer, 4T0 €CAH STOT PAR pasHOMEpHO CXO-
AurCA BHYTPH D, TO ero CymMma aHanuTauHa B D @ PN MOXHO
CKOABKO YrOZHO Pas NOMAEHHO AWQPEPEHUMPOBAT, NpHYEM BCE
NOAYYAIOMMECH PAAS PABHOMEPHO CXORATCA BRYTPA D.

AHaTUTAYMHOCTD CYMMB! CTEMeHHOro paaa

>
TMycrs ;_',A,,i‘—cunenm pan # R—ero pammyc cxomn-

mocth, Tlyers 0 <7 < R. Touka 7, Kak newauan suyrpa Kpyra
cxomumocti (puc, 36), ectb Touka abcomor-
HOA CXONMMOCTH CTENEHHOrOo psng, T. e
pan Y| Ay"| cxomrca, Ho npu |2z|<r
uMeeM | A,2"|<<| Ar"|, nostomy cremen- r
o pAn 3} A,2" PaBHOMEPHO CXOMMTCA Ha
kpyre |z|<<r. Tak Kak noOas 3aMKHyTaa
067aCTb, AEXKAUMaR BHYTPH KPYra CXOmAMO-
CTH, MOXET GHTh 38K/IOVEHa B KPyr |z|<<r Puc. 36.
npn Hapnexatiem suGope wacaa r< R, 10 :
K y y BCAKAR pan
PAaBHOMEPHO CXOMWTCH 8HYMPE KPYra CXORMMOCTH.

Mpumeuvanne Ha suy xpyra
MOMCT ObTD HepaBHOMEPHOR,
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Tak Kak 4feHH CTeneHHOro pana A,2" ABARIOTCA aHanHTH-
ueCKuMM (DyHKUWSMM, TO W3 NOKA3AHHON TEOPEMW CAEAYET, YTO
CyMMa CTENEHHOrO pPAAd €CTh SHAMHTHYRCKAS (YHKUMS BHYTPH
Kpyra CXONMMOCTM W STO CTENEHHOR PN MOKHO nloGoe uncao
;}Ha nounesHo An(depeHupoBaTh BHYTPA KpYra CXOAMMOCTH.

31010

y p
PAAS! UMEIOT HE MEHbUMA pamuyC CXOMMMOCTH (Ha CaMoM mene—
TOr Xe pamuyc CXOMMMOCTH).

o
AHanornuHo, CTENEHHOR pAx );A,‘(z—u)’I PaBHOMEPHO CXO~
AwTCA BHYTpu Kpyra ¢ uewtpoM B Touke a (puc. 37), a ero

Puc. 37.
CyMMa eCTb AHANWTAYECKA! (yHKuuS BHYTDH STOTO KPyra; paA

'y
& A, (z—a)", nmelomnd Kombuo cxomamocta (pac. 38), pasHo-
)

MEpHO CXONWFCA BHYTPH KO/BUA U €r0 CYyMMa eCTb aHanMTHueCKas
yHKUWR BHYTPr 3TOrO KOAbua. TIpn sroM SaKoHHO mOUAEHHOE
nudepenunposanue nooe uHCAO pas.

§ 14. PAIL TEAJIOPA

Tlycrs f(2) — ananuruueckas QyHKUuS BHYTDH KPyra C WeHT=
pom @ (pammyC KOTOpOro MOXer OuTh, B 4aCTHOCTH, paseH
- 00 —roraa sro Gyaer BcA MAOCKOCTE).

Tlycts z—TouKa BUYTpH HaHHOTO kpyra i C— KOHUEHTPH~
YECKaR OKDYKHOCTb MEHBILErO pamiyca Takas, 4T0 2z AGKHT
suyrpa nee (puc. 39). Mycrs r=|2z—a, p — panuyc kpyra C.
Tlo gopmyne Kown

1o=g§ &
<
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Tpu § Ha C ameem:

1 1 1
=z~ G—a—@—a) “_“’('-H)

r
|=7<l, TO MOCAGAHEE BHPAKEHHE MOKHO

lril(lll('

KaK cyMmy y P nporpec-
cm ¢ napnn- WIGHOM ;—— W BHAMeHaTe-
z—

] Ta . Takum oOpasom,
z—a
E_'+(c—n)'+"‘
(z—a)y S (z—a)
ettt = _“((—n)'"" Puc. 39.

CxoauMocTh 370r0 psiaa pasnomepna no { na C (npu dhukcupo-
BaHHOM Z), TaK KAK 9TOT PN MaKOPUPYETCH WHCIOBOH yGHaaio-
melt reomerpuyeckot nporpeccuedt 2;;, .

Vunowas npemwaymee pasenctso Ha f(C), mnrerpupys no-
waenno no C u aens wa 2wi, NOAyYHM:

g,mm =Z(z—a)"m§>%

(0]
o
f@= ’goA. (z—a)',
rae
_ 1 £ foat
A. "‘EJ§’ (T(:;)-—m
npauen T' ectp € ment-

POM @, AeWallan BHYTpH MNEPBOHA4A/ILHO BAIAHHOO Kpyra (3a-
mena C na T' 3akomma, TaK Kak (t—_(a)r'_*' ananutuyna Mexay C
a T, skmouas ux).

Wrak, nokasana cremyiomas reopema.

6 1. 4. Povasoscusnt
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Teopema. Bcaxas ananmtaveckas dymxumn f(2) snyTpa

KPYFa C LEHTPOM G MOKET OHTh Pa3AOKEHa BHYTPH STOTO Kpyra
B Crenentoll psa

«
/(2)=='Eo An(z—a), (3.45)
KOTOPOro onp: .
A.=;,§(,_‘:;,,.¢z @=0,1,2,.) @49

rae T'—Kakan-HUGYAb OKPYKHOCTb C LEHTPOM @, AEKAMAR
BHYTPR AIQHHOTO KpyTa.

OToT cTenennoll pay naswsaetca pados Telaopa pam f(2)
B PACCMATPABAEMOM KpyTe,

Mycts ¢ynkuns f(2) ylwunl B Kpyre C UEHTPOM @

B KakoH-HUGYAb CTenensol pin EA, (z—a)*, Tlycts T' — Kon-
HEHTPHYECKEN OKDPYXKHOCTb MeHbwero paamyca. Toraa na I
9TOT pan Yuuowas p @)=
=NA(z—0) ma “_lﬂm. sarem

saonb I' u ymuoxau eme Ha %. noaydum:

+o
Fotem S e
k=0

yusTHBag, 4t0 8 cuny (3.36°).

Afemarmen (1122

DTuM NOKE3AHA ENMHCTBEHHOCTh PABTOKEHMR AHANMTAUECKOR
(yn<umn B Kpyre ¢ UEHTPOM @ B CTENeHHOH PSA NO CTEMeH M
Z-—a.

Jlemma, flycrs f(z) — anaanTuueckan GyRKuAs B o6aacT D, papnas
HYMO B HeKoTOpO#t O6RacTH d, comepxauteics s D. Toraa f| (z) TORX e
CTBEHRO paBHa Hymo 8 D.

Caenaem npeasaputeannoe samevanme, M3 ¢opmysw (3.46) munwo,
410 ecav QyBKUMA EHATMTHYHA BRYTPM HEKOTOporo Kpyra K W pasua
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E g mneumwecxon Kkﬂ‘t k nenmuero panmyca (puc. 40), 0 ona
p— W nn;rpn xpyu B camon gexe, B3aB I’ JexamiM BHYTPH
‘smmmero p @opuynu g.w). uro sce A, =0, Ho
- nz (845) /(z)nﬂ BHYTpH

tpml TeNeph KOHCUHYIO uclouKy Rexammux B D Kpyros

Ky Kay oy Ko

efmazIOWFI0 TeM CBOACTBOM, UTO WEHTDP K@XKIOM0 Kpyra ACXHT BHYTDH
—uuxnnew Kpyra, ueHTp nep-nm Kpyra AeMut B d, ueHIp nocaen~
@ErD KpYTa ASXHT B DPOMS! mgpmmn tTouke z oOracf® D.

X
K

Puc. 40, Puc. 41,

Taxy® uenouxy Xpyros MOXHO, Hanpiuep, NMOCTPOMTH CAeAYIOWMM Clo~
cation (pm:. 41). AHHHM TOWKY 2o, MPUHANACKAULYIO OORACTH d, CIPAM-

zaewot nyrot T' ¢ toukoft z. [lycts nosomureasHoe 4McAo O MeHbiue
paccroanis ayrd T 0 rpanuun obasctd D. PasoGvem T' na Komewroe
W30 vacTel ¢ AAHWAMH, MewbuwMMy 3, Torma nenouxa Xpyros paaMyca b
& COHTPaNH B TOUKEX NEACHWA yNOBACTBOPACT BCEM HYXNCHbIM TP
L

C now
w10 f(2) pasia uym luyvpn K. Biytpn Ky, <o -u tpH Ky Taxum
paron, 418 MoGe oM £ 0GARCTH D nnnﬂuu o=

Jlerko wupets, uro ecau f(z) — ananuTnueckas QynKuus
8 o6nactu D, ne paunas TOKAECTBEHHO HYJIO, TO BOKPYr BCAKON
704KN @ 00aacTH D) MOXHO OMHCaTh TaKoR Kpyr, sexauiuhl 8 D,
70 MHYTPH 9TOrO Kpyra, KpoMe, MOXET ObiTb, TOUKH @, (yHK-
279 f(2) oTamuna ot wyas.
B camou sede, OnuuieM OKOMO TOUKH @ Kpyr, Aexauwdt u D,
Carnacwo nemve B 9TOM Kpyre f(z) we Moker OwmTh Tomme-
Stuenno papua nymo. Caenosarensno, u pasaoxennn gpynxuun f(2)
: 370M Kpyre W paa 0O CTENEHAM z— G HE MOXET CIy4HTBCR,
w10 uce KO3dxpuuuents pamss mymo. ITycTb u ynomanyToM pas~

oxennn  f(2) =¥A, (z—a)* nepusth wa Kosduunentos,
6



164 AHAJMTHUECKHE ®YHKUHU Ira.

OT/MMWHBIX OT Hyns, ects A,(n==0). Torma
F@Q=A4,E— 0V + A —a* 4 ... =(@—a) 92}

rae (A=At A (z—0)4- ..
DyHKura vp(z) Henpepusna B mwke ang(@)=A,#0,
ManoM Kpyre
MeRsLIero pl)lnyﬂ @(2) # 0, 2 noaroMy, 3a ucknouenneM, Outh
MOXET, TOUKM @, UMeeM B 9ToM kpyre f(2) 0.

Touxa @ wasmpaercu Hysexm ynryun f(z), ecan f(a)=0.
W3 nocreanero npeanoxenus caexyer, 410 ecam f(2), anaam-
Tuueckas 8 06aactd D, He paBHa TOXIECTHEHNO HyJio, TO BCE
ee Hyau B obaactd D u30Anposannsie (r. . BOKPYr Kaxaoro
M3 HUX MOXHO ONHCaTh TaKOH Kpyr, WTO APYr#X HyneH B SroMm
kpyre ne Syzer). Kj Kyam Gynkunn
(ne pasHOR TOXAECTBEHHO uymo) HaSHIBAGTCA TAKOE 7, YTO pas-
ZoXenue B
HYNS @ HAYWHAETCR € n-f creneuu, WHaue ronopu, €CAH B OKpe-
CTHOCTH @ nmeeM f(2) = (z — a)” ¢ (2), rae anaaMTHYECKas PyRK-
nug ¢ (2) Takam, wTO v(a)¢0 Hyan KPATHOCTH | HaswBalTCH

HY/ RHyaun
3 — TpofiHLMY.

‘Teopema ennuctsenHocTn. Ecan s o6nactn D paHs ape aHanMTH-
4eckde (yHKnHW, COBNANAIOMHE HA MHOXECTBE TOYEK, WMCIOLEM XOTA Obl
OnHy npeneasHylo 7oy, nckamyio s D, TO STH Ase GyRKuud TOMIC-
CTBERHO paBHb,

caMom geac, TMYCTh @ — YNOMAHYTAaR npexeabHas Touka. Torla
PasHOCTD GyHknuR B HYis B TOuYKaX,
HaXORAMMUXCA KK YIOAHO OIM3KO K G M OTIMYHLX OT G, HO MO AOKa-
3aHHOMY STOrD He MOMeT OhTb, ecaM paccMaTpupaeMsie (QYRKUMH He
COBNARAIT TORNCCTHEHHO,

®opuyna (3.46) aas kospdmuuentos pama Tednopa moxer
OuTh nepenucana wa ocnosasaw GopMynu (3.44) s suxe

4,=L00 m=o0,1,2..). @an

Ounenka monyneit xosdduunentos puza Teiinopa

Ecmn ua oxpyxuocrn I' monyas dynkuan f(2) we npess-
waer M, 7O, 0G0sHavar wepes R paamyc okpyxuocr I' H
oueHusan uHTErpan u GopMye (3.46) N0 Npapuny OUEHKN MOXYIR
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warerpana (3.37), nomyuum:

1 M M
1401 =| g7 § Ltz | < g g 2R =1 ©
¢ .
Takmw 06pasoM, NoNMyuaeM HepaBeHCTBA
< G=012.). (3.48)

H3 (3.48) menocpenctsenno Bwrexaer feopema JlMyBHAAR: Neaas
TFXUNA (T, C. aHATUTHYECKaR HE BCEHl NMAOCKOCTH), O'PAHHYCHBAR Ha
®CER NIOCKOCTH, €CTH NoCToRRAAA, B camom xeae, nycTs Ba Beet nAoCKocTH

P
f(')=§:ﬂ,.='”. 1f@AI<M

Toraa npn m0ou R ucen | An| <5 g, oreya ® mpescne npn R— oo

-e‘uu (npu n>0) | Ap| <0, T. e. A,=0. Cnengsatensuo, f(z)=
H;-teopelu JluyBuana nerko BuTCKaeT OCHOBHaR TCOpeMa lucme«

asre6pai; Mt NOAHHOM, OTAHYHIA OT MOCTOAHHOA, HMeeT N KpaiHe

-qe OIHH Hymb. B caMoM fele, ecan Gu nOMMHOM P(:) He HMen lynen.

p( 7] Obina Ow neaod dynknuel. Tak Kax M3BeCTHo, 410 P(:)-»ea

He 2> o, 10 P:z => 0 npH 2 > c0 , 0TKYAa BUIHO, 4TO P B Oyaer
Scpannacuolt e Beeft Maockocri. Ho rorme mo reopeme BHAIA
#ﬂ == const M, cAcxoBateabo, P(z) == const, 970 NpoTHBOpEuHT Npen-
WOICECANID.

§ 15. PSIAL JIOPAHA

MNycts f(2)— anaanTuyeckas GpyHKunA BHYTPH Koabita (puc. 42)
MEXAY JBYNA OKPYNHOCTAMM C LEHTPOM @ (ectM pamuyc BuyT-
pemmefl OKPYKHOCTH paseH 0, TO KOABUO CTAaHOBMTCA KPYrom
€ <BUKXOIOTHM> UEHTPOM; ECAH DRAMYC EHELIHEH OKPYKHOCTH
paseR CO, TO KOMIO CTAHOBHICH BHEILHOCTbIA KPYra; €cam yrfo-
mamryroe 10 KoMlI0 o
©mecTO C BuKOMOTOH TOuKOH). TlycTh z-— TOuKa BHYyTpH 3TOrO
memaz, C 7 C' — KOBUEHTPHICCKUE OKPYIKHOCTH, JEKALINE BRYTDH
=MmA3 B TakWe, YTO 2 aexur BHYTpH C u BHe C. ITo dopuyne
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Komm gnas caokHOro KoMtypa

L

§f(( lt ﬁﬂﬂﬂ

Tlepsoe caaraeMoe Mpasoll wacTH Ha OCHOBAHAM BHKAZAOK
§ 14 npenacrasmsercs psmoM

w LS a="Snc—ar,

Al t0
A= P C—ap

npusem I' — Kakas-ruGyas Qukcupopan-
Hasi KOHIIEHTPHYECKIR OKPYNKHOCTh BHY-
TPH KOAbUA. ) fode
Ocraercs npeoGpazosars sTOpOe Charaemoe - f —t"
Tlonoxum |z—a|=r w panuyc kpyra C' 0603Hauhm uepes p.
Torna npu L na C' umeem:

Puc. 42,

1 1
=T l—a-—(t—a) (:—n)(l—t ’

@ TaK Kak "

-"-<l, TO MoCAeAHee BHPAKEHHE MOKHO

Kak cymmy y T p nporpec-
CHH C NepBLIM WIEHOM -—— W SHAMEHaTeneM i:';. Taknm
o6pasom,

_L =.,._'__a+(-‘5§n'!)1+...

4o
(t—a)** - L —ayt
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“smmmocts 97010 pAna — papxoMepHas no § ma C’ (npn dux-
SAPESIENOX 2), T2K KaK STOT pax MAKODHDYETCA 4HCAOBOH yOu-
smmmed reoMerpryeckoll nporpeccreft 2%—. Vunoxan nay (0),
mmperpmpys nouaenso no C’  nens ua 2xl, nomyumm:

a§"”"'—2(,_a>- m§IOC=aa=

—Haue—ar
rae

A«=m§/(c)(c—ar~'dc= 285

fsmsena C' #a T sakonna, Tax xak f(C)(C—a)™? anammrnuma
wxay C' n T, skmosan nx].
Cxaansipan pasnomenns

f [ JAULY
g,

TCIFUAM pasnoxkexne f(Z) B Pax nO uenwM crenewaM z-—a
€ DokasateniMu Eo. DruM goKasana cAeayiowan Teopema.

Teopema. Beaxas dyukuns f(2), ananwrnveckas suyTpn Konbua
€ MEHTPOM @, MOXET OuTD pasnoxexa BHYTPH 9TOr0 KOablla B pal

@ =_+Z~A,‘ (z—a), (3.49)
=itz =0, =1, =2,..), (@50)

2 T'— kakas-HAGY b OKPYKHOCTb C UEHTPOM @, NEKAWAs BHYTPH
EEOTO KONbUA,

3vor pan masmsaerca pados Jlopawa nni f(Z) B paccMa-
SpEmgENON Konbile,
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Ecmm dyukuns f(z) pasionena B Koublle ¢ UEHTPOM a B KaKol-

HHOyXs A BAZA
Y
3: An(z—a),
Y

TO, Paccykaas 10CAOBHO, KaK B cwnercnymueu wecte § 14,

noayuuM:
1 £ f@dz
5‘(;—”“'" n

rae T'—OKpYXHOCTS C HEHTPOM @, ZeXAWAA BHYTPH KOAbIA.
THM f0Ka3aHa p

GyHKUMR B KOJbUE C UEHTPOM @ B PHA MO WEANM Eo)cr&

nendM z—a.

Onenka monynelt wospmumentos pana Jlopana

Ecan Ha oxkpyxnoctd I', Jewauwed BHYTpR Koabua, MOLYas
dynkunn f(z) we npesswaer M, To, 0603mauan uepe3 R pa-
ZAYC OKPYIKHOCTH, MOJAY4HM KaK Mpm BmBOje Hepasencts (3.48)
AHANOTAYHHE HEPABEHCTBA

lA.l<,';'.- (=0, =1, =£2,..). (3.51)
§ 16, H30JIMPOBAHHBIE OCOBBIE TOUKH AHAIHTHYECKOR
 eyHKuUH

To4KA, B KOTOPHX HapyWIGeTCA aHAAWTHYHOCT> (yHKUMH,
HasuBawTCA ocofumu. ECan B n0cTaToynoft GawsocTd K ocobott
TOUKE @ HET ZPYruX OCOOHX TOuEK, TO 0COGaf TOUKa @ Hash-
BaeTCH u30Auposanxolt ocobod mouxoll. Ecim @ ects w3oanpo-
BaHHas 0COOad TOYKA (yHKUAR f(Z), TO B NOCTAaTOMHO MaJjOM
Kpyre C BHKOJOTHM HEHTPOM & (yHKURS f(2) Gymer amaanTwi-
HOMl W, crenoBaTesHo, pasaaraetcs B pan Jlopana

/@ =§Ax(z— DA (3.52)
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Torsuecka L Apyr apyra
TTe Cayuas:

1) 8 paanoxeHnnn (3.52) Her u/EHOB C OTPALATENBHEIME NOKa-
3aT2anMm;

2) B pa3qoxennn (3.52) ecTs Jnib KOHEYHOE YACAO uAEHOB
€ OTpENnATE/BHUMA NOKA3ATENTME;

3) 8 pasiaowenun (3.52) ecTh OCKOHEYHO MHOrO 4n€H0B
€ OTpAuaTENbHHMA NOKASATENSMA.

B atux caysasx 0coas TOUKa @ Ha3HBAETCA COOTBETCTBEHHO

2) 3) ocoboii.

Yaenu ¢ Hi n co-
Cragnior uam,wo wacms f(z) B OKPECTHOCTR OCOGOH TOYKB a.

Ecai a— ycrpaHmuas, TO B OKPECTHOCTA TOUKA @

b
f@=34E—a

Pymaunn
B TouKe a [f(a)—A.] dynkuss £(2) CranosaTca amanuTHue-
cxofl B TOUKe @ B B
masofl  OKPECTHOCTR yCTPaHBMOH ocoboft Towka Pynxunn  f(2)
orpammuena. O0paTHO, eca f(2) orpaHnueHa B HEKOTOPOH OKpe-
CTNOCTB H30NRPOBaHHOH OcOBOR TOuKR @, |f(2)|=<M, 10 372
TOWa eCTh yCTpaunMas ocoGas. B camom Znene, npr n>0 u
BOCTATOuHO ManoM R umeeM B cuay (3.51) | A_,|<< MR", orkyna
mu R—>0 8 npenene nonyunM |A_,|<<0, n, cnemosatensHo,
AL=0.

Ecan @ —nonioc, 10 B OKPECTHOCTR @ RMeeM:

te
S@)=ZAG—a,

A 70, oTkysaa
1=,
23
A=A, +A i)+ ... +AGE— ...
©CTh 2HAIATHUECK2S (YNKIWA B OKPECTHOCTH TOUKH @, npHUEM
e(8)=A_, # 0. OG6patHo, ecan /(z)=‘?%, rre ¢ (2)
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“@HANUTUYHA B OKPECTHOCTA & M ¢ (2) % 0, TO @ ecTh MOAKC n-20
nopsixa ans f(Z) (n na3HBaETCA MOPRIKOM MOAKCA @, MOMOCH
KPATHOCTH 1 Ha3LBAIOTCA APOCIIB 41, NONIOCH KPATHOCTH, 2 — D80t~
KbLMI, TIONIOCH KPATHOCTH 3 — mpoiinsiM).

Us takoro swpaxenus ans f(2) cremyer, uro NpH Z—>a
umeeM f(2)—0o. Taxum o6pasoM, MpW CTPEMJEHUR HESABACH-
MOrO MEPEMEHHOrO 2 K MOAIOCY aHANMTHUECKOH (ynxuun Qynx-
uus crpemurca K Oeckoweunoctn. Jlerxo supers, 4ro eci a
€CTh M-KPaTHWH HYAb X8 f(2), TO @ GyAeT A-KpaTHHM MoK~

coM ana lz) » TaK KaK u8 pasencrBa f(2)=(z—a)*¢(2) [rné
¢ (2) ananuTMuECKAs B OKPECTHOCTW @, OTAHUHAR OT Hyad B a]
caenyer:

1 1 1

&)~ E—ar 9@

aHaUTUYECKaS B OKPECTHOCTH @ W OTAWUAETCH OT

Ecnn @ — cyuecrsenHo ocoGas Touxa, TO B o060 oxpecr
HOCTA @ Buavenusd ¢ynkumu f(2) Kax yroano 6Amsko MOAXOAAT
K mobomy Kommnexciomy umcny (reopema Coxouxoro), B camom
nene, ecn O B HEKOTOPOH OKDECTHOCTH TOUKW G WMend
[f(2)—A|>3, rre >0, 10 N%—A_ Ouna OH orpaHuueHa
B6/USH @ W, CIEROBaTENbHO, @ ABAAMaCh OW ycTpaHumoH ocoGol

1 1
TouKOH ANR WA osToMy m:\p(z), rae ¢ (2) ana-
NUTHYHA B OKPECTHOCTH @, HO TOTZa BOKPYr a nweeM f(2)==
=A+'—:,)—, OTKYZa Cnelyer, 4ro a Aeaserca anA f(2) am6o
ycTpanumolt  0co6oM Touxoft [ecnu ¢ (@) 7 0], an6o moawocoM
{ecnu ¢ (a)= 0], uro nporusopeunt ycnosuio,

Cnpasennupa Gonee rayGokas rteopema Flukapa, cornacHo Koropoft
® MOGOR OKPCCTHOCTH CYWECTBEHHO 0COGOA TOUKH AHATMTHYECKAR QyHK~
UMA He TOMbKO KaK yronHo 6au3ko MONXOAWT k FOGOMY KoMnaekcHomy
UKCAY, HO NIPHHMMACT BCE KOMIACKCHBle Snavetlns, Kpoe, GHTH MOXeT,
ontioro.

Ecnu 8 o6nactu D dynxuan f(2) MokeT umers B xauecrse
OCOGHX TOYEK TOMBKO MOMIOCH, TO f(Z) HADMBEETCR MepoMOpg-
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.
mod ® obracta D. Tlycts f(2) mepomoppua ® obaacta D &
@ —xaKas-Hu6yAb TOuKa 9TOH OBnacti. Torma B oOKpecTHOCTH
TOwR a umeeM:

J@=(—al9 ()
e2¢ 9(z) auanutnuwa B Oxkpecrnoctn a ® ¢ (@) # 0. Yncno n
masoven nopadxox dywxuwn f(2) 8 Touke a. Ecnn #2>0, T0
@ ecTh HyAb n-r0 nopaaka aas f(z); ecnn n=0, 10 f(2) ne
pasHa uymo B TouKe a; ecam n=—m<_0, To @ ecTb MonC
m-ro nopaaka ann f(2). Npu (menesnn)
@yHXUMR NOPAZKM WX B KAaXKAOH TOYKE CKAANWBAIOTCA (BHNK-
TawTCR).

Beckoneuno ynaxenHas TomKa

Ecam k R0GaBHTb OfKH
01 /IEMEHT,
TOAKOR 0O, TO NOAYUMM MOAHYIO NAOCKOCTH KOMAAGKCHOTO Nepe-
mesnoro, IMonuan 8 n3se-

CTHOM CMBICKE C0BA NOAOGHA cope-
pe. DTO MOKHO BHAETh C MOMOUILIO
crepeorpadmueckort npoexunn, [Tycrs
mueed cgepy (puc. 43), kacaomy-
0CE M70CKOCTH KOMAAEKCHOFO lie- 7 z
pexenoro 8 rouke O (loKHNH no-
awoc). Coenunns OTPesKoOM npamon
cesepunifl noatoc ¢ Toukoft 2z, 0Go-
3829uM yepes M TOUKY nepecedenun
orpeska ¢o cepo. Ecan kaﬂaouy KOMMAEKCHOMY 4uCAy Z

Puc. 43.

OTHECTH COOTBETCTBYMOULYI0 TOMKY M, TO MEKLY BCEMH KOM-
BEEKCHWMA unchamu u TOukamm M cpepw (kpowe cesepHoro
WOMC3) Gy ner y B3AHMHO

JioGasnsa uewﬁcrueunun BAEMEHT ©O W CTaBA €ro B COOTBET-
CTREE CEBEPHOMY NOMOCY, NOAYHMM B3aHMHO ORHOSHAWHOE COOT-
BeTCTBHE MEXAY TOUKAMH NOMHOW MAOCKOCTH KOMNAEKCHOrO nepe-
urtgro M TOMKaMH Chephl.

TOYKH H330BEM BHEI-
WOCTL KaKOro-HuGyah kpyra ¢ uewrtpom O (vem Goabue paamyc
STOFO KPYra, TEM €MEHbIUED oxpecmom TOUKH ©0).

Mycrs f(2) yRanen-
wol ToukR. Toraa Bue nel(o'loporo Kpyra c uewtpon O oma
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#306pasutcs psaom Jlopana

4o
1@=X4,-2" (3.53)

Jlornueckn " ApyT apyra y

s pann.xenvm (3.53) Her wuaeHoB € MOAOKHTEALHLIMA
noKasaTeasMi;

2) 8 pasnoxenun (3.53) €CTh AWlIL KOHEUHOE YUCAO UAEHOB
© DOZOKUTEALHWMH N0KA3ATENAMH;

3) 8 pasnoxenan (3.53) ectb GECKOHEUHO MHOTO HACHOB
€ MOROKHTEMLHWMA MOKASATEAAMH,

B oTux cayuanx CO Ha3wBAETCA COOTBETCTREHHO: 1) ycmpa-
HuMoll ocoboli mouxol; 2) noawcom; 3) cyuecmsenno ocoboi

mouxkoii. Tlopcranoska Z =7~ NPUBOANT USyueHue Pyukuan f(2)

B T TOUKH OO K M3y PyHkuan f(;) B OKpecr-
Hocre Toukn 0. ITo3ToMy B Caywae ycrpanumoit 0co60A TOUKH CO
dyukuas f(z) CTpEMHTCS K KOHEWHOMY Opefeny Npu Zz—> 0o
(noce  HapAEKaulero AOONpeAeneHHt (YHKUMA B OO (yHKUHIO
CAeAyeT CUATATH aNATMTAYECKON B OKPECTHOCTM ©O); B CAywae
nomoca 8 0O (yHKUAR f(z) CTPEMUTCA K OO Npn z — ©0; B CaYy-
4ae cymecTsenHo oco6od Toukn B 0o Pynkuus f(z) 8 moGoh
OKPECTHOCTH CO KaK YFOANO GAUSKO MOAXORUT K MOGOMY KOM-
TIAEKCHOMY udcay.
Ecan 8 okpecriocts 0o

f@= 2 A=t Ay
npnueM A_, 5 0, TO OO HaSWBAETCA HYAE M N-20 nopRIxa A% f(2).

§ 17. BbIYETBI
TlycTb @ —KOHeYHaR W30AMPOBAHHAA O0COGas TOUKA aHAMA-

THueckoR (ynkuan f(2); TOrAa B OKpeCTHOCTA TouKa a STa
yukupua usobpasurca panom Jlopana

f@)= J_E:A. (z—a)"
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LHEHT TpH (— 1) cTenewn R 9TOM pasnOxeHuu, T. €.

-, HASHIRACTCA 8HHeMOM (yuKuun f(2) OTHOCHTENBHO

TOWKH @, Buuer f(2) oTHocutensHo @ moxHO oGoana-
wiis 3HakoM Res f(2).

Ha Qopuy.;u (3.50) npu n=-—1 nannem:

A=y $r@as, (54
T

FXe |— AOCTaTOHO Manas OKDYKHOCTb C HMEHTPOM @.

OcHOBHA# TEOpema O BHYETAX

Ecin gywkuws f(2) auaHTHYHA RHYTpH SaMKHYTOrO KOHe
Typa C v Ha HeM, 32 HCK/IOYEHHEM KOHEYHOTO WHCA3 TOYeK

suytpe C, 0 @ f(2)dz pasen

WpOH3BENEHHIO 2%l Ha  CyMMy
BMNETOR OTHOCHTEABHO OCOGHIX
Touek f(2), nexawmnx suytpu C.

Mycrs ay, ag, ..., @p (puc.
44) —ocobwe TOuKH f(2), ne-
mase suyTps C, M 0y, Og, o
eeey Oy — BHUETH f(2) OTHOCH-
Teanso Hux. TIyets Ty, Yo oeen
= Ta—OKPYXHOCTH BOKDYT STHX
ToRex, nexawme BHYTpH C W
s#e apyr apyra. Torpa no teopeme Koww A CIOMHOFO KOH-
Typa 8 8 cuny Qopuyan (3.54) nomyunm:

,[(x)dz= $rardz+..+ § 1@ dz=2m1 1o
it im

Puc. 44,

10 B TPeGOBaNOCh NOKa3aTh,

Takum 06pa3oM, AAs BWYKCAEHMS HHTErpana RAOAbL 3aMKily-
WOr0 KOHTYpa C NOCTATONHO BHATh RHYETHl (JYHKUHM OTHOCH-
TemB0 0ocoOux Touek, nexauwx sHyrtpu C.
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BhUeTa P nomoca

Myers f (2)—::3, rae ¢ (2), §(2) awanaTAvHM B Opect-
HOCTR @ W TOYKA @ ecTb npocTof myns mas ¢ (z). Torma a
Gyner npocrtim nomocom nax f(z) lecan ¢(a) % 0] Hmeen
¢(?)=(z—a) {1 (2), rne ¢ () auwaruThuHa B OKPECTHOCTR a

% (@) 0. Torma B OKPECTHOCTH TONKA a (yHKUUK T’%)-
awanuTRUKA W
I =0+ B =+ Bz —af ..
caemosarentho, BOANSA TOYKA a
KIOR
T L T R N S

otkysa

Res /(2)= 7‘.)- (3.66)
Ho ¢@)=¥()+(GE—a)4i@@: ¥ (@=t(a); crenosa
TenbHO,
Resf()= -":;:’)- (3.55)
Mpunepst. ’

cos 2

cos 2
R:ldgz- R:- Wz W]t--- I

R sa =[5 ),

Buuernt
dynxunn

Tyers f(x)—u?ouopwan ynkuns, Torma norapapmmue
CKas MpOASBOAHAR (:) Gyner Takie MepoMopdHOH, npuuen
(2)

Hymd B momocs f(z) GyayT MPOCTHMA nOAOCAMH AnS 7(7-
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B camoM aene, HMeeM B OKPECTHOCTH TOUKH a:
J@)=(—a) ¢ (2

3 (2) ananutauna, ¢ (a) 3% 0;

F@=n@E—a"p@+(z—a)'¢ (2

ra_ n_,vae
@ z—a T em*

C (yunrusas BTOPOro

@pasoHl Y4aCTH B OKPECTHOCTH @),

n.

Taxkum 06pasoM, BhNET norapudMuuecKod NponssOUHO pa-
e NOPAAKY AaHHOM OyHKuuM 8 91off Touke, Ma sroro same-
Wwanus M M3 OCHOBHOH TeOpeMBl O BWYETaX BWTEKaeT (YuuThBas,
WTO MOPAAOK B HYAE 7-TO NOPAAKA PaseH 71, MOPANOK B MO~
a0Ce /M-r0 NOPAAKA PaseH — rz) CAEAyiOas TEOpeMa.

Teopema 0 norapundmuuecknx ssiuerax. Ecam f(2) mepo-
mophHa BHYTPH BAMKHYTOMO KOHTYpAa ® Ha Hem, npHueMm Ha
KOHTYPE HE HMMeeT HyAe#d m NOMOCOB, TO MHTErpan

ro
§f(=) dz

peseH npouaseneHuio 2xi Ha PaBHOCTb MEKAY YHCAOM Hyned
@ynkunn f(2), nexawnX eHytpH C (CuWTan Kawcabil nyab
CTOMLKO pa3, KaKOWa €ro KPAaTHOCTb), M YHC/AOM (OMOCOB
@yHkuna f(2), nexawmx suytph C  (CuMTas Kaxau# nomoc
€TONLKO Pas, KaKOBA €ro KPaTHOCTS).

Takam o6pason,

LI @ A0 I Y
2Mﬁm)dz_zv P, (3.56)

rae N—cymma xpatwoctet Hyned ¢yuxumn f(2), Aerauwx
suyTpn C; P ——cymMa KpaTHOCTe Nomocos OYHKumM f(2), ne-
maunx uwytpr C,

dopwyna (3.56) serko oGoGiutaercs. 3amerTam cnepsa, TO
ecam @ — npocrot nomoc At ¢ (2) n ¢(2) aHanuTHUHA B OKpe-
€THOCTR TOUKR &, TO

Reslp ()¢ ()| =¥ () Res ¢ @) @55
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B camom feae, B OKPECTHOCTH TONKH @ MMEEM:
=22,
rae §;(2) aHanuTUYHA B OKPECTHOCTH @,
p@9=1AEA; Resy(=u (o)
Res [p @YD) =2 @) ¥ @)

(3.55%)

Tlycrb f(2) YAOBAGTBOPAET OTMEUEHHBIM BHILE YCAOBUSM
@ (2) ~— KaKas-uuGyAb ananuTHYECKan QYHKUMA B 06AACTH, OFpa-
HhveHHoH KomTypoM C, ¥ ma mem. Tak K2k Kaxaas ocoGas
104Ka Jorapudy PyHKuuan
ecth MpoCTOH NOMOC, TO XAR BCAKOW TOMKA @, SsARIOLeHcs
uyaem nau nomocon f(z), mmeem:

Res[¢ ) F & =e@Res F =z @),

rae n—nopanok f(z) & touxe a. IlosToMy ua ocHoBHOH Teo-
peMbi O BWYETAX CAGAYET, YTO €cAu @y — Hyan f(z), nexamne
wHytpn C, mj, —Kpatiocth ux, b, — nomocht f(2), Aexamue
sHyTp4 C, M; — KPaTHOCTH HX, TO
! §qa(z)&dz=2m 9 (@) — Nnp(d)  (3.56)
HIL_ I g 7® (@) — Zu T (O 8
Tlpa p(z)=1 s1a dopmyaa obpautaercs & (3.56).

BuuncneHne BHYeTa OTHOCHTEABHO KPaTHOrO moxioca

Tycers a ecrb n-kpathui#t noaoc anx f(z). Toraa s okpect-
HOCIW TOUKH @ MMEEM

f@= (,__,,.+ A @
[rae @ (2) ananuTaiHa B OKpeCTHOCT4 TOUKY @, orciona

=) f(@)=A_y+...d+ A =)' (2—0a)" 9 (2)
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s TOWKM @,
&—1 pa3; nonydaem:
e —ay FE™ = (n — ) A+ lie — o p (2.

Ho 171 OCAEAHEro CAraeMOr0 TOUKA @ ABARETCR HYJEM, Tak
2K Ant (2 —a)" ¢ (2) TOUK2 @ ABANETCA HyAEM KDaTHOCTH He
mrxe n (pr Kaxa0M NHOGEPEHUMPOBAHMM KPATHOCTL Hyas
BOMUK2CTCA HA epMHHUY), CAEOBATeNLHO, B Mpenene mpa
2 —> 2 noayaum:

lim[(z—a)* f()] " =(n— 1) Ay,

dep ST0  paseHcTIO

A=ty fim [z —a) SN,
Takny 00pasoM, eciu @ ecTs n-kparuult momoc aaf f(z), To
Resf()= lim [z —a)" @I, (35D
Ws aroft opMyau npa #==1 Nerko MOAY«ATb MHBEAEHHYIO

panee dopuyay (3.55) AN BHUNCAEHRS BHYEra OTHOCHTENBHO
BPOCTOrO moaioca,

Npuxep.
(z — ) |n— li
"“'—T- e[S ]

-—I)_
(n—l)l ;-:[(:+’F N

lim ytnm+1 2 —2) _

N
(=)@t]... e _ 1 —2

I T S TR A

Mpunoxenne BHUETOR K BHUHCACHHIO HECOGCTBEHHHX
HHTErpanos

TMycrs f(2) — dyHxkuus, wmeowas shiwe AeHCTBATEMBHOH
OCH /Bllth KOHEUHOE HYHCAO OCOGHX TOueK 4, b, ..., k (puc. 45)
® He Melou@t OCOOHX Touek Ha AefictBurensnod och. Tlpu R,
AROCTAaTONHO GOMBUIOM, TOUKH @, B, ..., B OyayT Aexath sHyTPA
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Bepxmero moaykpyra pamayca R ¢ uenvpou 0. Vimeem (C o6o-
3HAYIET KOMTYp MOAyKpyra):

§f(zm=wIR;sf(z)+§=-fm+--.+r;e-f(=)r. @)
HO .

? fldz= «f feydst § fada,
_ A

TAe Y, BEPXHAA NOAYOKPYKHOCTs pamdyca R ¢ uenrpom 0.
Ecan npa z-> oo (8 sepxmel noaynaockocra) f(z) crpemarcak
c Hymo GucTpee, Yem T. €. ecnd

—"l
f@=22, e a(5—>0 npu

z—>00 (B BEpxHEH MOAYMAOCKOCTA),
10

Puc. 45.

Rli_m.’s f@dz=0.

=
B camoM nene, AR BCAKOrO e Hafiaerca takoe A >0, uro
npu |2|> A, y=0 (z=x-ly) meem |a(2)| <e. Torna

|§ o= § 0| <;
® o

* xR =re,

4TO M TPeGOBanOCh AOKASATb,
Caenosarenstio, k3 (3.58)) B mpenene npa R -0 no-
=

+ R
ayuan (nonnun S Kak lim ):
do  Row _h

+o
§ rrdr=2mtRes s+t Res S @) (3.58)

Wrak, ecan f(2) awandtauua B BepxHed MOAYNAOCKOCTB
y==0, 33 ACKNOUEHHEM KOHEUHOTO uACAAa 0COOBIX TOWEK, JAEKa-
WAX BMIE NeHCTBATENLHOH OCd, 4 ecnd npr 2 —>00 (B Bepx-
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)
=& roaymaockocrn) f(z) crpemnres K Hyao Gucrpee, ueM %,

—=
ko) 3 f(x)dxcywecrayer n pasen mponsseaeHmio 2wl Ha CyNMy

o
saeToB f(2) OTHOCHTENbHO OCOOHX TOWEK, AEKAWAX B BEPX-'
mefl NOAYNAOCKOCTH,

B uacthocTH, ecAM f(2) MMeeT B 0O HyAb KpaTHOCTH =2,
me aveeT 0COGHX TOYEK Ha AEHCTBUTEABHOH OCH M MMEET TOMbKO
EOHEYHOE 4UCA0 OCOGMX TOUeK Bhwe AeHcTBuTENbHOH OCh, TO
@opuyna (3.58) mpumenuma.

B uactHocrm, (3.58) npumenuma, ecau f(z) ects pamuo-
mmHat ApoOb, B KOTOpOH suaMenaten We mMeer JAeHcTau-
TeMBHUX KOPHe!l W CTeneHh SHAMEHAaTEAR NpEBHIIACT CTeNeHs
wacantes GOfee YeM Ha enuHuy.

+o
Npuxep 1. Haitta S J'dei_" Kopuu 3samenatenn cyte 11,
e
CaexoBarenbso,

) F (Bt S )=
2"[(#).-14-1 (4:'):-— I+I]

= ul[(%)‘_”, (4:‘),-—1+l|

—nu(E =) 5

+o
Npumep 2 Haitru S (T’%V' KopHu snamesatern cytb 1

IEPETHOCTH ), CAleNOBaTenbHo, ywTHBaR (3.57'), moayuaeM:

.
v dx
\ &r

A

(:'+ v

+3...Qn—3)
“‘i-ﬁ'lm_—zrlw—' 4Gy
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TMpunowenne ocrosxoli Teopemst Komu
K BHYUCHeHUI0 HecoGCTBeH HbiX udaTerpanos

He Ha  ofutux
B KauecTse [puMepa TaKOr0 Npunokedws materpansl dpeHens

3’ cos (%) dx; 3" sin(x?) dx.

Paccmorpum neayio dyakumo e'®, Ilo reopeme Kowu unre-
rpax [0 BCAKOMY CODAMAAEMOMY 3aMKHYTOMY KOATYPY OT STOR
GyHKuUu paBEH HYAIO; B VACTHOCIW, DABEA MYMIO WHTErpan

ro  KoHrypy cekropa AOB

4 (puc. 46). Caxenosarensno,
5 4='.:z=§+AS +§o= 0
/ \ okho A 4B
Hineen
7 pem———) §
d‘ ey = 5 ey,
Puc. 46. )

Komnnekcaoe napamerpuseckoe ypasuenue ayrn AB ects
1=Re", <9< %; €nepoBarensuo,

=

3 : )
; e"'dz=‘5 elRUYRele 47=1R)’ - Ruslndy 4§ Rvcos 20 + Wi,
‘]
OTKyza (yunrisas wepaseactso Sin0>> % 8 npu 00 <—§)
T o _thn
[}' dda| < RJ e-Rundgy <R 3 PRRRIPAR S
]

H nOsTOMY Sa"‘dz-»O npa R—>oo0.
Al .
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Kownnexcuoe napamerpuseckoe ypashewue orpeska OB
3

=l
z=petr 0<p<R;

€1210BATRABHO,
R
“e’"dz=¢‘5r"dp.
dn
orkyna [cuntan ussectnod dopmyny (4.10) raasw 1V]

il 1%
ga‘"dz—»:‘ 5 rdp="
ds

s , 4TO, B
éstdz=0
040
X npeaeay npu R -—» oo, noayumm:
+o — —
5 éﬂdx=§v=%1/;(1+t), (3.59)

BpRYEM TONYTHO YCT4HABAARAETCS CXOAUMOCTH STOFO HECOG-
CTBEHHOTO HHTErpana.
Orciona, K a, Hatinem:

=1Y5u-a @m

Orzenss neficrsmrensayio @ mumMyo uacra s (3.59), no-
ayuas:

te o _
§ cos(x')dx=b§ shn («ydx =1 1/;. (3.60)

orkyaa (. YEeTHOCTH "PabHEIX

i3

+o o
S l:os(x‘)dx=s sin(@dr= ) 5. @60
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§ 18. IPHHLHI APFYMEHTA

IMycts f(2) — mepomopduan ¢yHkmas B 06racT, Orpaun-
YemHON MPOCTHM BAMKHYTWM KOHTYPOM C, m Ha HeM, He WMeio-
was Hyxel & nomoco Ha C. Tak Kak

()
{Fgar=rasea,

ﬁi;%dmnnf(znc.

rle npaeas ¥acTs 0603HauaeT MNPHDalIEHAe, KOTOPOE mOAYuaeT
Lnf(2), xorna ToYKa 2 ONMECHBAET KOMTYp C B TIOMOKHTENb~
HoM HampasseHuu. Ho

Laf()=ln|f(2)| 4 LArg f(2)

n ln[f(:)l K8K HeNpepHaHas OXHOBHauHad (QYHKUMA, TmOCTE
obxona K CBOEMy mnep 'y 3

nosmuy
[Lnf(@lc=1[Arg f (2]
rﬁf (2) dz=—[Argf(z)]c.
C npyrof CTODOHM, 1O TEODEME O JOFapUGMUYECKHX BMUETaX
1 pr:
e ﬁ; 7(% dz=N—P,

rae N—uncao nyaet m P—vuacao Nomocos ¢ynkuuu f(2),
nexaupx sHyTpa C (¢ yvyerom wx Kparnocreft). Takam oGpa-

y npaBuno, nox
apzynenma.
Ecm f(2) B 0612CTH, Orp: npocTHM

SaMKHY1WM KOHTYpoM C, w Ha HeM B ecma f(z) He mMeer Ha
STOM KOHTYpe HyJeH  mOMIOCOB, TO PaBHOCTH MEXAY 4HCHOM
Hynael u YucAoM 10mOCOB (C yueToM HX KparnocreH) dyHk-
wm f(z), aexawmx suyrps C, DaBHA MOAHOMY uHCAY 06OpO-
708 BOKDYr HYAR, COBEpUIIEMWX BEKropow TouKH f(2), Koraa
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W3 z onucusaer KOHTYP C B NOMOKUTENLHOM HANpasie-
-, T. e

N—P=2L(Argf),. (3.61)

C noMOUI0 NPHHIMAA aPryMENTa MErko NOKASBAETCR

Teopema Pyme. Ecan f(2) n ¢(2) — aHannruyeckue ¢yHk-
=R g o6nacTH, orpal-lu-cem-lon Kourypow C, W Ha HeM H BO
33eX TOUKax KOHTypa BHnoAusercs Hepasencrso |f(2)|>
> 2@ 10 f()) u /(=)+v(z) umetor BHyTpH C OnUHAKO-
3¢ 4uCHOo HyaeH (CUTat KaKAWH HYAb CTOALKO Das, KaKoBa
€70 KDaTHOCTB).

noxasarenbuno. M3 ycnosas reopews Buamo, 4ro
f(2) n f(2)}-¢(2) He mmewor uyne# Ha C, W60 npa z Ha C
ueeumz)|>|¢<z>|>o If(2)+v(2)l\If(Z)I—Iw(z)l>°

e N — unCi0 Hyne#t dymcuny f(2), Aexauwmx suyTpr C,

X —wm:m Hyne#t ¢ynkumn f (z)+w(z), neXammx BRYTPH (.'.
Tlo npunuuny aprymenta ameem:

=5 A1 @) +v@lle= 5 (Mg (1+33) =
=5 1~u/(z)1c+y[mx(l+'§i})J =5 A=V,

ATHBAS, YTO [Axg(l +'(‘))Jc=o' n6o, Korma TouwKa 2z
oaicusaer C, Touka 1 -~ /((z) ONUCHEBACT NyTh, AeKauwH BHY-
TpM Kpyra panmyca 1 ¢ uewrpou 1
(puc. 47), Tak xak Ha C!%%I <1,
WIO R TPe6OBANOCH NOKA3ATH.

OrMeTuM  HekoTOpHE  CAEACTBUR
= Teopenn Pyuwe,

Tycrs f(2) — aHanuruyeckas dynk-
uas B o06Aacrh, orpanuueHHoM saM-
KHYTHM KOHTYpoM C, W Ha HeM, He
mieioman Hyaed ua C. Torma, ecau
Ju@ (=1, 2, 3, ..) asamrn- Puc. 47.
weckue ¢yukuun B o6aacTa, Orpand-
wemmoit Kourypom C, u Ha wem m f,(2)—> f(2) pasromepHO
ma C, TO npa n, NOCTATOYHO GOMBILOM, 4HCAO HyadeH (C yue-
ToM ux KparHocreH) ¢ywkuan f,(2) Buyrpw C pasno wMCAY
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HyneH (C ydetoM ux KparnocteH) pymxunun f(2) suyrpu C (reo-
peva I'ypsuna)
B cavom nede, ouesuno, m=mc1n|f(2)|>°, no £(2)

He uMeeT Hyae# wa C, TOSTOMy HaMperca Takoh woMep N, uro
npa n>>N u z wa C GyneM umets |f,(2)—f(2)|<m, no
TOrMa B pasiomenun f, (2)==f(2)-[f,(2)—f(2)] wonya
BTOPOrO CAaraeMOro mpaod 4acTW GYAET Memble MOAYAR
nepsoro A scex z Ha C, W, CAENOBaTeALHO, NO TEOPEME
Pywe uucno nyaed f,(2) suytpu C GydeT pasHo 4Yucay Ryned
f(2) muytpu C, uro u 1pcﬁosuocb LOKa3aTh,
TMycrs a 4UCa0.
bynxuun £(2) msunamcn nkne SHaueHud 2, AMA KOTOPHX
suavenne f(Z) passo a. Mhaue rosops, a-rouku ¢yrkuuu f(2)
cym Hyan ¢ymkumu f(z)—a. Tak Kak wya awaaurayeckod
bynKkuun, He pasuoR HY MO, T0
Q-TOYKH aHANUTHYCKOH yHKuMM, HE PaBHOM TOKRECTREHHO a,
usomposarst. osopAT eme, 4ro g@-rouka dymknuu f(2)
HMECT KPaTHOCTh 7, €CAM OHa €CTh A-KPATHWH HYMb AMRA
f@—a
Tlycts  f(Z) — nemocrofnHas aHaMurnueckan ynkuna
2p— n-xpatHan  g-Touka oTON yHkuun. Tax Kak g-TouKm
T0 Ha 'R Majoro panuyca
C ueHTpOM 2z ® mlyrpu Hee He OymeT MaXOnuTbCS APYTHX
a-rouex. Torna m=min|f(z)—a|>0. Ecm |b—a|m,

10 BHyTpH | Gyner MaxomaTSCA (c yteroM wx kpathocTed)
posio n b-rouek ¢yHxuua f(z). LeHcrauremno, f(z)—b==
={f(2)—al-a—b), npuses na 1 mucew |a—b|<| f(z)—d),
cenosarensko, no Teopeme Pymre yucAo myjen (C yueroM uX
KparxocTe) dyHKuMd f(2) — b BMYTpH Y COBNAnaeT C TaKOBHM
&M f(Z2)—a u, CnenOBaTeNLHO, PaBHO 1 (BHYTpH T ¢yHKUMI
f(2)—a umeer TOMKO ONMK HY b, Z, W €r0 KPATHOCTH
pasha n). 3awetaM eme, YTO ecAW, KpoMe TOro, Pamuyc p
OKPYKHOCTH |  nOCTaTOYHO Mad (uTo6u f'(2)340 mpa
0| z— 2| <p), T0 f(2) obpamaercs muyTpa Y PoBHO £ Pas
8 b u sce oTH b-TouKu — npocTee (ORHOKpAaTHHE).

Henocroaunas nnnuruuecuau dynknas  f(2) flepeRonuT
camoM  pede, ' ecan
f(z)=1wy, TO 8 cuny nmnensmmeumro ypasHenue f(2)=1w,
uMeeT BHYTPH KK yrOmHO Maoro Kpyra C UEHTPOM 2, pewe-
HAE, €CM TOALKO ) ROCTATOUHO GJIH3KO K Wp
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M3 nocaenuero 3ameuanus caenyer, uro ecan f(z)— meno-
CTOSHHAN aHaTATHYECKan ¢yHKUAR B HexkoTopoH o6ractd, TO
3 moGOM 6au30CTH K KakaoM TOuke 2z, 3TOR O6MacTé HaMuerca
TaKag TOUKa zy, 4TO | f(21)|>|f(2)|. Orciona smrexaer nmpun-
WEn MaKCUMYMQ MOOYAR: eChu f(2) HenpepeiBHa B OrpaHAueH-
BOH 3aMKHYTOM O6MaCTH W aHANWTHYHA BHYTPW STOM OBaacTd, TO
f(2)| AocTaraeT CBOEro HaHGOMBIErO SHAlEHHs Ha rpaHHLe
obnacry.

Ha Monyas BHITEKAET
Teopena: €CAM NOCAENOBATEABHOCTh (YHKuAK f, (2), HEPEPHBHBX
3 OrpaHa4enHol 3aMkuyToM OGMCTH M 2HANUTHYECKAX BHYTpH
9TOR 06AacTH, PaBHOMEPHO CXOMMTCR HA rpaHane o6JacTd, TO OHa
PABHOMEPHO CXOMMTCA Ha BCeH o6nacti, B camom Rene, Tak kax
CXONMMOCTS Ha [PaHUIE — PaBHOMEPHAS, TO 1A BCAKOrO € >0
Halinerca Taxolt womep N, uro npu n >N, p >0 Gyaem nmets
| farp () —Fn(2)| <& nna Beex z ma rpannue o6aacth, Ho Torna

iyMa MOpyAS 9TO
Ha BceM obaacté W, CienOBaTensHo, B cuay kpurepus Kowm
Jfa(2) na Bcelt o6aactu.

§ 18. IMPPEPEHUHPYEMBIE OTOSPAXEHUS

CootsercTeue, MO KOTOPOMY KakIOMy SJEMEHTY @ MHOXe-
C€TBa A OTHOCHTCA HEKOTODHH oneMeHT b mHOXecTBa B (npu-
pona A Gespa: )

Asm B. 3nement b, coor-
y a, obpasom a (torna a
Ra3WBAIOT MpPOOSpPa3OM SneMenta b).

o & B nauHok TouKe

Mu Gynem obaacta D
0 B 0 nepeMen-
noro. Takoe OTOGpaxenne MOKHO 3anucaTb (OPMYNOR W= (),
12 f(2)— KOMMIEKCHO3HAUHaA (yHKUHA KOMIMAEKCHOTO Mepe-
MeHHOro 2, onpeneaenHas B ofaactw D. Ero moxeo Takxe
sanmucars (opMyaamu

n=u(x, y),
P
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rae u(¥, y) # (X, ¥)— neCTBMTENsHAR W MHUMAR 4acCTH
Fx+b). @
a=u(x, )
npenenenne. O enue

omperereme._rssaweme{ 110 )
Ougbgpepengupyems s B RaHHOR TOUKe paccMaTpuBaeMolt o6aacTH,
ectu u (¥, y) u v(¥, y) nuddepenuupyemst B 9TOH TOUKE.

Takum 00pasoM, AngpepeHuupyeMocTs 0TOOpaKeHUs B TOUKE
(%, y) osHauaeT BO3MOKHOCTH NpEnCTaBAeHAR (0 MOAHOM nuc-
epenunane dynxknalt 18yx neHCTBATENLHHX NepeMeHHuX cM. § 6):

HasuRaeTC

Au=AAx 4 BAy ¢, (Ax, Ay) VAL 4y,
(3.62)
Av=CAx -+ DAy +e(Ax, Ay) VAZT 8175,
-0,
CAE & B & CTPEMATCA K HYJMO npa Ays>o " tne A, B,

C, D~—mnexoropue neHCTBUTENBHWE uMCAa (STH WYHCJA ORHO-
Ju
BHaYHO ONPEne]eHH, npuyeMm A=F£' B=07, C=d_x'
do.
D=3).
Tuddepennupyenoe B TouKe (X, y) oroSpaxenue nasmpaercs
HeswpoxcdaouuMER B STOH TOuKe, ecad con #0.

Jlemma. Ecau oro6pawenue, nuddpepeHudpyemoe 4 Hesupo-
xpaloleeck B Touke M, nepesomur Touky M B TouKy N, TO
TOUKH, ROCTAaTouHo Oawskue K M w orMuumsie or M, nepetayr
B TOUKH, oTAMuHME OT N,

Jlokasateasncrso. Ilpasuno Kpamepa nokasuisaer, 4to
ecau £, M onpenemus Kak dyHKu@u OT a, § HB AUHEHHOH CHCTEMH

At Bra=0,
Ci+Dy++p=0,

a0,
10 npH g0 Gynem umern £'~{4'—> 0, mosroMy HaMperca

12]<q,

Takoe wacao0 ¢ >0, yro Npn {[N <o BHIMOMHAETCA  Mepas
senctso &' <L
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BuGepen teneps 8 >0 1ak, urobu npa VY A AyF <38
BMIOAHANNCE HEPABEHCTBA
lal<o, |&]<o
‘I‘orn npa 0<V E‘-}-A;‘ < 8 qucna Aa Av onHOBpeMenH0

cayuae
YROBAETBOPANE O

- f= e
encreme

VAr+Ay' VAx‘+Ay-

AS B¢ =0, }
Ci+ Dn-eg=0,

lal| <o, |ea|<o, E4a'=1,
4TO MpOTHBOPEUHT ONPENNEHHIO ydCAa O.

Tycrs w=f(2) u He
xnaerca B touke z. Torna B cuny Jemmsl uaMercl Taxoe 3> 0,
uro npn 0<C|Az| <3 Gynem mwers |Aw |3 0. IMonowuu

be=rp (>0 y=ati |7l=0),
Aw=ph (>0 A=piv |M=1)
Ha (3.62) crenyer:

rae

pi=Ara-Brp +-re,,
py=CratDrf 4-rey, } 6.63)
rae
ey =c¢,(ra, rf),
a=rg;(ra, rf).

Bo3goas B KBampar M CKJanwBas, MOAYYHM:
o= r*[(Aa 4 B o) 4 (Cat DR )
— VO B F G D
Mycis {=E-in; |{]=1. Torna
Jim 2=V @B+ D =p@, (64
-
npuyen ’cwewmme £ « p® passonepuoe omocaremio L.
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A1y dy P ) or Kome
(JEKCHOrO qucna { ¢ eguHHYHMM uonyneu HasoBeM uHOm-
8

TOUKE 2.
Ilanee, ymHomas BTOpoe M3 pasexcrs (3.63) ma I m cxaa-
nHBaA C NEPBHM, NOMYUHM:

ph=r[(A4-iC)a(B+iD)P o1 +iesl.
Orciona, yuntsisas (3.64), nahnem:
1.mx_M~_§M_.qm (3.65)

70
J=C
npauem crpemaenne X xk g (0) — pasHOomepHoe otHOCHTEMbHO (.
31y wenpepusiyo dyHkumo ¢ () or KommaexcHoro uucaz
C eNMHWYHEIM MOMYJEM, BHaYeHHs KOTOPOH CYTb KOMIJIEKCHbE
YHCAA € EAMHUUHBIM MOLYJNeM, HasoBeMm unduxampucoll spause-
Hitli PacCMaTPUBAEMOro OTOGPaXEHHt B TOUKe 2.
Mycrs $—up obnacta D

o o B nepe-
MeHHoro, nepesonswee touky M B Touxy N. OGosHauum ue-
pes M, nepemexnyio Touxy o6aactu D, oramunywo or M, a
4epes N, Ty TOuKy, B KoTopyio nepexomut M, npn oroGpaxe-
Hud

Tlycrb m— enanpasnenue», Buxonsuee u toukn M. Bynem
rosoputh, uTO oToGpaxenne S mmeer B Touke M no «Hanpa-
BREHWIO> m Koduylienm uckadkenus

Macwmaba x, echn (puc. 48)

m,
I M M, NN,
~ HMeen /'W ->x
" (MM, m)—>0
Puc. 48. B uactHocT, ecam  dyHKums, ocy-

wecTeARoman oroSpaxeHne S, Hempe-
phiBHa B OKDECTHOCTH TOuKH M u ecau S umeeT B Touke
M no m MacwTa-
6a %, TO BCAKaA nyra, us M u
8 STOM TOuUKE Jayya m, Nepexoaur B ue;;tz,mpylo Ayry, BHXO-
s
anuylo u3 N, npuueM OTHOUIEHWE XOPA 77y CTPEMATCA K %,

KOrAZ AnmHa xopas MM, crpemutch K Hymo (puc. 49).
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Ecan S 7rakoso, uro npnm M,, nocratouno Gauskod k M,
'nnka N, ormmuna or Touku N, TO 6yneu TOBOPHTH, 410 OTO-

3

. wnnpn:mun n, suxodaiuiee us N, eum (puc. 50)

M > M, ~

TpR ~ ween (NN, n) > 0.
(MM,, m) >0

B uacTHocTH, €cAd (yHKnuA, OCYHeCTBAMIOMan OTOGpame-

mme S, HenpepuiBHa B OKDECTHOCTH ToukH M u ecau S nepesoamuT

<HanpaBAenne» /m, BHXOAAlleE W3 TOUKM M, B <Hanpasaenne» n,

A A

Puc. 49. Puc. 50.

N

saxozsuee H3 Toukd N, 10 (puc. 51) BeAkas nyra, BHXOLAUAR
= M u xacalomancA B STOH TOUKE JAyya m, NEPEXORUT B He-
KOTOpYI0 ayry, Buxonsuiyio W3 N B Kacaioutyiocd s sToH 10uke
aywa n.

Bhile uro ecam
u He BHp B Touxe M, T0 S uMeer
B TOuKe M o KaxaoMy
<HANPABAEHWIO» m TOJAO-

ns
=uTeabHuH  KOS(hHUAEHT ,J
mCKaKenus  MacwraGa  w
KAKAOE cHaNpaBAEHHEy /m, v

suxozsuee v M, nepeso-

RNICR B HEKO10poe <Ha- Puc. 51.

npasaeHne» n, Buxonauee

ws N. WMenHo, no «<nanpasaenuio m, o6pasyiomieMy ¢ neHcru-
Ien:a)ou oceio yrod a, uosWnueur ucn)kcmn Macwraba pnen
1%
ofpasyionee ¢ nencnmem.mn “ochi0 yron b onpeneanemst ua
pasencrsa €= g (e').
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Orobpamenne, kKondgopmuoe B nanno#t rouxe

Teopema, YroOu
B NaHHOM TOuKE OW6PI)KQI|PIC HMENO B S'I'Oﬂ TOYKE MOCTOAHHYIO

A=D, A=—D,
uTo0H B=—C "™ |\ B=cC.

HOokasareabctso. Ecau p(C)=const=p, 10
(A4 + B0)* - (G - Do) = p*=p* (17}

npn E'--7*==1. Yuuoxad o710 paseuctso Ha moGoe R=0
n nosaras X ==RE, Y==Rx, nonyuu toxuecrso

(AX - BYY 4 CX 4 DYP=p* (X V)

(A C' = ) XV 42 (ABCD) XY
(B D —pY) V=05

BCE B HOpMB
nomxuw  GuTh pamua  Mymo, orkyna AT4-C'=B'-DP,
AB4-CD=0 nan

A—B=D"—0C,
AB=—CD,
YMuOMas BTODOE DaBEHCTBO Ha 20 H CKAAAMBAas C [EPBHM,
noayunM: .
(A-FiBy=(D—iCY,
A+ iB=2(D—iC).

A=D, {A=—D'
CaenoBarensto,  HGO { B=—C, 6o B=C.
+ g
O6parno, nycrs { B=zc; ™R
(A& -+ By)'+ (Ct+ D) =
=(AEFC) -+ (Ch A = A" C*

a
” o=t
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CacaosatemsHo,
PQ=V A C=const=p,

«T0 # TPeGoBasoCh AOKA3aTh.
Ecm

T0
BRINKATPHCA BpalIeHWR umMeeT BHA AL nm r'4 (% mocroauno;
& =1). O6paTHO, eca WHAMKATPHCA BpauleHuH Mmeer sum AL
S (R T

B camom nene, ecmu p(5)==const=p, T0 1O npeamaymel

muueeu{‘ —c, " mosTony
AHI0)t + (B4 D) 1= (A=+1C)t -+ (F C = tA) =
=(A+10)E £y
cxeaonatensuo, ¢ () =4 wm g)=4#L, rne k=‘4‘;'c,
@ =1. Obparno, ecaw qL)=kC um g(O)=4l, e
& =coast =k, - ik, TO, CPaBHHBan NEHCTBATENBHEIE W MHHMbIC
ACTd B PABEHCTBE

(A4 0)E++(B+1D) n=p () (ks -t (£ 1)

- KaK

Y
cuctemy §, 9 (xorop:
- B Hy), uTo ee
pamen syao. 210 3uasar, 4o F{p (L)]=0, rae
A—kp Bl
FO=|c—sp Dxmtp|
® YaKEN 06pasOM SHAaYeHHAMA HenpepuBHOH pyukumn p (T) MoryT

@uTe Anwe KODHW NOAWHOMa BTOpOH Crenewn F(p); caenosa-
om0, p (%) TOKAECTBEHHO PaBHO OAHOMY H3 THX KOpDHeR.
"

® xR0 TOUKE OTOGDaXEHHE Ha3LIBACTCR KOWPOPMHNM B Mlau-
w88 FOWE, eCAu B STOH TOUKE WHIMKATPHCA DPaCTAKEHWH No-

cvomm3 (312 ncxa-
Semmg Macumaba B naHNOK TouKe).
B oy 0

SOmgOpNmOro B AAHHOH TouKe OTOGpaWeHus AuGO wMeeT BuA AL
t=na 1-ro poaa B pac-




192 AHAZHTHYECKHE OYRKWAR [ra. m

cMaTpuBaeMOR Touke), AuGO uMeeT mun AC (Torma oroGpawenue
Ha3HBACTC KOHPOPMHBIM 2-T0 pOZa B paccMaTpuBaeMoH TOUKe).

Of Ha P cMbicae TOHATHH.
Myers orobpaxenne w= f(z), KondopmHoe B Touke M, Nepe-
BoaAT Touky M B Touky N. Torma (yuaTeiBad, 4TO fpexenbHbift
nepexox B (3.64) pasnomepen oTnocuteasho () %‘I —~p npu
My—>M (puc. 52), rae p— Kos(pullienT MCKaKEeHAs Macuira-
Ga B_Touke M.

TMycrs my w  my— Kakue-HAGYAb cHANPaBACHAS>, BHXOLS-
e u3 M nox yraamu a, 4 ag K AeHicTBaresnol ocn. MM cootser-

cTByIOT noH By us N nox uexoro-
Ny n
“ ’ m, i
/ "
N
H % "
Puc. 52. Pac. 53.

pums yraaMa by n by X xeicreateabrolt och, B cayuae g ()=
= kL nosyuaem (nonaras k==

s == ¢t (o4ay),

(b)) — gllag-ay)
nostomy (npu Hapsexaniem shibope by)
by—by=ay—~a

am (pac. 53)
~ ~
(g, 1) = (21, ms).

Dro noKkasHBsaeT, 4To MpU KOH(POpMHOM oOTOOpaKenuu 1-ro
poja Yrau MeXAY <HanpaBEHWSMA> COXDAHTIOT BEAMUAHY @
opuetaumo, B cayuze g(C)=4C nonyusu (nosaras k= e’y

eh=f e-a),
0 — gite-a,)
) o gt (o0,
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sesToMy (npm Majaexawem suGope by)
bl - bl =a,—ay
m (puc. 54)
~ ~
(m, ng) = (mg, m,).

- uTo npa 2-ro popa
S4 MEKLY AHANDIBACHASMH> COXDANAIOT nwnu-muy, HO MenwioT

P
‘ ]
¢l
>/ .
/ / —
» N " Z N
Puc. 54. Puc. 55.

mweuraumo, Haxomeu (yuatusas, uro npejessuuii nepexom
1 3.65) pasuomepen oTHocmiemsHo (), uaxomud, uto (pHC, 55)

(NN NNy > £ 5

My—> M,

My~ M, ° ]
we
~
(MM, MMy) — ¢

MBePEWMl  3HAK — QAR KOH- ” I

@opemoco  oroGpaxenus 1-ro

PEm3, MK HAH — 149 KOHGOPM~ Pac. 56.
-.uwpuenm 2-ro pona).

ecm f(z) uenp B

om W M, T0 B cayuvae |<ou¢opmuoro oto6paxetia 1-ro poua
@0 pora) B Touke M ase nyrd, onxoasmme w3 M (puc. 56)
& mepeceKaowmect B 9TOH TOUKE N0 YrAOM @, NEPEXOAST B Ane
Na B STOH TOUKe NOA
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Bamerum Teneph, 4TO YCAOBHS

A=D, A=-—D,
B=—c " | 8=cC

asasioTcs ycaonuaMu Kown — PrMana cootBerCTsenno ana f(2)
— +D, .

r f(2) n ut0 NpA B=FcC yCnoBHE HEBMPOMAEHHA OTO-

Gpaxenns COCTOHT B TOM, uTo6ut A # C onHOBPeMeHHO he opa-
anucy B Hyab, TK Kak

A B AF¥C
c D =|C:0_~A|=:(A’+m
TlosTomy na TeopeNu ® y B § 6 ueno-
CpeNCTHeIHO whiTeKaeT
Teopema. Ilan Toro urofm OroGpamenne w==f(2) Guao
xonpopunm  1-ro pona (2-r0 poAa) ® Aauuol Touxe, HEOGX0-
ZmMo u nocrarouso, utooh f(2)(F(2)) Guna mmgdpepenunpyema
B STOW TOuKe W WMena & HeW NPOHABOAWYIO, OT/HUHYIO OF HYAS,
Tlycrs f(2) Audpepesunpyema s RaHHOD TOuke 2 W B STOH
Touke f(2)£ 0, T0rna orobpakenne w==f () GyAer kondopM-
HBIM 1-rO pofia B TOYKE 2, MpHYEM

p=V TFC=|A+iC|=|f D}

L*'_"Z__fl's)_=a~uu._

Taxm O0pasoM BHIABAAIOTCH:

1) reomerpryeckul CMHCA MOAYAS NPOHS-
soanoM

Ecan & Raunoh touxe f'(2) # 0, 10 | f(2)] ects chm-
UMEHT B STOM TOUKE =f(z)

2) reomeTpHueCku#l CMWCA apryMenTta nponn-
BopuoN:

Ecan 8 nawnoh touxe S (z)#o. To Arg f'(2) ects yroa,
Ha KOTODM#A P
3 9TOH TOUKHM NpR omﬁpwenuu m_ f(2).
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B 1-ro pona Gyaem
TPCCTO Ha3bBaTh KOH(POPMHBIM.

fpuvewanue. Ecnu paccuatpmsare oToSpawenne w = f(z)
otz D noswolt NMIOCKOCTH KOMNAEKCHOTO NCPCMEHHORO B NOSHYID
z TOYKY Zo B TONKY W,
= XaHHoe patiee Touke 2,
TrPHeT CubiCA, CCTM XOTA GH O1NA M3 TOYEK Zo, Wo eCTh co. Ecan zy
LIEEUHO, Wy ==00, TO w=f(2)

® towme 2z, Korma OtoSpanenue W=7y MoubopuO B TOuKE ze.
@)
Ecm zp=w0, 10 w=f(2)

® TOSKe z,, KOrfla OTOGPaNKEHUE W =f 1 xoupopuko B To4ke 0. [oabe
z pul

‘srace orofpaxenuem w=—[ » MOXHO FOBODHTb O €HAIIPABACHAAX>, BHIXO=

RN @3 TOUKH z == 0O NPH NOMOUM COOTBETCTBYIOUIMX CHATIPaBieHAH?,
SMEDIAUAX 43 TONKA W=0, 3NETHM e, YTO C NONOWLIO CTepeorpathii-
wecxoRt npoekunn (cM. § 16) Touky co MOXHO CReraTh PaBHONPABHOR
€ BOWESHHIMR TONKANH,

§ 0. KOH®OPMHBIE OTOBPAXXEHHSI OBJIACTEH

O6mue samedanusi 0 NeficTRRAX HAX OTOGpaWeHHAMH

Myere S — oroBpaxenwe muokecTsa A B MuOXecTso B,
T — orobpaienne Muoxectsa B B muoxecrso C (mpupona sse-
mEWTOB BCEX ITHX MHOXecTB Gespasnuuna). Torza mpoussede-
ame TS oroOpawenvit S u T onpeneasetca Kak Takoe 0ToOpa-
mewme xHOXECTBA A B MHOKECTBO C, KOTOPOE ABASIETCA Pesyab-
TWOW NOCAe10BaTENLHOTO Buinoanenad S u 7. D10 3unavut, wro
(TS)(a)=T[S(a)] ana ncaxoro a us A. Ilpousnenenue orobpa-
el 067a13€T COMETATENBHEIM CBOMCTBOM

U(TS)=(UT)S.

Ecam S —Bsanmno A
s mmoxecTno B (910 3HauWT, 4TO KaXAwil 9/emeHT u3 B umeer
pamu0 0X8H 1PoOGPas B A), TO MOXHO roBOPTb 06 O0pamno.%
emafipamenas S~' MHOKecTBa B Ha MHOXECTBO A (eC/TM KaXIOMy
saememyy @3 B orHECTH ero npoo6pas B A).

Boam Ka410My 2M€MEHTY M3 A OTHECTH STOT He nemeHT,
™ saryw E Ama

™~
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ce6n, Ouesumno, S™'S=E. Auasorauno, SS'=E (snect
E — toxnecrsennoe otobpamenne B ha ce6s).
Ecan S u S — 83aumHo omnosnayusie oro6paxenus A Ha B,

T — B3auMHO OI03K2'I0e oToOpakenne B a C, To u3 TS=T$,
caenyer S=3;. B camon nene, nocnenosarensHo HaXoHMM:

T(TS)=T"(TS)),

(T'NS=(T"'NS,

ES=ES,,
§=8§.

Ananorauno us TS=TS naitnen T=T,.

Onnonucrane GyHKUMM

Pyuxnms f(2), B poll o6 aacrH,
& Ha

B 06AaC1b
ollpeneneHs), eCAH PasHHM TOYKAM STOrO MHOXeC1Ba OTBewaloT
pasHple SHaYeHHA YNKuAA.

MepoMopdisast (B 4aCTHOCTH, aHanuTHiecKan) dyukuas f(2)
B obnacra D 0, &8 D, ecan
ona ynusanentva wa D.

Ecan MepomopgHas dynkuns f(2) oanonuctia B obaacta D,
10 B Kaxaod Peryaapnod 1ouke STOH 06AaCTH NPOMBBOAHAR
orauuna or Hyas. B camom nene, ecan B nwexoropoft Touke Zy
J(Zz)=a, }'(2)==0, 10 Z, GyRer a-TouKOM KPATHOCTH Bhiue
11epBOH, 2 TOrAa B CAAY OAKOTO 43 CAEACTBMH U3 Teopemu Pywe
(cu. § 18) npu b, Mocratouno Gauskax K a, f(z) Goaee oamo-
10 Pasa NPnHUMAET Sawenue b, 410 MPOTHBOPEYAT YHUBAAEHT-
nocra.

OnnoaucTHas dynkuus f(z) B o6nacth D MOoKeT uMerb we
60/ee OZHOFO MOAIOCZ, HPUYEM S10F HOMOC MOXET OHTb TOALKO
npocrem, B camoM nede, ecan 2o — nosmoc a5 f(2), 10 2y — Hy AL

ans 7:7' a TaK Kak 7%)— TOKEe ONHONMCTHZ, TO 1O NOKasaH-
HOMY 2o — MPOCTOA Wyab st

l—:}y W, CJAEAOHATeAbHO, POCTOR
nomoc ans J(2).
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Beskas  ananuTnyeckan Qynxuus f(2) OMHOAMCTHZ B XOCTa-
TOAHO Malof OKPECTHOCTH KaXAoH TOMKH, B KOTODOH NpOH3BOA=
Ri? OTAHYHA OT HYAA.

B cavom gene, nycTs f’(2,) 7 0, TorAa ecu Gul HU B KaKOH
@KPRCTHOCTH 2o f(2) He GHAZ OAHOAMCTHA, TO HAWAHCH Obi Takue
WOCICIOBATENLHOCTH TONEK a, H b, HTO 8,—> 2o by—> 2,
&, = by, f(a,)=/f(b,). MMycTs TOrAa 71— OKPYKHOCTb € HeH-
T;0M 2, M DajluycoM p, TAe p TaKkoso, 4TO f(2) 3£ f(Z) npn
0| z—zo|=<<p. Ouesamno, f(2)—f(2) nmeeT euyrpn 7
TOTBKO OAHH HYJb (C YYETOM KDAaTHOCTH) W HE uMEeT HyJaeH
= 3. Ho /(z)—/(n,,)-»/(z)—/(zo) paBHOMEpIO Ha Y, Che-
20eaTennHo, — fo TeopeMe ['ypouna — npu 7, MOCTATOMHO GOAb-
wow, f(2)—/(a.) uuee‘r BHYTDH | 10ke JHllb ONHH HYAb
12 yuerou MH , u6o mpu
2OCTATOMHO GOALIIOM 71 s'ra q)ym(um HMEET BHYTDH T HYMH @,
= b,

chan pynxuus B MOCTaTOYHO
WAI0R OKPECTHOCTH KaKAO0ro TNpoCTOro momioca. B camow xene,
ecm z,— nPOCTOH nomoc Aast f(z), TO 2y — NPOCTON HyAb Nas

o ﬁ L] OoKpe-
TH TONKW Zg, CAENOBATEAbHO, f(Z) OMHOMMCTHA B STOH e
@PECTHOCTH,

1. Eemn f(2) B noAnol
¥ 7(2) ecTs pauHOHanbHAA (yHKuMA,

B cavou nene, nycts 2y, ..., Z,— nomocs f(2) (ukcao mx
= W, KOHeuHO, CPEAH HHX MOKET OWTh co). Bhiuntas us f(2)
€YWMy rA2BHHX dacTeR f(2) B HOMOCAX 2y, ..., Z,, mOAydAM
GTEAIO, BHATTHIECKYIO B MOTHON nmc«ocm, HO TaKOBas B CAMy

1y ABASETCH 0, f(2)
yanma cy sue HOCTORHHOR @ CBOMX n:anuux sacted 8 nomocax

Tann oopmu, S (z) paunonamua

B noa-
SCA TIOCKOCTH, ro f(z) eth nnnamm :pymmuﬂ (1. e. Bu1a
-—t

T

B cawom nene, f(z) Moker mMeTh ue Gonee OJHOTO MOMOCA
® TBOSOR MOKET GuTh Aumb NPOCTHIM. Kak MW Bugenn B fpe-
maxpmew 3aueyanud, f(2z) pasna CywMé MOCTOSHHOM @ T1ABHBIX
«acae® f(z) 8 ee nomocax; B
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cayuae f(z) Mower aumb Ewers BMA ¢ (ecan ectn

Koueuwill nomoc a), ¢--kz (ecam oo ects nomoc). Cayuah
OTCYTCTBAA MNOAIOCOB HE MOXET NPEeACTaBATHCH, HGO B STOM
cayuae f(z) Gnaa Gl MOCTOAHHOK.

Wrak, f(2) aunedua. 3ameraM, yro swauenusm [(2) Gyayt
BCE TOUKW MOAHOH MAOCKOCTH.

METWM emle OMH (DAKT, OTHOCAMAMCH K OMMOAMCTHBIM
LOZIUUEN Euu /(z) ONHOAMCTHA B OGAACTH, MOAYYEHHOH B~
TOYeK, He MMelomero
npenensuolt mxu BuyTpM D, To fOCAe WARMENAULErO LoOMpe-
Aefends B TOUKAX 3TOrO f(2) cTaner
8 obaacre D.

TOUKH Y y

M30/HPOB2HHBIMH OCOGHMA A AR f(2). YunThisan oauoauCTHOCTD f(2)
u Teopeny COXOUKOFO, AETKO 3aMETHTh, YTO 9té OCOOHE TOYKM
ue m:ryt Gbith Cy 0COGHIMH, B HBX f(2)

N o6pasom
uon 8 D. Ecnm bl OHa B ABYX TOUKAX D NPUHHMANA OLHHAKOBOE
3Hauedue a, T0 B MOGOM GAMSOCTM KK 91WM TOYKAM OHA MpPHHE-
Mana Obl MoOble, NOCFaTOMHO GAMSKME K 2 BHaYeHHs, 4TO Mfpo-
f(2) B ee nep M obnactu

D!
onpeaeneHns.

Koudopmnoe oroGpamenne obaacti ua 061acTs

(o] Baanmuo w=f(2)
obaactu D wa oﬁnacn A, Kom;:opuuoe B Kawnodl Touke obaa-
cr D, # obracra D

Ha o6aactb A (peub uaer o6 odnacrnx Ha fOAHON MIOCKOCTH).

Bcsikas MepoMopgHas (B 4acTHOCTH, aHAAWTHUECKAR) OMHO-
Aucruas ywukuds f(2) B obnacta D naer wondopmuoe oroGpa-
wenne w==f(z) o6ract D Ha coOTBETCTBYlomY0 eH 06AaCTb
snavennit pynkumn f(2).

Dro cAenyeT W3 TOTO, YTO MPOM3BOAHAS OAHOANCTHOM hyHK<
UMH B K2KnOH PEryaspHON TOYKE OTAUYHA OT HYJS (W BOBMOK-
Hulfl no/ioC — NPOCTON), U U8 Toro, Yro OTOGPaNEHHE KOHDOPMHO
B TOUKE, CAM BLNOAHAMOWAR OTOOPAKEHHE (BYHKUMA HMEET B
9TOH TOWKE OLAHYNYIO OT Hyast MDOMSBOAHYIO (WA HpOCTOM
nomoc).
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Jar npakTHyeckoro
fazivedt noaeswa

Teopema. Ecan f(2) 8 ofaacts, OFp:
TCOCTHM SaMKHYTHM KOHTYpoM C, u Ha HeMm a ecas f(2) yuu-
vaeuTHa Ha C, TO w=/f(z) GyneT KouopMuuiM oToOpaxe-
ukex obaacts, Orp: MPOCTHM yTiiM KOHTYpom C,
#2 06A2cTb, OFPaHMYEHHYIO NPOCTHM 3aMKHyThM KowTypom I,
1:TOpuRt onuceBaeT TOuKa f(2), Korla TOuKa z onucusaer C.

Jokasateasctso. Ilycws a—rouka Buyrpn (sue) I
T npuHumMny apryMeHTa YHC/O KopueH ypasHenas f(2) —a==0,
2cxauax muyTpn C, pasHo

o A [ —al}c,

a 570 unca0 (3 reomeTpuieckux coobpaxenu#t) paswo =1 (0)
70 nokaswBaer, uro BHYTPu C j(2) NpHHUMAET POBHO OZMH
3 KakiOe sHauewme, Jewamee wHYTpr T, § He mnpaHmMaet
saavennlt, aexamwx sue I'. Tak Kak MHOXecTBO sHaueHuhl f(2),
42613 z MPUHAMAET BCEBOBMOXHLE B8HAYeHHs mHyTpu C, — OT-
1wT0€, TO 3HauennaMa f(z) e MOryT OBITh TOUKA uou'rypa I‘
1450 B cayuae Toukd sue I

1(2), uto Wrak, xoraa z ||p06enel
1ce Toukm, JeXaulme BHYTPH KoHTypa C, f(2) no onHOMY pasy
3p00eraeT nce TOYKH, Aexaue BHYTPH Kowrypa I, uto m Tpe-
€0Ba80Ch 110K23aTh.

Jlunefiusie npeoGpasosanns

Jlaneitneie NPeoGpasosaH i

aztb, |a b
w=2ts e 4|¢° (3.66)
SREUOTCS  eAMHCTBEHULIMH KOH(OPMHLIMA OTOOPaKelHsMA NoJ-
L] Ha NOaHylo T obpar-
mOe ammeHHOMY, TaKKE AuHEHHO, NpOMSBENenve JnHEHHHx mpe-
ofipasoeanifl TaKKe ABAAETCA AuHeHHLM MpeoOpasosanuen. Beskoe
ammefinoe (3.66) Marph-

b
Wl KOMOJEKCHHX 4dcen (c d) € OTAWYHEIM OT HYAR OMpefeNd-
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TEABM,.OpHaEs METDRIS

PSR ‘

a

¢ d c, d
TOMLKO TOrAA o0 AuHetioe mp Korna
Hx Ecau L

'a b " —c¢ 4
( d)'“ ¢ ( o)

npeo6pasosaune (3.66) naswpaeTca nenwm, ecau ¢ =0, APOGHHM
ecan ¢ % 0.

3ameram, uTO eCAM o=az—|-b=a(z—|--s-), rae a#0,
TO W MOKMO MOMYUHTh, WCXOA M3 2, TaK:i Z=2z--;
w=az,.

3amerum, 41O ecan

az+b__

a be—ad
w= = , Me ¢#0,
cz+d - ¢ "(""T‘)

TO W MOKHO MONYYHTH, WCKOAS W3 2, TaK:

d
=z £ =

n4-%.

Hs orux 3amevannh ulenyer. 4TO BCAKO® mumeHHoe npeoGpa-
30BaHAE MOKHO npeobpa-
30BaHMK YACTHHX BANOB

w=z-a w=az(a%0); w=-£-,

Fite 3aMeTdM, uTO €CAM 4McA0 a 7% 0 npeacTaBuTh B roKasa-
TeNbHOR opme a=Re'Y; 0o w=az Mox®O NONYUHTh, HCXOAA

us 2, rac: 2, =e¢'7z; w= Rz, Haxouen, m='; MOKHO NOAY~

4HTb, UCXOAR 3 Z, TaK: x.=%. w=2z,
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Ha ckasaunoro caenyer, 4ro scAkoe JaMpedHoe npeoBpaso-
EP2 MOKHO B Kax-
2 M3 KOTOPHIX OTHOCHTCH K OAHOMY W3 NATH BHAOR!

®w=z+4q w=e'z; w=Rz w=-;-; w=3 (3.66)

e -8 4ncao, 1 wAcao,
3—nono)«urenmoe uncno. At npeoﬁpasonarmu MOFyT GOnrb
Tecenncann Tak (moJaras z—x-l—ly. w=u-}-iv):

{u=x+z. {u=xcos1—ysln1,

v=y+B v=xsinq4ycosy
{ 4=Rx, (3.66")
v=Ry;
noso-

. M

JomoM, nodobuen, unsepcuell, cusmempuel.
Oxpy:KHOCTAMA (B WMPOKOM CMMWCAE) HA MOAHOA MAOCKOCTA

fw3eM HadWBaThb OKPYKHOCTH W mnpamme. Yepes kawasie Tpm

JaLMUHBE TOUKW MOMHON npoxoant

AHOCTH (B WHPOKON CMBICAE).

Teopema. Beskoe amnefinoe npeoGpasoBanie NEpesoanT Kax-
XYW OKPYKHOCTL (B WHPOKOM CMHCIE) B HEKOTOPYIO OKPYXKHOCTH
% WWDPOKOM CMbCZE).

JdokasateancTno. Tak Kak BesKoe JuneHoe mpeoGpa-
Mgsamme p23/araeTCA B Mpomsbeenne Npeodpasonanu, OTHOCH-
WEECS K )IOMAHYTHM DWWE M9TA BAMaM, TO 10CTAaTONHO MOKa-
MW, TO (PEOGPasOBaHNs ITHX MS11A DMAOB MEPEBOAAT OKPYX-
uCTH (B WHPOKOM CMMCIE) B OKPYKHOCTH (B WIHPOKOM CMBCJE).
e overn1HO MU NIAPANNEILHOMO MEPendca, NoBopoTa, MoxoGas,
cmmerpan, OCTaeTCA MPOBEPUTL 9TO AN WHBEPCHH. Ypaouenue
mol-mGy b OKPYKHOCTR (B WIMPOKOM CMWCAE) "MOKIO SanuCaTh
. e

A4y 4 Bx+Cy+D=0
&A B, C, D— nelictsureashnie 4ucaa; npn A 7 0 — 910 OKpyx-
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HOCTb, Npn A ==0— 3710 npamasn). U3 cooTHOWeHMHA

u

r=rte

y=gtw
w0t

(npeoGpasosanue, oOpaTHOE MHBEPCHH, €CTh TOXKe MHBEPCHs) walt-
neM, 4To 06pas 3TOM OKPYKHOCTA (B WIMPOKOM CMBICE) MMEeT
ypanHenne

D'+ v+ Bu+Co4A=0

B, CHENOBAaTENLHO, TOKE ABASETCR OKPYMKHOCTBIO (B UIHPOKOM
CMBIC/IE), 4TO B TPEGOBANOCH AOKA3ATh,

Besikoe auettioe nMeer
AuGo omHy, aM6O ABe HENOABM*KHME TOYKM (T. e, TOuKH, nepe-
xonfuwe B ce6s).

B camon nene, B cayyae npoGHOrO auiielHoro upeoGpasona-
Hua w=::1: €ro 1NOMOC W TOUKA OO HE ABAAOTCA HENOABAX-
HWMH TOUKAMH, 3 OTAMYHAR OT HUX mnu Gyner HemoasaxHof,
€CAN YNOBAETBOPAET YPasHEHUIo Z == 1’: (xnagpaThoe ypasHe-

WiHE); B CAyuae UEMOro AAHEHHOTO npeoGpasoeanks w=—az--b
TOYKa ©O SABJSETCS HEMOABWXHOW TOUKOM, 2 KOHEuHas TouKa

Gyner ecan z=az+b
(ypasnenue CTerenn He BHE UEPROH).
Takus 06pason, nunelHoe

B 00OMX C€yuasx mMeeT w60 oMY, NGO XBE HENOABMKHBIE
TOUKA,

Teopema. Ecim 2y, 2;, 23— Kakue-HWGynbh TPH pasiuuHbie
TOUKM NOMOM NJOCKOCTA W Wy, W;, W - TOKE KaKHe-HAOYNb
TPA pasamuHuEe TOYKA NOMHOM MJOCKOCTA, TO CYWECTBYET enH-
CTBEHHOE /uHEHHoe npeolpasORanme, mepesosfuiee 2y, Zp 23
COOTBETCTREHHO B @), Ws, Ws

JlokasaTeabcTso Criepsa saveTuM, 4TO He CyulecTByer

LuM, z,
2, 2 COOTRETCTBEHHO B W), Wy, Wy TAK KaK B MPOTABHOM
caydsae ML 6ua0 OB HETOMAECTBEHHHM JMHEMHLM 1peos-
Pas0sanueN C TPENR HENOJBHKHBIMU TOUKAMM Z), 23, Z3, 4TO HEBO3-
MOKHO,




[ RN KOH®OPMHHE OTOBPAXEHHR OBJACTEH 203

HenocpencTnenno nposepsiercs, uTo JaHeHnoe npeoGpasosa-
o Ly gy 2, TRE
23 —2 2—2

Hh—n z—2zn

1 €CAH 2y, 23, 23 KOHEUHH

Bt ecan 2y = oo,
z— 1,
—aaa@=3) ,_ i (3.67)
S ecam 23 = oo,
ecan 23 =00,
2y, 23 2 B 0, co, 1. Otciona cre-

272, uT0 Ly} wy, wls,, 25, 2 OyaeT aumelnum npeoGpasosanmes,
REDOBOIMUUAM 2y, 23, Z; COOTBEICTBEHHO B Wy, W;, Ws, 4TO U
T2c6082/10CH 10Ka3aTh,

[loHsiTHe CAMMETPMH OTHOCHTENBIIO MPAMOH XOPOLIO H3DECTHO.
Bac 1o Teneph NOHATHE CHMMETPHH OTHOCHTENbHO OKDYKHOCTH.

Onpeneaenne. Ilycts C— oxpywxuocTs ¢ uentpom O n
3a14ycoM R. Toukoll, cummempudron Kakoh-wuGyns Touke P
LTaxuTeabHO OKpYuHOCTH C, HaswmsaeTcd Touka P*, o6najao-
s ceoficTeamm: 1) P w P* nexar 1a ONHOM ;yue, BHXONRwEM
s meutpa okpyxuocra C; 2) OP . OP* =R*

Ecan P cosnapaer ¢ uentpom oxpyxuoctu C, 10 nonaraiot
20, # ofpatio. Ecan P* cummerpuuma P, 1o P cummer-
powa P*,

Besma. Ecou P n P* — TOUKH
@spyanocTiH (B WHPOKOM cMbicae) C, TO BCAKaS OKPYXKHOCTH
&  BWPOKOM CMHCJE), MPOXORAWAR
wepes P 4 P*, oproronansisa C. O6par-
BB, BCEKaA OKPYWKHOCTh (B WIMpOKOM
cmacae), npoxonsiuasi uepes P u op-
wwromaswuas C, NPOXOAWT uepes P¥,

JdokaszaTenscrao. Hycrs
pec.  57) I'— okpy®HOCTb, 1po-
mmwmas uepes P u P*, n OM— Puc. 57,
sacasemnas K I', nposenendan us
eempa O okpywnocta C. Tlo usmectHodt TeopeMe oiemelr-
‘wapuoll reoxeTprd OM* = OF - OP*, Lo OP - OP* = R’, otkyna
G =R. Creaosatensio, rouka M snexar ua C u I’ oproro-
mam C
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Tycts (cm. puc. 57) Teneps I' — oxpykuocTs, npoxomsimas
uepes P n op C, M — Touka nep Cul,
P* —propag rouka nepecevenus I' ¢ npamoii OP. Torna Oll
Gyner kacaremHolt K I' u, caenosateabuo, R* = OM* = OP.OP*,
OTKyna Caepyer, 4T P* ecrb TouKa, CUMMETPMuHas P OTHO-
cuteantio C. Teopema cTauosHTCA TpuBMaibuoh, eciu au6o C,
an6o I ecT npamas, 4ro W TPeGOBaNOCH NOKasaTb.

Caencteue. llycrs Toukn P W P* caMMeTpuuHb OTHOCH-
TENLIO OKPYKHOCTH (B WhpoKoM cMicae) C; Toukn Q u (*
CHMMETDPUUHB OYHOCATENLHO OKPYKHOCTH (B WMPOKOM cMbicae) I
Torna mmnennoe npeoSpasosanue, nepesonsutee C B ' u Touky P
8 TouKy Q, nepesener rouky P* B Touky QY.

B camom nene, s Culy KOHCEpPBATH3Ma yrion OKPYKHOCTH

(B WHMPOKOM cMHCaE), uepes P m opror ,
NleperyY B OKPYXHOCTH (B IHIMPOKOM CMWCAE), NpoXonsule
wepes Q u op T, TOuKa

D
u#d nepsbix P* fiepedner B TOuKy mepeceuenus Brophx Q*.
IoaowuM 1A BCAKAX /IBYX PasHWIX TOMEK a,

1—a
£=3 ccan o, B xoneun,

toro={ L e, o,

3
£—a, ccm fmoo

Ouesnaro L, 6ynel oMM ua AHHEHHBIX npeoGpasosani, liepesonss
wrx

ﬂoa‘:nmm mn: nn BCAKOTO K (oraumoro or 0 u co)
Ly @) =Kz, (369

Oucsunto Ly ecTs anneliHoe npeoGpasosanie ¢ HCONBHMKHKIMH TOU-
xamu 0 % 0o, B 06PaTHO, BCAKOE AMHCAHOE upcoﬂkmuune € HOIONBHK~
IhME TOuKaMU O W 0o ecth Ly npH Hekot (9T BHAHO W3 Bhpa-

mnml Loy ooy 4, FI€ Y OTaHuHO OT O u m} Caenosateanno, BCAKOE MAHCH-

y Ou CARHANH Y10
mqpymmtn. 8 ce6s, LOMKHO UMETL -un LK (60 0O, Kak CHMMETpHuHaN
¢ touKol 0 P . wpne
uel. nueuwm, (Kl=1.

Annefioe elIHny-
WAL OKp B CCOw, UEHTP W Aeftcisne

JCABIUH ULH, CCIL JOMACCTBRHIOE HPLuGPasuBanHE,
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3ameuanne. Beakoe auHoRnoe npeoGpazosanme ¢ ABYMA HEMONBIk-
#w¥H TOYKAMH «, fi MOWCNO 3anHCaTh B Bude

=Lllklag. (3.70)

“¥ K oranuso ot 0 u co, O6patno, BeAKoe npcnﬁpamum (3.70) ectn
amefitoe NPCOGPa3BalNIE C CMOABHKHWME TouKami 0 1

B cavom geae, ccam L MMCeT HCRONBIKHMWC xolnm @ u B,
s L, L Gync\' Auncitup  1pcoGpasobalAed €  HETIOMBHMHLMA
~wmamt 0, 0o, ClEORATEAbIO LyLLyh =Ly, OTKyma yMHoMCHHeM
ixed HA Lu ,, H yMHOXCHACM CupaBa ha L, g MOIywM Hckomoe pa-
oractso (;

Oéparno, Lol Lgl, o npn scsxoM K, otawunom or 0 u co, Gyger
mmmeilitiM peoGpasorannem € HEMONBIDKILMH rwaun o 8

Jdam Kawqoro
I IBVNA HCHONBHECHEMI Toukamn K £ 1 w onpene.mlo ¢ TouHoCTbIO
» 3awcsbl oOpaTHHM 4HCAOM (¥60 [IpH [lepecTalionKe HENONBHMEHX

Imex K 3amennerca wa o).

amiefinoe ¢ mayMa
own TOURAMH P00 , ecan K
ecm |KI=1, lupalmx CaYHaAX.
amuehinoe c onno#

. Na3WBACTCH NGPAGOAULECKUN
Teopema. [lycrs D — oana 3 AByx obaactell, na KoTophe OKpyw-
@xT (B WHPOKOM CMHCAC) C ICAHT UOZHYIO 1IOCKOCTh, P — Touxa
8 D, m— cHaUPIBACHHE), BHXOIRMECC 43 P; nycTo A — olHa M3 1ByX
w6aCTel, 13 KOTOpHC OKPVKHOCTL (B IMpoKoM cMwicie) T feanr
-‘r)n |_|l_aockocu, Q—rmouka B A, n—(uanxnemu, BhXOAAILEE
= o
wepesoanuiee obacts [) B obaacth A, Tousky P B Touky Q, <uanpar-
Srmme> m B <HINPABICHIC) .
Jdoxasatenncrso, Ciuepa 3aMeTHw, 9TO BHYTPCHHOCTh WA
SEEEAOCTb OKPYNHOCTH MOWHO aHueHshM 1peoBpasoBanues nepesecTd
(138 sTOr0 BIATH AWHCHIOE
peofpazonalic, HICPEBOIALIEE TPH pasHbe Toukn okp;lltlmtﬂl B KakiC-
amSy3b TpH PAaHWC TOUKN, M3 KOTOPHX OJIA CO). 3aMETHM Cule, HTO
l‘tmu caywae, koraa C n T, yuoMMHdCMHe B Teopeme, ARMSIOTCA
Hafimercn  mimefitioe npcoﬁpamunuo nepesonsiuee D B A
), W60 ACTKO MOMYuHTh AumeHHoe NpeoGpasosaude L, cocTapiel-
- o qmlleulm, 11apanneablioro nepeHoca M NonoGua, nepesosamee I
® EIYIIOCKOCTS Touky P B Touky i, W auatoruwmoe M,
g-omea 3 Houynnockocts ¥ >0 u Tuuky Q B TOuKY i, @ Torna
'L pepescner D BAMP B

Mocze stix  3aMetaunit nepduen K N0Ka3aTenbCTBY TEOpeMH.
Rvers L, (M,) ~ munetisoe |Ipf06 asoBanyie, nepesonamee D (A) B ue-
wleepyY® noayiiockocte /)y (4,) ono nepe-omn Touky P(Q) n ena-

» m () 8 Hexoropue touxy Py (Q)) # (uzllp.lnueuuc» m, (ny).
m’—lnuenm upeoﬁpuonuue, 1epeBOAAIleE  BHY TPCHHOCTS
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Kpyra B CTb & OHO NepeRefier Tou-
Ky O B HekoTopyio touky R, Ilycre Ly (Ms) — ausiefinoe npeoSpaso-
Banme, nepesolautce D, (4;) B 3 u P, (¢ B R ono mepepener
«Hanpanzerues my(m,), Bhixodamee u3 Py (Qi), B HCKOTC <nanpas-
aemue> my (ng), Buxommuce w3 R. [lpecbpasonamie Lly=N-‘Lsl,
(My==N"'MyM,) ncpesonst D(A) Bo BHYTPCHHOCTb  EAWHHUHOMO
Kpyra, P(Q) B €ro uentp, <Hanpasiennes m (1) B HEKOTOpoC Hanpasne-
nue my (ng), BEXORAWCe U3 uentpa. [lycrs T — Bpamenue, iepesoaaice
<HANpABACHWE> My B <HANpabienHe» ny, Torma S = M;'TL, Gymer
HCKOMBM NuHefliiiM  RpeoGpazosanics, nepesofsuum D 8 A, P8 Q,
m 8 n. OCTaeTcA lloKasaTh, 4T0 HC CYWICCTBYeT ABYX Takx npeobpa-
aosamall S ¥ Si. llycre N — aunciinoe 30BaHUE, flepCBOAAmEE
BHYTPEHHOCTb EMHUuHOrO Kpyra B D, €ro newrp B P, cHanpapaenher
neficteurenbhofi ocu & chanpasnenuc> m. Torma N™'SySN nepesosnr
BHYTDCHHOCTb CIMHAYHOO KPyra B Ce6R, COXAHAET WEATp W Hanpasie-
Hue Aeficreuresbioll OCH, CleNOBATENbHO, GyAET TOMNECTBEHHbM Mpe-
o6pasosannen E. Ho ws NIS;ISN=E (ymnowaew caesa na N, cnpasa
wa N-' u, nakoneu, cacsz Ha S,) makizem, 4ro S=3,.

Ecn HOe L nepesonur mp{.m-
HocTh (8 wmpokom cuucne) C B OKpy®HOCTL (8 utpokom cmucae) I'
Touky @, He nesamyl wa C, B Touky B, To

L=Llyl g

opa manaesawmem Bubope K, rae a* (B¥) —rouka, cummerpausas a ()
otocurenso C (T).

B camom nene, Lw.LL A4 coxpamser Touku 0 ¥ O, crenoBatenvo,
umeer sua Ly, Us Lu.u. =Ly ymnowetien cnesa na Lgky # ymno-
eHuem cnpasa Ha L,,. Modyuilm WCKomoe Bupawenue 1A L.

B uacThoctw, eci T ects egunmunan okpywwocts # =0, to
P00 HO Ly ¢ ECTH
B paccuatpusaeMom cayuae L=LyL,. nph Hegoropom K. 3amernm,
uTO Torja NpH NpoHssolbioM K 9To MpeoGpasosamie nepesefer a & 0
# C B nekoropyo okpysnocts ¢ uenrpom 0. [lodromy Rocratouso

4T00H 2, ma B TouKy C ean~
HHann Moflynem. Taxum o6pasow, oSmuit BUA scex Annefinnx npeoGpa-
308l p: n Touky @, e

sl B
aexamylo wa C, B 0, ecto
= . = !
b=t 1K= 7T
rae 2, — kakas-ubyms Gukcupopannan touka Ha C. Wwaue rosops,
ofuHil BAL TAKWX NPEOGPAIOBAHHI eCTH
Loan (2)

v=ATLw

s e [Ki=1 @M

IMpuxep 1. Haiirs

Aneting
TepesuaAlMe eXHHHNIRYIO OKPY¥HOCTb B ce6d W

e
Touxy @ B 0.
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3aech a* =l. CAenoBaTenbRO, HCKOMuE ANBefiHue NpeoGpasoBaBuA
7

foayn

w=l(;,—__‘l. e [K|=1 @72

0 ecama = re’?, o —;v=% ele u oo B3ATH 2, =e'f),
Mpamep 2. Hatira Bce mumefune npeoSpasosamus, NepeBofAuye
b B # TouKy a B
3aech a¥==3&, ClefoBATeTbHO, HCKOMmE aMHefiHME NMpeoGpa3oBamAR
2rn

w=K5i=Z, e [Kl=1 @73

®opmyaupoBka Teopembl Pumana — Kapateonops. Beukan
“LwABA3HAA 06JacCThb H2 Moavofl NAOCKOCTH, Kpome nogHOW MiocKoCTH
4 23aHOH nmAoCKOCTH € BHKONOTON TouKOW, MOMET GMTH Kon(opMiO 0TO-
£XaeHa Ha BHYTPCHHOCTb EIWHWIHOTO Kpyra.

Jd0X33aTeabCTBO 3TOH TEOPeMw 3/ech He MPABONATCA. M3 Teopewn
“wana — Kapareonopn caemiyer, uto BCAKHe N8 ONHOCBA3HWC 00da-
< D u A, oTimuHwe OT noailol MAOCKOCTM K NOAHOW nAOCKOCTA
<€ BMEOAOTOR ToMKOHl, MOrYT GOuTo KOHDODMHO oToOpawtess ONHA Ha
xpsrvw. B camom neae, ecan S u T — KoutopMBue oroGpawenia D u
2 'Ba BHYTPEHHOCTh eNlsHHumOro KPyra, To 1S Gyner kondopmunm
ewbpaxeivem O va A, Bonpoc 0 TOM, HACKOILKO MHOFOOGDaSHH

e oToGpaenwa D na A, merxo pewaerca, ecan GymeT

JRemma Ilisapna. Ecau f(2) suyTpu eaunmirioro Kpyra asasutHuna,
= moxymo e npeswiwaer | i uMeer 1iyln B Touke O, o | f(2) <<z |
som 3 <, npuuem mabo |f(2)| <|z] nmpu O0<|2|<], aubo
JW =k, tie k noctosnko u |k|=L

dokasateancrso, Tak kak f(0)=0, 1o [7(9 anaanfhuna
<t o e, e 0<r <1 meeen [Z | <] cne

OSaTesHLHD, NO MPHHLANY MAKCHMYMA MOIYAS l@ls% npn|z|=<<r.
Bepezox « npeneny npu r— | nokaswsaer, uro npn | 2] <1 mmeem
YTl"' Ecan B nexotopoft touke zo | L ¢ 1,10!5—’)=mm=l:,

3
&ae, owesunno, | k| << 1. B npotusHoM cayyae (a TaKue B Gpennly ey
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caydse, KOrRa |k |<1) umeenm 'L“—) <1 npu |z| <l Texum ofpa-
BOM, 1Mo f(2)=kz, rae |k’-l. -uﬁv If@<izl npn O0<lz[<]1,
uro E 'rpcﬁmnnu JOKasaTh,
aencTs
Kpyra Ha Mﬁﬂ, coxpanmoutee To4ky O 0 mnpnunme nenumrenwnﬂ
OCH, ecTb TOXZecTBeHHoe flpeoGpa3osaniie.
10M nnc, ecan W= f(z) cCTh Takoe KondopwHoe oroBpaxce-
(z) ynomsersopmer ycfloBusM ncMMu  Illsapua, nmon
|f(z)1< z| lvpu Iz} <I. Ho obparnoe omﬁpameﬁuc I—y(w)
acTeOpAeT ycnokuaM aemmui [lsapna, nosromy w
]wl<| Tloaaras 3nech w = f (z), moayuum ix|<|f(z)| npH z|<l.
Cpaunelme NONYUEHHEX HEPABCHCTA 1IOK3hIBACT, (2)|=|z2]
zi<l Cnuou-renbuo, o acumc [Lsapda If(z)
1/:;:1 Vanthisas,
HAXOUM Iz—- 1w, rm:nonnren»uo, flay==z
Va3 reopemn Pumaua — Kapareonopu  mpeamnymero crencrsus
u3 aemmui llIBapua urexact
TeopeMa. [lycr, /) (A) — onwocesauan 063acTh, mxn‘mn oT moa-

rne

HOi MNOCKOCTH W DomHoli MAOCKOCTI C BLWKOTOTOH TOUKOM, ('_
Towa 8 D(A), m(n)— canpasachnes, Buxolmmee u3 P(Q). Torna
cymecTayer D wa A, nepe-

BOAAee TOUKY P B Touky Q 1l <Hanpasaewiic> m 8 «mnpnuume; n.
oxuanuscno Tlyery S (T) — xoudopattoe  oTOGPAN LHU
obnactn D (A) wa BNYTPCHHOCTH EMMHHYHOrO KPyra, cvmecnymee
cuny Teopems Phmaa — Kapareonop. Torma todka P(Q) u
<uaupaBacHues m (n) DepeliayT IpH STOM B HeKoTopylo Touky Py (0-)

" »ekompoe <Hanpasacitnes m, (m,).

L — nuncitnoe
oxpym.acn B cebs, TouKy Py B 1ouky Q,, enalipapicuuc> m, B cna-
npasaesnes n,. Torna T-ILS 6ymer ncmuun KoHbopMuLM  oToBpaNc-
wHew D 1a A, nepesoxautM Touky P B Towky Q n enanpamacHies m
B -unnp!ultllum n. Ocraercs HokasaTb cnnncuclmocm TaKoro oto-
Gpaxennn,

Nycrs S (T)— xoupopmuoe orobpaxenne D (A) Ha BuyTpenHocTh
EIMHHUHOIO KpYra, Nepesojsiuee IOuKY P(O) 8 u'my O, «nanpasae-
uues m(n) 8
oropaxcein S (T) uonszm) Ecan rencpy U —uakoc«mﬁymy uouﬂoy-
oe otoGpaxenuc ) wa A, ‘nepesofawee P 8 O u m B
GyZeT KOH(POPMHHM amopamuneu BHYTPEHHOCTH cmmmmo Kpyra
Ha cebd, CoxpaHsowuM Touky O W HAn) ll:leum ReficTBHTENLHOR OCH.
Mo caencramio n3 newmbi |lsapua 7‘U =L (tommectsennoe tpe-

U= emnicTeed-

nocrb U,

3ameuaune. Ecrn oBnacta /) ¥ 3 orpammuci OKDyXIOCTAMH
(B WwHpUKOM cMmCaE), TO BeaKoe KoHopMloe orofpawcHhue D ua
GyZer anueRHuM.

caMoM neme, nycTs S —KoMdopMHoe ortoGpawenwe D ma A,

Kakas-unGyxe touka M oGnacTi D 1l BuxoNifuiee H3 Hee <Hanpamac-
NHe> M NEPCARYT B HEKoTOPY IO Touky N ofaacTu A 1l emxolauiee H3
Hee cygupasrenies n. Ho i shiean, uTo cyulccrayer mmmednoc mpe-
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ofpazoaIN lefopoexakls,ncpeuonmDlAM-Nu-u,
2 13K KaK TaKoe =L

TeopeMu 0 rpam upu KOH-
@opmuoM oToOpawennu. LciH @ =f(2) ¢cTb KOHPOPMHOE OToGpame-
wee ofaacth [), ofpannuennoft [IPOCTHIM 3AMKHYTHIM KOHTY) C, na
o’natn A, OCPAMMUCHIYI0 UPOCTHM IaMKHYTHM Kourypom T, To dhyk-
=AD f(2) MOMMO TaK noonpeaemuTs B TOuKax Kontypa C, 410 f(2)
<raver |wn6pepumoh gynkumuet B 33auknyToft ofaacTi, orpaunvexuol
xuvypom C, M cOOTBETCTRAE W= f(Z) OKAXKETCA B3AUMHO ONLHOINAUABIM
A3 yToit  06aactH, olp: xoutypom C, wa
JIMKHSTYIO 0GAACTL, OrPARHYCHH)IO KOHTYPOM 1.

10Ka3aTCALCTEO 3TOM T TeopeMu  Snech uE upnuomucu Takum oOpn-
3 M, BCAKOE obnat TIPOCTHM
un:nym- Koutypom C, ua ofiact, orpa]luuenuyv) HPOCTHM KOMTY-
pou T e3am

-zx.\y ToURAMA CaMx. kontypos C u T.



THABA IV
0 HEKOTOPBIX CIEUMAJILHBIX ®YHKUHSIX

§ 1. TAMMA-GYHKUUS

Tamma-pynkuus, wan SHAEpoB wuTerpan 2-ro poaa, ompe-
nensercs (nAA TOMOKWTENbHHX SHAYEHMH HE3ABACHMOrO mepe-
MeHHoro §) (opmynot

+o

1‘(;):}~ ede (500 @

Viuterpan B npaBoft uacTA ARIAETCA HECOGCTBEHHMWM NP BEPXHEM
npeneae n, KpoMe TOro, B Caydae §<< | HeCOGCTBEHHWM NpN HEMHEM
npepese. CxonwMocTh #uuTerpasa (4.1) npu ecex s> 0 oGecneuexa,
T4K KaK NPH X — - 0O MOKa3aTembHas (QYRKUMA e* pacTer GucTpee
MO6OR CTenewHOA GYMKIMH ¥ TaK KaK HHTErpal C HHXHWUM NpefeloM
0 or x™* npn e <1 cxomurca.

pMy Ras
(neppan ocwobuan (opmyna)

ViHierpuposaHue no 4acTaM maer:
+o

re+ l)=§ e de=
R |:°°+ s-:rsn;a-'r* dx=sT (s).

Taknu oBpason, nonydaem qopuyny npubeneuns
T(s+1)=sl(s) (>0). *.2)



§ 1) TAMMA-®Y HKUNS 211

OTCIOA2 S3KTIOUIEM, YTO
rE=(—DTE—D=(—1)(—2)T(—2=...
n Boobue
TE=(—1DE=2...6=H =k *<s) (¢3)
a TOrAa MPA HATYPaaLHOM 1
T(a41)=n(r—1)...2-17Q);

HO
e oo
r(1)=5 e“dx:—e“"o =1,
CeN0BATEMBHO,
P(r4-1)=1.2:3...n=nl “.49
Popuyna np “4.2) 3HaueHns
$; aas  mo6oro S uepes ee SHa-

wenns Yanu s, newauwero mexay 0 u 1.
Bropoe Bupawenne ramma-yHKunn
Denas moxctamosky X =1 noayuum:
4o +oo
re)= § e~¥x*t dx——:?ls e dt
nan, samenss ¢ Ha X,
+o
T@E) =2\ e*x¥"dx  (s>0), (4.8)
OTKyna, B 4aCTHOCTH,

I‘(%)=23we‘*'dx.

Hue Gyner mokasawo, 4ro I‘(—;-)=ﬁ (em. crp. 213),
0TKyzna ¢ noMomslo (4.3) Hahnem naa MoGOro HATyPambLHOrO n:

et B (r—t)(r= ) dr(2)=
Loy o o
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Bera-dynxuus

Bera-pynxuns, v sitacpos uHrerpaa l-ro posa, onpenwlercu (man
:mwemm » q) (bopuyaoft

B(p, 9 =§ XL (L —x)9 dx (p>0,9>0). @“n

JT0T WHTETpan ABIAETCA HECOGCTREHWWM NDU HHMHEM npesere
8 carue p<<! H necobCTBeMWHM NpH BepXHEM npeseac 8 cayuae
<
! Jlenan noacTamosKy X ==COS®p, MOAYWAM BTOPOE BHIPAWEHHE AR
Bera-Gyuxunn:

2
B q)=2ds cosigsint-tody  (p>0,¢>0.  (48)

Bera-pyHKuna MoxceT OuwTb ACTKO Bupawena uepes I-pynkumo
PORERCTION, Gopy s Ipr@
B =11 “49
JleficTanTeabHO, NEPEMHOKAA PaBeHCTBA
+o +o
rp=2 5 e 0= I‘(q)=25 P yN=t gy

W UEPEXONA B WOAYYAKUICMCA ABOMHOM WHTErPase X NOAADUBIM KOOD=
awaTam

x=reosq, [9(x ¥ _ ]

y=rsing, |0(r, ¢

noayusm (puc. 58 u 59):
T @) =4 SS;-"-Y'x"-‘y"-'udy=
()
=4SSe"'r”+”"cm”"ydn""'drdqa
=

+® 7T
=2 5 PN =) gy 5:u'l"qsm’r"dq-r(p+q)ll(p.q\,

OTKyAa h BuTexacs gopmya (1.9).
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s ovguynu (49) sBuamo, uto Gera-pymKuMa  CHMMETpHuMAZ
B(p, 9)=B(a, p).
B cayuae UAaTYPaabHHX m, n 3 (4.9) U (4.4) caexyer:
Bl = GO
. 3ateM 8 cuny (4.8)

Ho 10 (4.9)

Puc. 58, Puc. 59.

KoTopoe 0 HCnoabsosano mpu BuwBofle opmyas (4.6). Tak xak us
(4.5), KaK yxe oTMeuaiochb, CACHYeT, 4TO

1 e -
)= 4 dx,
T ( 2) 2 } e s
TO ULCIOAR MAXOMMM:

o
5 = VT;‘ (4.10)

WIR (ywiTBas wernocTs Gyukumu e~ )

.
S e de=Yr @)
S
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Wurerpaa, Ol;ynﬂpynm-n 8 gopuysax (4.10) mmn (4.10°), sasmsaerca
llmvl‘o‘ aycce.

— a0 NOJOKHTENbHOE, N — HATypasbhoe, TO K3 (49),
(4.4). (4.3) HaXOmMM:

B(p ) T(HI(m_ I(pi2..(a—1) _ _12..(a—1)
P =T lpFm ~G+n—1.pT(p) ~p@+D-Fn—1"
llenas & popmyse (4.7) RoacTanOBKY

¥y

x=—

T4y

(H MemAa 3aTeM y Ha X), NOAYURM TPeTbe Bupamenne A48 GeTa-GyHKURHS

e
n(p,q)=5“—xwdx (p>0,¢>0, @I1)

otkyaa

dx  0<s<l) @11y

B(s, l—.)-s l-r-x

MaK, ywursisan (4.9),

+P e
r(;)r(n-s)=§ freds  0<s<i (12

Bowacaenne nnmezpara § dx, e 0<s <1l

flycrs cnepsa s — PauHOHAZbHOE UHCIO BHAR %, TAE n— YeTHOE,
m — nevernoe, m <n. Tloncranoska x =3z mact:

m

o et HE gmn 0

5mdx=5[+x dx=n 5']7-?“=7 T“'d'
o

Vicnoav3ys NPaBHIO BHINKCAGHHA HeCOOCTBEHHHX WHTEFpanos C LOMOWLLI
Bhteron (cM. 1a. 1, § 17), Hoaywns:

‘+’,4¢—w“_‘ne:|+‘.,,
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rae @— DOAOCH PAUNOHaIbHOM ApoGH

il

T+2"
JCKALIHE B BEDXHER NOAYNAOCKOCTH, T. €. nopun ypmmmn 14 22=0,
MMeIoMe NOAOKHTEAbHN KoIdHUHenT npH /.

N Ak, @kt D
V=T yet=e *® e *® *’=0,1,...,n—1).
Vs omux n saavemul I/—T posomuressaud kospument upw i
WMeT 3Havenws, coorsercrsyouwe k=0, I,..., -g-—l. Caenosa-
TeAbHO, BCE SHAYEHHA @ CYTb
@i n

C noMOWSI NpaBHIZ BHWICAEHHA BMUETA OTHOCHTEIBHO mPOCTOFO
00110Ca HEXOMING:

Takum oGpasom, HmeeM npH s=l (mcnosbsys B npouecce npeoGpa-
30BAHHR
CHHYCA Wepe3 NOKa3aTesbHylo QYHKuHIO 1O dopuyse Shnpl)e

4o
x‘" n
TrE =.§-S ﬁ—-dt_uls‘ksl_‘_‘”ndza"'a

Fm-a_ l——,‘"—“(n-»

=

F-1
I @sns
e &

- 7
m=m_ g€

1 F“'_"'

=
Toem ~Zpem
e? —e 5

= 3 =
‘:m—ul '—;(- m_ T

("+l)~<~' " llll—{n-—-m) . .
EP— wm = Vanws o
o an -”»(n—m) sin I
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e

n, caenosateabho, |y|=1. Ho sesaa uacro named uenoukw pasencrs
1 KO3bRUHEHT OpH Y NonoXHTeabHs, nosromy 7==1. Takum obpasom,

AnceM opH .=~:— pasencTso

L3

I
x5
‘5 TF% et

10 1€8aR W NDABaA YACTH STOTO PABEHCTRA CYTh HenpepwmHwe QyHKUMN
or 5 #a watepaase 0 <8 <<| (Mu He ocraHasausaemcs 3mecs Ha

CHOBAMHW HENDEPLBHOCTH 1€BOK 4aCTH), a Tak Kak Kawnoe NefcTBH-
TebHoe WACIO STOTO WHTEPBATa MOKHO OPEXCTaBHTH K3K OPCAen

podent maza -, rae
n— YerHoe, IBEHCTBO NOKa-

, m ', I KOTOPHX pas
sano, T0 B Openese uadem COpaBeLIHBOCTH €ro JuiA BCex 8, 0 <8 <I.
Irak,

il x5t T
md‘-m—“ o<s<l) (4.13)
Bropas ¢ ang
W8 (4.12) u (4.13) waxomum:
IPEOr(—s)=—- 0s<n. (4.14)

sin =g

dopmyna (4.14) nosBOANET NHPABHTL BHAUEHHE raMMa-(YHKLHA
aas s, nexamwx Mexay 'y W 1, uepes ee smauewus Aaf S,
nexawux mexay 0 w o

I KaK mpesen

n
Yuutonan, uro (l—-%) —>e™ npr n—»00, Hatpen:

I'(s)=j¢r‘xo-- dx="_[i$°‘$‘(|_ :)" X rdx
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storo KO
.p Ha 9TOM MH He ov;wumuueucl). Ilonm«uu,

:,(s)=§ (1% 5max o<h<m >0

TerpuposaHue No YaCTAM ader:
/.(s)=(1—%)'$[+£—5 2P dx=
=L a1y

SHAUHT, TIDHMEHSR TIOCAENOBATEALHO 9Ty ¢opMyay W yuus
THBaR, 4TO

.
e P
I.(s)=‘§x"dx_7 =,

halaen:

l.(8)=;,,— o (s+ 1) = LW‘F haG+2)=

= a5 n(:+l) n(:+2) hals+3)=...

" — =
=—m—n(‘+ y “‘n(:+n—|)"("+")"
_ 1+2...0 nste 1:2...0 s
TWSEF DG FA=Dstn SEFD...cTm"

Takum 06pasoM,

_ 1:2...n .

TO=ln e e >0, (415
MoxHo nokasars, 4TO mpenes, cromusl 8 npasol uacTH

Gopmyan (4.15), cymecrsyer Ans BCEX KOMMAGKCHHX 4HCed S

(KoHeuHui nam scex s, OT Hyas u OTp

nennx uncex). Bupawenue (4.15) Moxer caykwrs onpesene-

HUEM TamMa-QyHKOHA HAR MOGOTO KOMAAEKCHOrO SHavemus S.
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Ecan  dopMysa (4.15) npumsta sa onpenesenwe ramMa.
dynknen, TO chopMyay npuBeaeHns (4.2) MOKHO AOKa3aTe
caenyownmM o6pasom:

o 1.2...n
PetD= 10 6Ty eFaTD

) 1.2...n "
=,,_'f’*‘,‘w{’_l—"‘isu+ SR "'T+7-_+|}=’P(’)-

T By ABAReTCH Ha Beeit
To8ek 0, —1,

=

22
=2, —3,..., s wee
lamma-pynxuns, Kak 5TO MOMHO YCTAaHOBHTb, HHIAE B HYJb
ne ofpamaercs.,

§ 2. BECCEJIEBbI ®YHKL(MM C JIIOBbIM HHAEKCOM

JNlansaca B

Yrobw 06 yHKuH,
Jlannaca 8

a3 Fu Pu
o ot

sTomy

(4.16)

z;pﬂomwemumr).
Ecan nepefiT K MWAWHIDHYECKHM KOOPAWHATaM 1O chop-
myaam

10, cornacho ¢opmyae (2.67), ypasuewwe (4.16) npuummaer

e tag =0 @

TloctaBum 8amady: HaliTR Bce TakHe peleWHa ypaBHC-
Hua (4.17), xkoTopsie MOryt OWTb NpeaCTaBieHW W Buge Npu-
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p3BENeHHA TPEX (YHKUMH, K2XA2A #3 KOTOPHX 84BAUCHT TONBKO
OT OIHOrO 4PIYMEHTa, T. €. HafiTH BCE pelweHds suAd

u=R() 2 () Z(2)
(R ®, Z np A0TCA  ABAXKAH
pyeMsiMK).
TlycTs @ ecTo pewekne ynousHyroro supa. Bcraeas ero
& (4.17), nonyusum:

Roz+LRoz4 L ROZ 4 ROZY =0,

orkysa (nocae nenenns Ha RQZ)

R lR’
Kt F+r+T

3anucas 310 8 BHAE

HafifeM, 4TO N1€BAA 4aCTh He BABUCAT OT Z, NpaBan HE 3aBHCHT
OT I, @ CNEeAOBaTeAbHO, OGLIAA BEAHYHHA OTHX BHPaKEHAR
ecTh HeKoTopas nocrosunas a. Otciona

»?=n; Z"—aZ=0;

R_IR _1a@ _ R VR, X
TRTFRTRT =% gy rte=—mg

PR R ar'R_ "
I

B UocaeaweM DaBeHCTSE neBas 4aCTb HE 3ABACHT OT @, NP
Bal HE SABHCHT OT r; CAEROBATENbHO, OOWAA BENHYHMA BIMX
ecTs b. Orciona

@ .
—=b O e0=0;

wﬁk&i’ﬂ=b, PR 4 1R 4 (ar' — ) R=0.
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Takns o6pasoM, R, ®, Z [OMKHH yZLOBACTBODRTH Auuef-
HbIM ARGEPEHIHANLHIMM YPABHEHASM BTOPOro TOPRAKa
PR rR (art —p)R=0, &' 4bd=0, Z"—aZ=0,
(4.18)
#3 KOTOPHX BTOPOE A TPETbe CYyTb NPOCTEHIHE AMHENMHE ypas-
HEHUA C nocmnmlu:m KO3(iprUINeHTaMH, 2 NEPBOE ABARCTCS AWt~
My HOBOrO BHAA.
Odpamo. ecau R, @, Z ynosaetsopsior ypasHenuam (4.18),
10 1=R®DZ ects pewenue ypasuenus (4.17). B camow nene,
Bcrasasa RDPZ B nesyo wacie (4.17) u gens sarem na RDZ,
noayusy:
" I R Loz
" TRt +Z

R 1R b
=T trr—ate=
IR R Al —HR
= - =

Taxkny 06pasoM, oGl BuA BCEX TPex pewexutt ypanne-
ung (4.17), KOTOpHE AB/HIOTCA mpou3seneiieM Tpex (yHKuu,
KOKNaA ¥8 KOTOPHX 3aDHCHT OT OQHOTO APTYMEHTa, €CTL
u=R®Z, rne R, ®, Z cym mobue pewenns ypasuenuht (4.18)
npu nw6om wuGOpe uncen a, b.

Teproe u3 ypasuennn (4.18) 8 cayvae a=1, b=0
Msuuaen:n ypasnenues Becceasn. Ylonaras B 9ToM cayuae
b= Gyksolt X
(nuecro r), @ HeW3BECTHYI0 (IyHKuHIO — OyKBOA y (sMecTo R),
HafizeM, uTO ypasuenwe Beccens umeer sun

Y Xy - (e — )y =0. (+.19)
Bm annetinoe  Kuddepennnasioe ypalmemne 870pOro nnpn:uu
er

B (PHAOKEHHNX MATEMATHKH. ¢ym<nuu. euy ynnnemoplmnne,
A,

v MU, O
Beccenesst $yukuwn l-ro pona
Bynaem wuckath pewekue ypasHewnn Beccean (4.19) B suse

psaa
§ e,
= 3 @™
y R ',I’T\\\\

e
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Toraa 4o
xy= ngu (v k) apx™*

+oo
=2 OHDO+E—Dah
—v')y— E PR B 2 Q™ =
=k§! et =t :anﬁ"';
Ayt xy =)y =
o o
=5 ot 1 gt =
=i he=2

+o o0
=¥ k(2v+h)n,,x‘“++2’ Qg X",
= I
Ca 3

@ 1)a,x‘*'+'§, (£ (2v 4 k) ag -+ apos] £** =0
=

uan K GecKoHeuHOR cHcTeMe ypasHeHui
@4 1)ay=0,
E@vF R Fa,=0 *=234.)
KOTOPaR DPacnajaeTcs Ha NBE CHCTEME:
@ 1)ay=0, 2(2v+ 2) 2y 20 =0,
3(2v+3)ay+ ay =0, 4(2v+4)ay+ 23 =0,
5(2v4-5)ag+a3=0, |’ e(2v+s)a.+a._o

Tlepsan ua wux ypomnersoputcs, ecqn BafTh a,==0, a3=0,
ay=0, ... Bo BTOPOH CHCTEME @y MOKHO B3fTH IPOUIBOALHO;
Toraa ap @, g, ... OAMOSHAWHO ONpPe;eAmoTCA (ecAm v He
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ABNSETCH UENHM OTPHUATENbHHM uHCAOM). Bsss

_ 1
D=TIeFD
HallfieM NoC/enoBaTebHO:

a 1 1

@ To+D FRGFOIGFD) . TRNTGFY
a, 1 1

U= 1504 (y'+2)= TR +§)r(v = ATGFY

1
G=— 4_3(v+3) =g (v+s)r(v+a) =T TRATe )

W B KauecTe pewieHns ypaswewus (4.19) noayaum pam

1 \ 1
Y=TTeF N ¥  TEITGF2) M

1)- ,,\.u
1
+ T e w— =r(a+x) lr(v+5 +
x\H ,)m-
_\2) S ¢ S
+wrery “2( HEGFRF D"
ot pan, o (4.19),

CXOWNTCA 418 BCEX NOMOKHTETHHHX BHavewdH X K, CACHOBG-
TenbHO, ABAAErCA pelieHnem ypaswewus (4.19) B ofnacra
0<x<~+00 (8 cayaae uenoro v 8 o6aacti —o0 < x<+00).

DyHkuss
()=, (— ).—T(_-L—r 4.20)
z,) 0 REXER) 58

6 i

1-20 poda ¢ undexcoM v.
OHa ABASETCR OLHUM H3 pememm ypasuenns Beccenn (4.19).
B caywae uesoro P HHIEKCa 7, Y (4.4),
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noxy M

J, (x)_z(—l)‘ HETRT (.20)
B, B 4aCTHOCTH,

(4.207)

=Y
k=0

O6mee pemenne ypaenenns Becceas

B caysae wegeaozo wamekca v qyukumn J,(x) u J,(x)
ABJAIOTCA PEUEHWAMY ypasHesus (4.19). Dty pewexns auwetiso
HESABHCHMEl, T4K KAK HAYaAbHWE Yn€BE PRAOE, H3OOPMKAOMHX
STH QYHKUHW, HMEIOT KOI(DPUUHEHTH, OTIMUBHE OT HYAR, M
comepar pasunie cremewn x. Takum o6pasom, B cayuae weie-
soro wupexca ofiwee pewenne ypassewnss Beccean (4.19) ects

y=Cv,(¥)+CoJ_, (x). “.21)
Ecan v=—n (uenoe OTPHILATENbHOE 4HCAO), TO (yHK-
s, P 420) (y L 910 g6y
pasHO uymo mns $=0, —1, —2,...), npuHnMaeT BUK
( x)m
Lo z(—x)'—————,,,(_,+,+,,
_% x|~k
=2 Ve 6

i=a
WM, NOCNE SaMEHB HHAEKCA CYMMRpOBaHusi k ma /-j-n,
x g

La()=(—1y 2 (R =1 A0, (422)

OTKyaa BuaHo, 4r0 J_,(x) yaosietsopser Buecte C J,(x)
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ypapuennio Beccenn
x'y” 4 xy 4 (2 —n?) y=0.
Ho ¢opmyaa (4.21) 8 caysae umenoro v yxe He naer obumero

pemenns ypasuenns (4.19).
Tloaaras

V=Dl (e nenc) (423)

W OONOAHAA STO ONpefeneHHe A8 v=n (uesoe 4ucao) ¢op-
My aoit
Ya(£)=1lim ¥,(x), (4.23)
vn

noayuum Y, (%), Bec-
cens (4.19) u BO BCeX cAyuaaxX AuneHHO uenuucuuyn ot J,(x)
(8 cayvse v=n, rpe n—neaoe, STOT (PaKT, Kak ¥ CaMo
WO 5TO MM

Y
0oCTapAseM B cmpoue). Y (%)

gynryuel 2-20 poda ¢ lllll)ﬂttoﬂ v. OGuee pelwenne ypas-
weHus Beccens (4.19) MOWHO BamucaTh BO HCEX CAy4asx B suae

y="C, () +GY, (x). (“4:24)
§ 3. OPMYJIbl NPUBEAEHHSI 1JISl BECCE/NEBBIX ®YHKLHA

Hmeem:
vuh

e x\*
. § @) e § ()
(")"‘ kll‘(v+h-i D} e 2 g WTGHEFD

h-1
1 o)
aJ, (x 1 Z - s
ax ‘x —_[_T'h— FToFEFD  A=ith
X\t
N <—|w{ﬂ _
dthT ATo+I+2)
(—l)‘

Jyer (X]

nl‘(v+l+§ X
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‘Caen0BaTeABIo,

(4.25)

xdx

Taxnm 06pasoM, P 4 ( B
TRPOBAHMH C NOCACAYIOUIUM YMHOKEHHEM W2 %), npuMeHen-

J,
"‘x(TL' MIOBHINAET B 3TOM BPRKEHHH WHAEKC ¥ HA €A~

qmly H Menser 3Hak., IpuMenss STy onepauuwio m pas, rae
M — no60e HATYPaAbHOE UHCAO, NOAydaEM:

d\mJ, Jygm () "
(m) _v%=(—1r'x,+':-. (4.25)

Hnecn:

een o X\D42% - 2%
iz § () ‘—'”( )

*, () =2 o FTOERED =7 kl(v+k)l‘(v+t)’

e

Y 3
@ A @)= HTo+h
— 1 x]zzv_m-h
= 2"“’“ HTOTH =x. X"V, (%)
-
Chenosareasto,
S (2, ()= 5 (). “20)

‘Taxum 0Gpasom, onepauns -x—:’i;, npumenennas K x'J,(x),

TONEKAET B STOM BLDAaXEHWH WHAEKC v Ha efuniny. Ilpame-
HAS 9TY ONEPAUHIO 7 Das, MOAyHaeM:

() aE =2 (426)

Ha Bumesennnx (OPMYs MOXHO  MOAYSHTb  HEKOTOphiC
caeacTan. chonsayn (4.25), noayqum:

(Y=t Bty ety
8 I B Poussseomut
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Orciona, 8 uactwocTs, caenyer, uro Jo=-—J;. Hcnombays
(4.26), noayumu:

@Y =x"y_ gy XAy =5, S %J_ =J_,

u y paBeHCTB faer:
Wi=J, 1 —Ji; (4.27)

-~J =J_1+J (4.28)

dopmyna (4.28) TH BCE pynk-

UMH C HeABMH HHIEKCaMA -nepes Jy Jy. JleticTeuresbHo, H3
(4.28) Haxonum (nonaran v=n—1)

=2t e (428)

OTKyAa MOCAEAOBATENHHO UOMYUZEM:

—(2a—a) == (=A%

§ 4. BECCEJIEBb! ®YHKIIHH C NOJAYUEJbIM HHIEKCOM

Beccenesn ¢ynkunu, BooGuie roBOpH, SBASIOTCH [IOBHMH

[ He uepes
Sy nKuin.
GYHKIUMH C WHAEKCONM #-f-, rAe n—uence. DTu dyHKiMA
MOTYT GbiTb uepes p by
Hneen:
Low

4
= PEUGEN
; ur(i+3)

k=0
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Ho & cany (4.6)
ot )L o

€1eN0BATENBHO,

+
L= 3 i‘”‘ﬁi=
T AT

= 3 (—l)'x%”"‘
T A

Ho 2% £11:3:5 ... (2k-}-1)=(2k - 1)}, caenosaremuo,

J'm_l‘ 2%‘: Snx (429)

Hanee, umeen:

+o -%+u
ILim= ﬂ@_l_
7 ()

Ho B cuny (4.6)
P(h+-;—)=l'3'5ﬂ~$,‘2";') vE,

CNeNOBATEALHO,
+2%
J (—”' »
:(x)= hllas m...,l)y——
%.

S0 3 a5, @—) Y7
8
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llo 21135 .., (2k — 1)=(2k)), no3tomy

e VT2<—IVX"_‘/'_CO“. “30)

C noxouwio (+4.25°) naxomaM:
Iy %) ~+l (&)
- x)'——r

uo s cuay (4.29)
)
_ l/f sin x
= ® x '
3 npu uenom n

Lpr@=(=1r ‘/g ,"*é(ﬁ)' HE (4200

C nosomwio (4.26') naxomum:

L —3-n
(%)"[x H .’_l(x)J=x T
El 7

o B cuny (4.30)
'
=7 I cosx
x J_;_(x):l/- Lomx,

¢ npn uenoM n

— 1 "
L= VI G aan
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§ 5. HHTETPANLHOE NPERCTABNEHHE BECCEJEBbIX
SYHKUMA C UENBIM HHAEKCOM

CHCTeMB

Paccmotpum cactemy S dynxumd f,(x) (c moGo#t obiwen
6. < BCex

LeAX 4HCEm o
oo F () foa (), fo (), fi(x) falo)...
CocraBun pan
+oo
PIFACES
rae z— 1y ut0 NpR
KaXAOM X (npuHa, obnacta paccMarpu-

BaeMBIX YHKIUH) STOT PAA UMEET KOMBLO CXOAWMOCTH, COmep-

Kaiee BHYTDH CEOR eMHUUHYIO OKPYXHOCT C (T. e. OKpyX-

HocTs ¢ uewtpoM O u paaaycom 1,

puc. 60). B vacrwocts, 3TO KOABNO

MOXET NpeacTarasTs COOOR  noauywo
KOM 0 0

Gea Tovek 0 u oo.

Dynums

to
Flx, = Sfa)2" (431

(rne x 7nexur ® o6zactu onpene-
AeHus GyHKuad cuctemst S, 2 — BHYTPH
KoZbua

x) P cn-
cremst S.

OGparHo, nycts salawa dywkuas F(x, 2), rae x npoGe-
TaeT HEKOTOPOE MHOKECTHO, Z HAXOAUTCA BHYTDH HEKOTOPOro
Koabua, BapacAmero OT X, C uewtpom O u copepxauiero
BHYTPH Ce6R eXURMYHYIO OKDYXKHOCTH (B HACTHOCTH, 3TH KOMbUA
MOryT OHTh noaHoRt 0 nep 0

Ges 70uex 0 u oo). Toras, ecam F(x, z) mpu KammoM X
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AHATMTHUHA OTHOCHTEALHO 2 BHYTPH COOTBETCTBYIOWIErO KObIa,
To F(x, 2) ects ynruan poft cHcTeMbt
S ¢ynxumii. B camoM nefte, PasnokuB NPM KAKAOM X dyuks
wao F(x, z) 8 pax JlopaHa no cTeneHsM 2z

e
Fixr 9= 3fa(0 2,

Hallzey, 4TO cucTema kosgpuunentos f,(x) sroro psma Gymer
uckomot cuciemott S.

dopuynn ass kodpduuventos paga Jlopana (cu. ra. I,
§ 15) noasoasior BHpasnTy dyHKkuuu f, (X) paccunpnsaemon

cHCTeMb! yepes 10 dynkuuo, ] u Qop-

MyaH u npeoﬂplaonunau 3aTen uuTerpan BEOML eJlmm-mon
napaMer

mwopon ecrs z—e" ~—®<C@sI®) B NPOCTOR uuTerpan,

nomyunM:

£a () "Tz?ﬁ G SF(x, ) e P dp. (432)

CHCTeMbl by
€ ueAbIMU WHReKCAMU

IMokaxcem, 4T0 a19 CHCTEMH GecceneBwX dyuxkuuad 1-ro

poaa ¢ uensmu unmexcawu Ju(x) (n=0, =1, X2, ...) npo-
H3BOAAAR wyl'ﬂ(llllﬂ €CTb:

He)

F(x, z2)=e
Himeem:
o x\k
- y(—ﬁz)
=D,
:D
orkyaa nocae ° STUX

( . A PRAB, CTORUME ; npasoft
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wacTH, B COGAMHSEM B OmZMy FDYNmy $ACHM, COmEPIKAME
ONMHAKOBHE CTeMeHy Z) Hahpen:

S _ sﬂ—"‘() _

RN
o x
r(E 2
= 2 - ‘"(:) 2 "2( m)(-i—m
e e e

(13K Kax B mpeamocnennel BHyTpenwe# cyume k m [ Guiau c8s-
BaHBl 3aBHCHMOCTHIO [ — k==1, TO MB MOr/I4 NONOKKTL [=n -k,
NONYYHB CYMMHDOBaHHE MO ONHOMY MHEEKCY £). B nocaenwet
BHYTpEHHEN CyMME CYMMMDOBAHHE MDOH3BONMTCR NIO BCed TeM

nemux &, ma KOTOpHX { .
s
nt-k=0

s10 Gyzer Z, mpn a=—m<0 s10 Gynerz Taxam

» caenoBaTenbto, npa n =0

06paaom, BO Dcex Caydanx BHYTPEHHAA CyMMa ecn../ (x) B CHAy
dopuyn (4.20°) u (4.20"), Wirax,

x + o
gD PHALES (4.33)

HO BTO M NOKIWBIET, 4TO e'( )
unn ans cacremst J, (X).

Busenem | HEKOTOpHE cnencTsha ns opuyma (4.33). Monaras
B et z==e¢", nomyunn:

eCTb npou3BoAAIaT DYHK-

elcting = -'f Jn(x) €™,

OTKyAa nocre paspenenus REHCTBHTENbHON ¥ MHAMOH uaCTR



232 O HEKOTOPHX CNHBUMAJLUBIX OYHKIHAX [ra. v
[yunrusan, ur0 J_, (X)==(— 1)"Jo(x)]

o
cos (x sin ¢)=_E~J.(x)oos ny=
+o
=Jy(x) +.§- [ (%) /_n (x)] cOS ngp =
o
=Jhx)+2 .2_ IJ,, (x) cos 2me;  (4.33)
» +o

sin (x sin ¢) = 3] Jo (%) sin np= 2‘. o (%) = L ()] si np =

@
=2 3 imer(Dsin@m | Do, (4337
Samensn v (4.33) u (4.33°) ¢ ua 7 — ¢, Hanen:

to

cos (% cos 9) == J (x)+2 3} I(—-- 1)™ Jon () cos 2me; (4.33™)
+oo

sin (% cos ¢) =2 20(— 1" Jymer (%) 08 (2 4 1) g, (4337)

Hurerpansuoe npeacrasnenne J,(x)
Tak  xak, no Aonsauuouy, npu  fu(x)==J,(x) nveen
F(x, 2)= e\’ » 10 1o opuy ae (4.32) noayuaen (ucnoapsyn
1] npeoﬁpaaoaauuux dopuym Ditnepa):

« ~ x

J_(,,)=42’-. S o e v»,_..,d?= 2'; s el sing —ine dg =

E S
=72'; Sa"""‘"'ﬂd(pajxs cos (x sin ¢ —ng) dp 4

+l.;; S sln(xslnq»-—ny)d@:{-’s cos (¥ sin ¢ — n9) do,
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rae TPUHATO BO BIUMMAHHE, ¥TO COS (X Sin @ — /p) ecTb uerHas

¢ynKuma OF 9, sin (xsin @ — 7g) ecTb HeyeTHan PyHKUUR OT .
>
29

WrtaKk, KOKA3aHo, 4TO 1ia MOGOrO WEAOro 4HCAZ 7t

Jo= L 5 cos (x sin g — ng) dg. (434)

Popmyaa (4.34) naer npeacranenne Geccenenux GyHKUUA ¢ eams

b Buxe 0 murerpana, or
napaverpa x. DTa GOpMyNa Ha3HBAETCR WKME2PAASHHM nped-
cmasaennes Beccean ans J,(x), nparan uacib opMyabl Hash-
Baetca nnmezparom Beccean. ‘B 4acTHOCTH, Npu n =0 Halgem:

L= _i_rs cos (x sin g) dg. @31)

§ 6. ACHMNTOTHYECKOE NPEACTABJIEHHE
BECCEJIEBBIX ®YHKUHA C LENBIM HHIEKCOM
AN BOJBIUAX 3HAYEHHA APTYMEHTA

Mycts ¢ (%) —nonokutenbas Qynkuus u f(x) — Kakan-
Gy ny (BoOGUWIE ynKius,
AN A0CTaTouNo GOMbWMX Snavennil x. 3amuch

JH=0lp()] x> -00

o3uavaer, uro HalayTCs Takue wnCAa X, 0 M, 4ro npm x> x,
neen | f(x) | < Me (x).

TlonoGHas BamuCh YNOTPEGAASTCA W B ADYTMX AHANOTHIHBX
cayuasx, Hanpuwep, ecau @ (f) — nonomurespnas Qyskuus u
F () — kaxan-uu6yns yHxuws, ONpexeNesHHe An% NOCTATOYHO
MankX NONOKUTENbHHX 3HAaueHwH I, TO 3amuch

FO)=0[@ @] 1 t—>0

08HaYZET, YTO HANAYTCH Takue yncaa e u M, uto | F (£)| < M® ()
ua (0, ),
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Bcnomoratensnas nemma

Ecan f(f) nsaxnu HenpepunHo Indpepenunpyena na [0, 1), 10 ara
@yHKuHE

HMCET HECTO aCHHNTOTHYECKOE NpeNCTaBienie

ECE
Fl=tees f(1)+o(;) B x> o,
Hoxaxenm sty nemmy. 3aMenss ¢ na | —¢, nonyunm:
— e L0=0 , 1
Flo= j' V 0= 10) _|' " at+

et

LA = =F) 4
+5 } e Vi (4.35)

wuTerpan, ® nepsom npa-
80ff uacTH (OPMyAH (edr.gg).' aﬁmn Xt mat, nlﬂ;eu:

e
~th ﬂ
a= e e

J Vf VX;V_ J viOTyE Vt

o, 3amewws ¢ wa 1 [ywrwissn gopyay (359) ra. 11T, noayu:

Ecan Q(x} younu H K Byso npa
+o0

x—»+ee(,‘0 S $(f)costdt u S\}(t)ﬂntdtlcnenonulbuo,u
H

e
S Y@ e #dt cyme 019 (x)] npu x —> + 00 (370 BHANO B3 BKRALOK
H
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nyHkrTa 110310My

+j' %—4@0( )npw x> 4,
orkyna *

VA i —dt=0( )npn X400,

Mirak, MOTyMac acCHVNTOTAMCCKOE MpeACTasACHHe:

~—« e *+o( ),,,“,,M (436)

x

PaccMorpuy Tencpb  mmrerpaa, murvpnp)wmuﬁ B) BrOpoM Ciarae-
MOM 1pasoit Hacrit gopuyan (4.35). Muces

“.c""‘,————“ “;/’_:’“) dat =j'e'-“ s Vid
o 0

yo=lU=0=10,

OuesuaHo ¢ (f) ABAKIN HCNPEPWBIO n@@epcmmpycua Ha (0, 1], wo,
KaK nerko. BAxets, cywectsyor im (0 u lim g (t), nostoiy ¢ ()

(nocae noonpemeacHua B TouKe r_o) cumnurcu Henpepwsuo  auppe-
peHumpye! wa cerwesre [0, 1|, Wnrerpuposanse fno wactayw fder:

6§r‘*‘vm Vid=—tT g0 Vr| o j oY

iy
TAe nepsoe ciaracuoe npasofi MacTE —'—y(l) ccte O -:— npa

X =» 400, 3 HATCIDaA BO BIOPOM cnaracaon (necobeTacHumA 1PH MK~
He NPCAETE) MAKOPIPYCTCA HYTCTpaAo

1
;llw) Virid,
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KOTOpHIt CXONMTCS, Tak Kak
-

1
¢ Ot+5e0 |
i =—————=0(—= t—>0;
le(0 V71 v (V)""' -
ChenoBatebHo, BIOPOE CAaraeMoe ecrb TOe 0( ) nps X —»+-co.
Hrak, uveem:

1
i LA =0 —F (&) 1
;c'“——w—dfﬂo(T) npr x—> 400, (437)

M3 (4.35), (4.36), (4.37) nolyvaeM mCkoMoe aCHMNTOTHUECKOE Npef-
cTasaenne:

:(x

f A=t
Vl 0=y
Ms 9ToR (opMyan, nepexoas K mnp-mnuu BEAMYHNAM, HafaCM eute:
-l(x

_fo'x—

D
f(l)+0( ) npH x>0, (438)

£ +0(3) uow x>+eo. (438)

i
A (4.38), (4.38') BEDHH M AAA KOMIAGKCHO3HAWHMX QYHKIHH
/m_/ (t) +ifa (t) |n60 onu sepnw arn f1(f) B fi(0).
Bunon acumnroTnueckoll gopmyan mna J,(x)

B wonue § 5 Mu BHmeaw, uTO
-
ey | et gy,
e

3avenas ¢ na —;——q, noayuuN:

- .
E]
Ia(y=Sgm l",umwm,,_
_hl - - _lml "

53 5
-t j'c‘“"'(mn,-x-wn m)dq='TJ¢““"wnydq
A §
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(ysTaiban, 470 e €% ? cos np ecTh weTHAA YHKTHA OF ¢, 2 £¥ ¥ sin ng
ecTh ueuemu @yumnn ot ¢). Tloacrasoska cos q =1 maer:

j‘d#“("'fm” e “,d Tn(l) _a,

Jp )=

rAe {2) = cos (narccos f) ecTb, OYCBAAHO, NOTHHOM A-fi CTENEUH (MOTH-
eGnmesa), Tak Kak 43 dopMyas MyaBpa BHAHO, YTO COSNY €cTh
mulmm n-fi CTCHICHA OTHOCHTCIBHO €08 9. Ho

1 Ta) 1 1
.;J"zlnlmm=-; J:+;

W, 9aHeHAA B NCDBOM M3 STUX MHTCTpAlOB ¢ Ha — f, lORYUHM:

\
1 Tal) 4
;j'zm 2 at=

=

L
%‘fﬂn‘r"""dc+—j'e‘“%a=
b

a‘. vt 1‘,(—!)“+ ."Vl

Tax Kax In=9 " —lﬁ’— Ha [0, 1] jiMeloT npoM3BORHHE BCEX

OpAAKOB, TO K KBYM HOCACAHHM WHTErpasaM NpHMERRMN gopMyan (1.38')
u (4 38), u Mu noayuacw:

PR =)
nam F[ S D n oo,

T(—l)y=cosm=(—Ip=el% T(l)=cos0=I,

Tat)
puiuir
Vi+e

Ho

Caen0BaTeabHO,
A L i B ro(l)=
Veex £

<Y Feofee 150l

Jp(x)=
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HWrak, mmeeM nckomoe
Geccgnesolt pyHKuUnN 1-ro POZA C UEABM MHACKCOM Mu Goavuux
3uavexull apaymenma:

1
n= Fens—(+3)3]+0(2) @an

npn x->-4-co.

Sr1a dopMyna nokasweaer, ¥TO J, (X) € TOUHOCTBIO XO CNa-
raeMoro nopsaka -lt- HBJHETCA BATYXaUlER rapMOHMKOR ¢ BOAHOH

¥,

y=tz)

,| I :W/::\m\@f'

Puc. 62

MOCTOAHHOM RAMHH R aMnanTyaol, yGusaiomed oSparHo nponop-
KopHio B3
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B uacTHOCTH,
Jo(xy= -2‘; cos (x— —}) + 0(—;—) apa x—>4-00; (4.39)

Si(x)=— '/ 2 cos (x-l-—:-)-i-o(%) npu x—>~-00. (4.397)
Tpadukn 3tix dyukuutt usobpaxenbi Ha puc. 61 w 62.

§ 7. KHTETPAJIbHBIH JIOTAPHOM, WUHTETPAJIbHBI CHHYC,
umrmnbuun KOCcHHYC
MaBecto, uTO WHTErpais In‘, S——dx' ';“'x_’idx
ne uepes ynKumK b Tes HOBHMH
TPAHCUEHACHTHHIMH  DYHKIUAMK, S-rn ¢ymmm| (onpeneneunue
noka ¢ p
0603Ha4aIOTCA COOTBETCTBEHHO smkauu lix, six, cix

Pasnowenus B pAAN

N
Ilenan B pasencrse lix= l‘:—‘; noACTaHOBKY X ==¢, no-

nyunM:
o= Sat={ (S 14+ 5+5+.)a=
=it CFt4 ot g+

OTKyna (NOCAE BOIBDAMEHHS K CTAPOMY APrymMenTy X)

¢ >0),

lix=InlnxCinx + oy L E>1). (140)

Lanee,
ﬂx=gw;xdx=s(l—-—+5— )li#.

OTKYJa NoCAe MOYACHHOTO HHTErPUPOBAHMS HAXOLHM:

six=Cr—gip s — . (4.41)
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Haxonen,
‘ cix—S fdr= (1 —g+5—)en
OI1Kyaa nocre J Ly
cix=C+Inx—2———+4 4] e (x2>0). (4.42)

JloGaBnenAs K TeXHWKe AHTErPHPCSaHHA
Tloncranoska x —a==t nger:

§ x_‘dx—e‘s dt=ePlief = lie™2.

Vuterpnpopatue N0 4acTAM AaeT (OPMYAy NpHBEAEHHS:

& e 1 e
Su—'a)"fd"g Fohe—a T =T S(x—-a = dx.
Tloacrauowka x —a==¢ naer:

S _:m_'f,lx=S—ﬂ"—(%ﬁdt=cosasit+slnac“=

== cos asi(x —a)-sinaci(x—a);

:‘:’; dx= SL("iL)dt=coaaclt—slnasit=
= cos a ¢l (x — @) — sin asi(x —a).
WuTerpuposaie no 4acTam nae'r Gopuyas npuuene!ml

§ it dr=— G T T | e
€08 X
§ eZirtr=— ey — =t § wlaerin

VuuTwBas, uTO BCAKAS PANMOMANbHAn QYHKUMR e€CTh CyMMa
n L
Ha OCHOBaHHH ycr-uo-neﬂuux dopMya, uTO HHTErpasu BHAQ

SR(x):‘dx, SR(x)sln xdx, SR(x)cosxd.v
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CcTayT «0ep , €CAM K noba-
BUTL MHTErPaZbHuM AOrapudM, WHTErpajbHu# CHMYC W WHTe-
rpaabinil KOCHHYC [€CAM M XOTHM OCTaBaThCR MOAHOCTBIO B Aek-
creuTeabHOR 06NaCTH, TO OFp: TaKuMH

po6amn R (X), SHAMEHAaTeAH KOTODHX HMEIOT TOAbKO AeHCTH-
TeAbHHE KOpHH].

o uHTerpanos

Mycs  f(x)— y6
pynuna npr a<<x <400, crpeuumacl 13 uymo npu

x—>-00. Torna necoGCTREHHME HHTerpans S S(x)sin x dx;

+o
S f(x) cos x dx cxomsTes.

H
He napyuwas TBA, MOXEM

e==0 (8 cayyae @ >0 MOXHO f(X) ROONPENENNT HA yyaCTKe

0<<x<a TaK, ut0 npn 0<<x<-}-00 GyayT sHMOAHEHH BCE

nocTasaeHHMe ycaoewus), mpu & >0 Hmeem:

a1kt

gf(x)siuxdx—z S f(x)sinxdx+ S/(x)slnxdx,

rae # — HauGonblIee UENOe YHCPO TaKoe, 4TO nm << b. OuesupHo,
n—>-oco npu b—>+co. Moncranoeka x==*t-}-krn paer:
[ 3

S F(x) sin x doe=(— 1)} 5 F(t+kn)sin fdt=(— 1) ¢y,
L 0

rae

c,=§f(t+ln)sintdt>0.

Us yOusanun dynxumn f(x) crenyer, uro npn &</ umeen:

FEAr> FE+ i)
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VMjioxas S5TO HEpaBEHCTBO Ha sinf w muterpupys or 0 g0 =,
m;n- cx > ¢;. W8 10r0, uT0 f(X) - 0 npn x — - 0o caeayer,
uro ¢, — 0 npu k> oo’, n6o

o< f(lm)j sin ¢ df = 2f (kx).

lr@)|= <2f(n=)

b
S (%) sin x dx

#, caegosarensuo, r(6)—>0 mpr b—»--co. Takum oGpa3om,
2 n—
Sf(x) sin xdr="F'(— 1 ey +r (B
&=

G >0> i >0 r(6)—>0.

80 TeopeMy o D
AYOUMXCR PAAAX, BAKMOYAEM, YTO

4 3
i in xde = 3 (—1)*
S § 7 rde=S—1ta
#, CAeNOBATEALHO, HECOGCTBEHHBIR HHTErpan
+o
(5 F(#sin xdx

CXORMTCA, YTO ¥ TPEGOBANOCH [OK33ATH.
Wurerpan

+o
Sf(x)cosxdx

noC/e TMOACTAHOBKH x=t+% TPHBOAMTCA K MPeABAyeMY.
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Hopmuposxa WRTerpanbRoro cmayca
H WHTErpaJbHOro KocuHyca

Hs cxasaHnoro caeayert, yTo
+o +eo
sin
B ge w S%u @>0
4

cyTh cxonmmecn HHTErpans. l'lomuy six uclx npu x—> 00
six u cx
(mnommu, m STH (PYHKUHH onpenenenu TOK2 C TOYHOCTBIO
}O NPOHIBOALHOTO NOCTOAHHOTO C/AraeMOro) MOXHO, HAMPUMED,
onpenexnts TpeGosammami si(4-00)==0; ci(--oc0)=0. Torna
(npu a>0)

sin ¢ et
a=— \ Zla; c=— (2

55 §

+ o e
slx=-= S—';'";!dt; cdx=— 'ﬁé'dt.

H H

VKaxem eme apyryio HOpMUPOBKY si X, onpenenss ee Tpe-
Goanien si0=0 (217 cix nopo6Has HOPMUPOBKA HE HMEeT
CMbiCNa, TaK Kak ci x—»>oo npu x—>0). Torna

x=‘5 Eg, (4.43)
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. [rn w

7 y=sifm
/'\ &=\
7 o "
=1
-
Puc. 63.
0
7

Puc, 64
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Yuutusas, yro (slx) = , Hafized, 4910 six Bospa-

craet #a (0, ©), yOusaet Ha (w, 2%), so3pactaer Ha (2%, 37),
y6uBaeT Ha (3w, 4x),...8 TOWKax =, 2%, 3=, 4%, ... Wieer
SKCTPEMYMH. YuuTuBas, 4TO

Hene
.
'S—r"’=f

sin x
x

(em. ra. 1, °§ 8), saxmouaenm, aro six-»»;- npH x—> -} 0o,

Kpuean y=six wieer FOPU3OHTANBHYIO ACHMITOTY y=—'2‘-,
npn x—> -}~ 00 GECKOHEYHO MHOTO a3 fepeceKaeT 3Ty acuMil-
70Ty, HaXoNiCh TO Biillle, TO HHXKE €e.

Ha puc. 63 n 64 nsoGpaxenn rpaduki MHTErpaabHOro

CRHYCa ¥ HHTErp: yca apu si(4-00)=0;
cig}- c0)=0.
B cayuae s10="0 ua puc. 63

rpaguK MHTETPAILHOTO CANYCA CAEAYET CHBHHYTh BBEPX na %.



TJABA V
MPEOBPA30BAHHE JIATUIACA

§ 1. BCIIOMOTATE/IbHBIE CBEIAEHHS O5 HHTETPAJIAX,
3ABHCAILHX OT NMAPAMETPA

3ameuanns 0 HECOGCTBEHHIX HHTErpanax

Ecan f(t) — Gynknus, Ha
cermente [e, b], sa uckmoueHwem TOUKH a (B KOTOpOR OHa
MOoeT OWTb He ompexeneHa u BGau3d KOTOPOH MOKET ObiTh

b b
HE orpannuena), TO Mo ONpeneneHHio S Vi (l)dt=lin'|’ s JiGLA
>
e «s0ate

ecan BTOT npeaen CYiecTBYeT M KOHeueH. Auamrmuo, ecan
f(¢) venpepusHa na [a, b], 32 uHCKmoueHneM TOMKM b, TO Mo
1] b—e

onpenenexio g fydt= lin:’ g f(£)dt, ecnn stor npenen cy-
>
a S0 @

LECTBYET W KOHeweH.
Ecan f(t) wa [a, b}, sa Touex a

u b, T0 no onpenenenuio S Fydt= S fyat + sf(t)dt
rae a<c<b, ecin o6a cnsraeuﬂx B npanoﬁ qacm nveor
cuucn (oueBunno, STO ompenenenne He 3asMCHT OT BuGOpa
uncna c).

Ecan f() wenpepmsHa ua [a, b], 33 MCKMIOUEHHEM KOHEU=
HOFO YHCJA TOYEK Cy, Couees ¢y, ne aéc‘<c.<...<c,<b,

TO MmO ompeAeneHHIo S f(l)d!_s +S’+...+S

BCe Cnaraedbie MPasoH YacTH HMeT cnm:n.
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Ilycts Teneps f(f) Henpepusna Ha [a, -}~ 00), 32 HCKmove-
HHeM, GHTb MOXeT, WSOAMpOBaHHBX Touex *). Toraa no onpeae-

+o ) ¢
AeHHI0 Sf (t)dt= lim S F(t)dt, ecau sce muterpamu s,
& mte g e
.
rae {>>a, cymectsywor u ecan lim j‘ cymecrsyer n Kome-
Imte

+o
yed. B sTOM Cayyae HecoGCTEeHHMWH muTerpan S f(t)dt nasu-
BaeTCA CXOORUUMCA, ) ‘

+o

Ecan unterpan Sl[(t)ldt CXOAMTCA, TO HECOOCTBEHHHA

&

+o
MHTErpan S fHdt 6
a
AGcomoTHo cXonsmuicA HeCOGCTBEHHHH WMHTErpan ECeraa CXo-
+o
nures. Oueenano, S f(t)dt aGcomotno cxomwurcs, ecmm

H
|fE)|<¢(t) (npn t=>a, 3a uckMoueHneM, GWTb MOXET, H3O-
JMPOBAHHBIX TO¥EK), rae @ (f) — TaKaA NeHCTEMTEALHAR HEOTpH-

+m
uaresbHan QYHKUHS, YTO S ¢(f)d¢ cxomurca. B stom cayuae
5

+o
TOEOPST, YTO HECOGCTBEHHHH HHTErpan S f(t)dt maxopupy-
=

+oo
€mcs HeCOGCTBEHHWM MHTETDanOM S @ (fydt.

&
Mycrs f(¢, p) npn KaxaoMm SHaueHHH napaMeTpa p E He-
KOTOpoH obnactn D sBaseTcs HenpepueHoH dymkumed or £ ma

*) Mul TOBOPHM, MTO HEKOTOpHEI (AKT HMeeT MeCTO Ha BEKOTOPOM
DanHOM HMHTEPBRAE, 3G UCKAIOYeHUeM, Oumb MONCem, U0
modek, echB Ha KAMEOM CETMCHTe, JexkalleM Ha JNaHHOM HHTepBase,
MORET HaXOAHTHCA He 60Jee KOHEWHOTO MMCIa TOYEK, B KOTOpMX pac~
CMATPUBAEMMA QKT Ee UMEET MECTA
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[a, -} 00), sa , OBITH MOMET, TOUeK.

Ecau npn KaxaoMm ssauewni p 8 D wmHTerpan “ f (¢t p) dt

cxonuTCR M Y f(t, p)dt npn [ — oo crpemurca K ceoewy
H
npeneay PaBHOMEPHO OTHOCHTENLHO p & D, To HecoGCTBEmNMN
T
HHTETpAN S‘ f(t, p) dt, saencamutt or napamerpa p, HasmiBa-

ercs paano,uepuo cxodauumcs v obnactn D. Jdocratounuy

b uHTErpana, 0 or

awASETCR b €ro nuTerpa-
nou 01 HeKOTOpOH neotpuuarcnsm q;ymuum Ecnu D o6nactb
Ha © p, 10 j f(t, pyat

a
6ynieM HASWBATH PABHOMEPHO CX00AWUMCA eHympu obnactu D,
€CAM Ol PABHOMEPHO CXOAMTCA HA KAHKAOH OrPAHHMEHHOH SaMK-
nytoll ofaacru A, newame# 8 D (cm. ra 1II, § 13).

AnanaTuueckas 3aBHCHMOCTb OT NApaMerpa

Jlemma, Hym I (t p) — HenpepHBHan KOMMICKCHOSHAWHAA (Y HKIHA
28} £ Ha cermenre (g, 5]
 KownacKcioro nepeuenuom P 8 obuactu D, [lycts sta yskana
BPA KOKAOM 3HAUCHNH ¢ Ha [a, b] nnercﬂ aHaaMTRUECKOH dyHKIeN
or p 8 obnacth D. Torma / (¢, p) o6ranaeT 1akumMi e CBOHCTBaMH
o Qynkuns

Py = S 16, p) e

Gyner anaanTuyeckoft pyskunell or ; 8 D, apsuen
b

ro={rena
a

Hokazareabcrso. Tor dakr, uro / (#, p) ects BenpepuBBas
(yBKuliA OT ¢, p, npoupumu Tak: npA t,—» £ aMeen £ (q, p) j(t, p)
paaroucpe0 suyrph D (460 £ (6, p) pasvoepHo Hempepumia
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‘Ha [a, 8) u p Ha A, Me A—xakan-1u60 OrpaHMNeHHan SaMKHYTa
o6aacTs B :ﬁ, cAefoBaTe1sHO, B chay Teopemn § 13 raasw Il mmeem
]"(tn- P)—»f, (t, p) pasionepro BHYTDH D, OTKYRa BmAWO, §TO TPH

;‘:: Gynen umers : g‘ )
y at . bty 4 b
ot p) =1, (6, ). Puc, 65,

-1
Iaace, meen F (p)=lim .z f (tw P) Aty, npy max At —>0 (puc. 65),
k=0

TPHYEM CXOIWMOCTb — DABHOMEPHAR BHYTPH o6aactd D. [leficTBHreanHo,

a1t
F— 2 f pat= Y Srru. pat—

=0

a—tfeyg a-t1le

=¥ {rana= 2 Ven—rinma

k=0 %
o f(t, p) PaBHOMEpHO HenpephiBHa npu t Ha |a,bls npn A e
A— m-n xma OrpaHHueHHaR 3aMKHYTad 06aacTh AR
BCAK >0 nafigerca 1akoe >0, Wro ecan lAI,,|<n. 10
l/(!.p) —f(hn pYI<e nps

G <t<tyt+ 8t
pmad,

- CaeROBaTEABHO, MPM MaX Af, <7 % AOGOM p Ha A GymeM MMeTH:

—1
| FO="F 1w p 21| <s0~a),
k-0

n=1
4TO M NOKA3WBAET PABHOMEPUYIO CXOMMMOCTH Z F(tw p)Bt, x F(p)
K=o

BHYTpE obracta D.
lakomen, B Cuay Teopems § 13 num Wl F(p) Gyner amanura-
weckoll pyhxumelt o1 p B obaacTk D, npHuel

Pe=im L [ j F e 1) bty ’=

n—1 -
=lim 3. foltw p) bty =\ Folt, p) dt,
ngo v (tw P) Bty 5 »(, p) dt,

470 # TpeboBasoch AOKA3ATE. [



250 TPEOBPASOBAHHE JATIACA [ra. v

Teopema. [lycrs f(f, p)— Henpepusias KOMMIEKCHOSHAYHAR BYHK~
nHAR ABYX nepeueuuux t, p: IeficTBuTEALHOrO Nepementoro £ Ha [a, + <o),
Me-

nepel
HOMO p B o6mn| b TlycTs, KpoMe TOro, sTa (bymmun NpH_ KAaXAOM
YnoMsHyToM 3Bavenu £ GYer aHanMTHueCKOH p ® obaactn D. Tlpen-

NOAKMM ellle, YTO uecobCTBEUMRit uuTerpan S f(t, p)dt na xaxmon

orpaHuueBBoft 3aMkHyrolt obMacTd A, .lemnlen B D, wmawopupyercs
HEKOTODHM_CXORNRUIUMCA UHTEIPAOM OT JieHCTBUTEMbUOH HeoTpHuATEBHOR
dysxwm. Torna

+o0
Fo= { repa
&
GyNeT aHatuTHNECKOH pyHKunelt oT p B obmactH D, mpuuem

be
Fo= | 1ot e

Nlokasateascreo, Ecan cerment [, d], sewamult na (g, + o),
He CONEPXWT YNOMMHABIIUXCR B TEKCTE TeODeMH W30TUPOBAHHMWX TOWEK,
d

TO B CHIY JeMMB S f(t, p)dt Gyner anamaruieckolt dyuxumett or p
¢

B D, nponssonHas KoTopoft panka §f,(t, p)dt. Bcam ¢ (wiu d) crpe-

MHTCA K ORHOR M3 uunuuux n;onuponmnlx Touex ¢o (wim dy), TO

» cuy yezosal Teopesst S £t pydt—> S 1, p) dt (unu ¥ S)

PpassoMepBo BUYTPH D, nostomy o cﬂmy reopelm §13 nu-u il npaila-

BoxUAR OT S 1, p)dt ( Ham g). Gyner pasua S S'p (8, p) dt
a ° @

( HIK S) Mocze storo sakmouaeM, 4ro NpH MoGoM /> a NPOH3BOR=
]

13
wan or S £, p)dt Gyner pasma Sf',(t, p) de.
H
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HakoHeu, B CHIy YCIOBMA Teopemst S @ p dt-»S f@ p at
aBHOMEDHO -uyrpu D, caenosateasio, B CHIY nopeuu § 13 raasu 1L
BporsBoRNaA o S £, pydt Oyner paswa S Fot,p) dt, w0 w

‘TpeGosanoch no«uarb.

§ 2. TPEOGPA30OBAHUE JIATJIACA

Tlyers  f(t)— dynxuns,

Ha [0, 4-00), 3a uckmouenuem, OWTL MOXKET, W3ONMPOBAHHHIX
Touex. Ecnu AeHCTBHIeAbHOE HCAO § 0GManaeT TeM CBOHCTSOM,
o
uTO HecoOGCTBEeHHbH MHTerpan ‘5 [f(®)|e* dt cxomurca, 10

wncna, Gonwluie s, Takxke umM obaamaior. Otciona cremyert (pac-
cyxnas, kak 8 § 3 rnassl Il npu Bsenenmu noOWATHW pamMyca
CXOMHMOCTH CTElIGHHOTO PANa), 9TO AHGO HaHmeTcs TaKoe neh-
CTBHTENBHOE WHCAO Sp, YTO TIPH $> Sy yNOMAHyTHH HecoScTsen-
HUH WHTErpan CXOAMTCH, a Npn $< Sy PAaCXOMATCA [yHCAO S,
HasoseM noxasamesex pocma dynkuun f(f)], an6o aan mcex
MEHCTBHTENbHUX S YNOMAHYTWH HECOGCTBEHHBM MHTErDan CXO-
autcA (Torda mokasatens pocTa (yHKkumH f(f) cumraem pas-
HHM — 00), W60 NS BCEX
(rorna nokasaTeas pocra yHKuuu f(f) cuuTaem pasHuM -|- 00]).

Ecan noxasarens pocra f(f) mensiue -~ 0o [Gynem rosoputs
B 9TOM cayuae, uto f(f) nveer ozpanuuennnd pocm), To f(t)
a6coMOTHO MH1erpupyema Ha kamaom cermente (0, a], rae a >0,

B kauectse npumepa oTvetd, uto ecan f(f) Ha [0, --c0)
yhosnetnopser Hepamenctsy |f(¢)|<< Me*, 10 f(f) mmeer orpa-
HUYeHHWH POCT W NOKasaTens pocra <<s. B camom nene, 10rna

+o
nuTerpan ,S \f (&)t ¢ dt npu seskom >0 cxomurcs,

+o
HGO OH MAXOPHPYeTCH CXOAAULANCH unrcrpano.u} Me dt = 1:
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Ecmu f(f) umeer orpanuuenHufl poct, 10

P(p)=§ FOeHat

ABNAETCA
B nonynaockocta Re, p>x., rae s.—-noxasa‘ren pocTa j'(t)
(uncno0 so

unmezpasa Jlanaaca § fe? dt). B camom nene, ymoms-

HyTul#l WHTErpan DaBHOMEDHO CXOZHTCR B KawiOH MOAYMAOCKO-
ctn Rep=sy, rae s3> sp, HGO Ha Het OH MaXOPHDYeTCA CXO-
Py

ASUIAMCA  HHTerpanoM ?‘: | f(¢)| s dt; smaumt, paccmatpusa-
emwi HHTErpan MOXABHO PAaBHOMEPHO CXOAMTCH BHYTPH 06MaCTH

Re p™>s, u, CnenosatensHo, no teopeme § 1 ssaserca aHanu-
ruwcxon ynxunett » 370 oGnacTh.

J(¢), mempe-

punuyxo Ha [0, ~-00), 32 HCKMOueHHeM, ﬁms MOXET, H30NHpO=

BaHHHIX TOYEK, H uuelonlylo OrpaHndeHHufi POCT, HasoseM opit-

2unanom. A dy Fp) 0 mepe-

MEHHOrO p—s+xa onpenenennyio  dopmynoh  F(p) =
+oo

(&) e dt npn Re p>> sy, rae s, — noKasatem pocta f (£),

HasoBeM u300padKenues opurhnana f(f). TpeoGpasosanne, OTHO-
caulee opurnHany f(t) ero nsoGpaxenne F (p),

+o
F)= 5 fOyend, .0

HaswBaeTca npeolpasosanues Jlanaaca. Ylpn sToM nawyt:
F®O=F(p) (5.2)
VnorpeGaserca ewe 0GosHavenne

LIfO)= Sf(') et 3

(L — sHax npeoGpasosanus Jlannaca).
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My gama sxecs Gonee yskoe onpenenchue OPHTHHANG, ueM
9TO NPHHATO B OOWeH 1eopun npeoSpasosanms Jlamnaca, uToOH
B AanbHEHWMX BHIKAAAKAX WMETb AEN0 AUl € TaKWUMU TIOHSTH-
AMU HHIErpaia, Kolopue A3lTCH B 3/1€MEeH1apHnX obmHx Kyp-
Cax MaTeMaTAYecKkoro aHanusa, Takue OPHrMHANH NOCTalOuHH

ans npam‘u-leckux HapoGuocTelt.
Ecan
oparunan f(t) ua orpuuavenmue BMauenus f, TO TOAAralT
f@O=0npn ¢t
Ecm lim j'(t) cywiecTsyer il KOHeueH, To 0603HaumM ero

f—

f(-0), ecan lim f(f) cymectsyer m KoHeueH, TO OGO3HauMM
t—> oo

ero f (- co).

Ecam f(t)— opurinan, 7o, ouemuuHo, |f(¢)| Gyaer opura-
HanoM C TEM e T0Kasarenem POCTa,

OpAraHanos, ) €CTb OpHTH-
nan, Ecam f(f) — opuruuan, 10, osevuuno, f(af) (x— nonowu-
TenbHoe uucno), tf(f), f(t—r) (t— meHCTRHTEAbHOE 4HC-
n0), e f(f) (A —KoMmnexcuoe uuca0) 10Ke OYXYT OpUrH-
Hananm,

I3
Tokawen ewe, uto ecn f (f) — opuranan, 10 ¢ (f) = S f(w)du
o

Gyner Henpepusism Ha [0, -{-00) Opurnnanom,
Henpepuisrocts ¢ (f) creayer u3 aGcomoraod HHTerphpye-
uocru /f ma kawpom cermente (0, a], rae a>0. [lanee, ecan
pocra f, 8§ — 4HCNO, GoMbiuee So,
s>s,, TO B cnywae f()=0 mmeem:

* I3
)T =t S F@) di s ets0) ¢ s faettdns
[ v

o
<ol ¢ ; f@e*nda,

0
OTKYAa BAAHO, YTO WHTerpaa S ¢ (t) e * dt cxonurcs u ¢ ecte
o

OpUruman,



254 TIPROBPASOBAHHE JATINACA [ra. v

Ecau Teneps f— KOMNAEKCHOBHAuHAA (YHKUAL, TO
- t
le®l< §17@ldn,

HO MPasas W4CTb MO AOKASAHHOMY €CTH OPHrHHAZX, CREAOBATENBHO,
@(f) MON3BRO OpHrMRAl, UTO M TPeGOBanOCh HOKa3aTh.
Teopema. Ecau F(p) ects naoGpawenne, 10 F(p)—>0 npu
Rep - oo,
Dlokaszateascrro. Tlycms &>>0. Bostmem 7°>0 Ha-
CTOMLKO MAMHM, UTO

§role<s.
o

Torpa npa $ >0 nueem:

; lf@le™ at < 5.

Tycts Rep==5>>s$), rae s, — uucno, Gonvluee noxasarens
pocta f(£). Torna
+o o
| roiea= flrolentcoias
N * +o
el 5 1f @) et at,

o < -'2- MPH § AOCTATOMHO GOMBIIOM,
CnenosatensHo, Npu HOCTaTOMHO GonpioM Rep=s nmeem:

IF@) < Tlf(t)lr"df= f ++§"<% +i=e,
o [ "

910 B TPe6OBaAOCH NOKaSATH.

Tipnueuanne. MOXHO NOKA3ATH, WIO OPHIHHAX BMOAME ONpexe-
ZRCTCA CBOMM A30GPAKCHMEM (CCAH (YEKUNH, OTAHYANOUMECS AWML B
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B3OIMPOBANABIX TOUKAX, CYRTATh sx-maeummm). Ecan orpauuumwn
Th Mo~

KeT, H3OMHPOBAHHBIX TOYCK, TO STOT qmn' Gylct cnexonn n 1eopeuu
Jlanaaca, B§9

§ 3. MPOCTEALUME CBOACTBA NMPEOBPASOBAHASA JAILIACA

1. OnHoponnocts Ecmn f(t)=F(p), T0
M(t)==)F (p) (A —m0BOE KOMIIEKCHOE 4ACAO).
B camom nene,

+o +w
Ly Ol= | WoOer =i | fOema=1L[fOL
2. Apantnsuocts Ecm f()=F(p), ¢ ()= @ (p), 10
FO+eO=FE+2 )
B camom aene,
+oo
LEO+e O = | VO+ot)]edt=
+o M 4o
={ roerat § e dt=LrO1+ Lo}
o 0

8. Mono6ue. Ecam f(£)=F (p), 10
flah= % F (!;) (= — m0G0e NONOKUTENbHOE YHCIO).

B camom nene,
+ oo +o _
l.[f(a!)]=$ fatye? dt=%s ftye “dt =%F(§).
o

- 4 Nubdpepennnposanne opurnnana, Ecam f(f)
Henpepuero andxpepennnpyema Ha (0, - 00) u ecam f(f) ects
oparanan [roraa f(f) Toxe opurunaa u f(4-0) cymecrayer],
10 w8 f(t)=F(p) crenyer:

FOFpF () —f(H0)
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CaMOM  ene, HHTErPADOBAaHWE 110 4acTAM [1deT Tpa

B
0<ab<+o0
b b
Jroerta=roer+pf roera.

Ecim Rep Gomswe mokasatens pocta f(£), TO mMoaym
f(€) €™ He mOMeT AM% BCEX NOCTATOUHO GOMBIIMX £ OCTaBATHCH
Gonbltie HEKOTOPOrO TNOMOXHTENLHOTO uMCaa, MO3TOMy Hatnmercs
TaKast g, ut0 £y —> -0,
ft) P 0, Beps Teneps a=—"7, b =1, n nepexons x npe-
neny H HHINEHANHCAHHOM DABEHCTSe, MOAYuHM NpH Re p, Gompluem
nokasarexet pocra f(f) u f(£):

LIf ) =—F(+0)+pF (p).

5, O6o6menne. Ecian f(f) » pa3 wenpepwrHo Ancppe-
penuppyema Ha (0, +oo; u ecan f* (#) ects oparunan [roraa
FO, FO. ..., V@) —roxe opurmamy u f(4-0),
JH0), ..., Pkl (4-0) cymecrsyior], 10 w8 f(f)=F(p)
crenyer:

S8 (O=pF @) —f(H-0) 7 —
—f 0P — L =V (-0)

B caMom nene, 5TO moayyaercs W3 COHCTH2 4 MO MHAYKLAH.
Tlpn n==1 yTHepxmenue cnpaneandso mo cmolictey 4. Ecaa
yTBEpKAEHHE CTIpaBeLAHO and nt— 1, TO

0 O=pF @) —f (0 — .. — D (1-0).

Orciona no csoicrsy 4

P O=p™ F @) —f (0 — . — N (0] —
— "V (O =p"F (@) —f (0P — s — [ (- 0).

6. YMHOXEHHWE OpDUrHHAaNa Ha MAHYC apryMenTt
(audpdepennnposanne usoGpaxenns). Ecm f(t)r‘-'
w=F(p), 10

—fO)=F @h
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B camom nene,
+m +eo
L=t @)= 5 —fO e it=1 5f<t) e dt=F (p).

7. O6o6menue. Ecan f()=F(p), 10
=1 @) = F™ (p).
B camom pene, 510 noayvaeTcs M3 CROHCTBA 6 MO MHAYKIUH.
TMpe n=1 yTsepknesue cupasenimso o csoictay 6. Ecam
yTREpKIeHne cnpaseanaBo aas z—1, 10
(=1 O=F" (),
OTKysa no csotcrey 6
(= DEF O = (F (o) =F (o).

8, Uuterpuposanue opurnnana. Ecan f(f) uenpe-
pusta Ha (0, +oc0) n f(O)=F(p), T0

¢
‘Sf(u)du,——‘@-

‘
B camom nere, nycts ¢ ()= \ f(u)du=(p), vorma

¢(-+0)=0 n no csoitctay 4 mmeem f(t)=p® (p); crenosa-
Temno, p® (p)=F (p); 0@):% .

9. llenenne opuruHana Ha apryMenT (MHTerpu-
posanne ngob6paxennun) Ecan &:’ €cTb OpHraHan |Toraa
f(#) toxe opurmuan], 1o us f(t)=F(p) caenyer:

e from o f= pm_f).

B camom nene, mycth M = ® (p), torma no csolictsy 6
@)= — ' (p); ulennenenbno, — @ (p)=F(p). Umierpupya
9 0. K. Pouanoscuutt
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9§ PABEHCI1BU B MpeAenax of p Ao P, Hahine:
/4
e@—oP={Fau
»

caenosaTenbHo, B npeaeae npH ReP— --co [ywntuBas, uro
Toraa @ (P)—» 0] nonyunm:

op)={F@d.
4

10. 3anasaueanue. Ecan f()=F(p), 10

St —s)=ePF(p) (x+— mobOe MONOKATENLHOE YHCNO).
B camom pene,

+oo +oo
L[f(t—x)]=§f(t—i)e“"dl= (re—vera=
+o +oo
= 5’" F(O) P g — 7 ,S Fltye™ dt = e "F(p).

11, YuuoXenne OPAruNana Ha NOKaBaTEALHY IO
¢yHknao (cmemenue usoGpaxenusn). Ecm f(H)=
=F(p), 10

&f(t)=F(p—1) (A —moboe KoumaeKcHoe 4HCIO).

B camom pene,

+o +oo0
LieYf ()= 5/(:).": M= 5 O PN dt=F(p—1)
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§ 4. CBEPTKA ®YHKUUA

®opmyna Jupuxae

TlycTs f(x, y) nempepusna 8 tpeyromwhmke D: a <<y <
<x<b (puc. 66).

TlpeoGpasys msolHoM wuwTerpan SS f(x, y)dxdy nsymsa
D

8 P n y TnoxyuEM
Hckomyo dopmuyny Lupaxne:

o % 7

fdx § 7 may=

n

]

5 Sh f6 de (G4
y

al

Puc. 66.

Creprka Qynxumit

Mycms f(f) ® ¢(f)— Henpepusuble, KOMILIEKCHOBHAUHBE
(ynkunn Ha [0, 4 o0o), Caepmuolt Qyukuntt f n ¢ Raswsaerca
yHKuns, fxpn

FreO= S F@) o ¢t —u)du.
s

310 Gyner nenpepusnas ¢pyHkuus na [0, +-00). Ouesnuyo,
I/*el<|fIx|e|
Tpu a>>0 c nomomwio dopMyns [dupuxae Haxomum:

SU* DO dt =Se-" "'S/("”“ —wdu=

. A P
_—_5 F@ydu S Pt —uye? dt = S/‘(u)du " @ (e P dt —
& ¢ [
A -
.—_5 Fye™ du ‘S o)e™ dt;
o
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- a—a
CNeNOBaTEMLHO, €CAM 3aNHCaTh BHyTDEHHWH WMHTerpan

a o
B BHIE ls—- s » Nonyuam dopmyay

SU* Qe dt= Sf(t)e-"‘dt j p)e P dt—
~Sf (@) ePdu f o @) et (5.5)

s (5.5) crenyer, uro npu f=0, ¢==0 n neHcTBATENb-
HOM §

S(f* ?)(‘)e"’dtsjf(f)t"'”Sv(f)f"dﬂ

npa fuen
HOM §

51(/*?)(')I¢*‘d¢< 5 xf(me*‘dt;lw)le*'dt,

OTKyAa BRIHO, YTO €cau f @ ¢ — ODHTEHANH, TO fX @ — TOKE
opurHHan, Npuuem TOkasaTens POCTa fx% ¢ He Gonee HaHGOML-
wero n3 nokasareaet pocta f u ¢.

Ceeprka oparaHaios

Teopema. IIpn coepThpaHmn OpArHHanos M30GpaxeHus nepe-
muoxaorcs, T. e ecan f(O)=F(p) u ¢({)=®(p), TO
*AO=F @O 0)

llokasatTenbcTso. [lad MPOCTOTH M WMeEM 8 BHAY
auwb wenpepusbie Ha [0, --o0o] oparmmams. Yumrsisas cop-
Myay (5.5), OCTAaTONHO MOKa3aTh, 4TO

f(u) e du S @O ePdt >0 mpn a—>oo
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Tiyers | O] =Fy(p)  |¢(®)| =, (p), voraa, ecan Rep=s
Gosbie nokasatened pocta f U ¢, TO

f f@e " du f p)ePat| <
o a-a
s s 7 .
<[lir@ieas fle@letat=[ + [<
o a-u 0 a
7

4o s
<F@ [ le®)eat+0,0 [ |f@|eam,
T 7

4r0 —0 npu @~> 00, uT0 W TPe6oBaNOCH AOKA3ATH.
Mpumep. Haliti coepty t* u £, rae >0, B>0. Viueen [nexan
B MHTErpane NOACTAHOBKY 4 =fv ® yuwTwiBas dopMyan (4.7) u (49)):
: 1
ek = fu- (¢~ ) du = 841 J':ﬂu—uwu=
]
—B 1er L@ DTE+D g4
@+1, 841 Tat6+2) *

ns npH Heasix m n

m!nl
Lt )It'”"“.
Popmyaa Jwamens
MNycts  f(f) — wenpepuieuuft wa [0, -4-00) opurunaa,

¢ (¢£)— nenpepniBHo Au@epeHunpyemas Ha [0, - co) dynxuus
Takas, ut0 ¢’ (f) ects opurunan. Ma f(t) =F(p) n 9(O)=0(p):

]
[r@s¢—unau=F@ o).
0
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43 npasnna augdepeHIupOBaHUA HHTETPaOB, SaBHCSIAX OT

1apaMeTpa, C/AedyeT, HTO JeBas 4YaCTb HENpepWBHO mudxpepeH-
uupyema Ha |0, -} co), npuvem

1 t
K ..S F@)et—u)du= § F@ ¢ ¢—n)dua+1®)3O)

Orciona B cuny csoficTBa 4 § 3 moayuaeM HCKOMY QopMyny
Iiwoanens

t
5@ ?(0)+§f(ﬂ) ¢ (t—n)da=pF(p) @ (). (56)

§ 5. OPHTHUHAJIbI C PALUHOHAJIbHbIMH H30BPAXEHHAMH

Haob:

P P
1. M306paxennd CTENEHHHX U NOKAa8aATEAbHHX

dyukunt Ipn a>— by *

OPHTHHANOM C HYZ€BHM TOKa3aTeNeM POCTa, NpHUEM

+o
L= § e dt,
YTO NpH TONOKHTENLHHX BHAYEHHIX p DaBHO (MOCAE SameHH
P ona )
+o
r'% 5 tretar=TCED

Ho kaKk H3o6paxenWe £, Tak H NpPaBas YaCTh MOCIEAHEr0 PaBeH-
Re

cTBa B ep >0,

COBMAZAR B MOMOXHTENSHHX TOUKAX, OHH (B cuny Teopemu emmn-

creenroctH, cm. ra. II1, § 14) Ha Bceft noxy

Rep>0 ut0 by pl=erls, xkom-
0 p MpH HE LeJHX 7Y, HO,

P BX Ha y Rep™>0, ma Beskutt pas
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MMEeM B BHIY TE WX BETBH, KOTODHE NMPOHCXOAAT OT BeTBEd Lnp,

ans p ¢ Inp). Wrax,
rallld > %))
Tak, npp a=m (m=0, 1, 2,..)
" % (58)
4, B 4acTHOCT®, npu m=~0
=g (5.9

Us (5.8) no mpapany cMmemenus nsoGpawennh (§ 3, csod-
ctBO 11) HaXOLMM NpPH JMOGOM 1ENOM HEOTPHIATEALHOM m H
MOGOM KOMIJIEKCHOM A

e s F’{‘F‘- (5.10)
u, B yacTrocTd, npu m=0
. p—lx- @.11)

2. Uso6paxenus TPHFOHOMETPHUYECKHX H Tk
nep6onnuecknx GyHnxuuh Hmeew s cury (5.11)

_ ettt 11 1 .
cost_—é——‘si(m+m)=m, (5.12)
sint =2 "".—-21‘(’,—1_—,—#)=;.%; (5.13)
et 1/t V\__p .
at= S5 s ()= G
ef—et 1 1 1 1
sht="—y #’f(p—l_rwl):p'—l‘ @19

U8 (5.12) u (5.13) no npaemay noxoGus (§ 3, ceoacreo 3)
HAXOAWM:

cos Bt = b sin pt = b e,
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OTKyZa o mpasuny CMeuleHus usoGpaxenuh (§ 3, csoHcrso 11)

‘“cosﬂlﬁ(p_p;,:_p,; e“’sin[it#(p_+,+§,.

Heo:

ycaosue
pllmouulhuoc‘nl nsocpueuun

Teopema. [lns Toro 4To6H H306paxeHue GHLIO PaUUOHANLHOH
yHKumel, HEOGXOLUMO W IOCTATOYHO, YTOGH ODUTHHAN ABARICH
TMHeHHOH KoMGHHauueH dyHKuuH Buaa ™M (m — uenoe HeoTpH-
HaTENBHOE, A — KOMIJEKCHOE).

HOoxasaTens,CTBO 1OCTaTOUHOCTH Ecau opurunan
ecTb IMHEMHAT KomGuHauws yHkuad £"e¥, To B cuny (5.10)

Gyner yHK Uk 7= ”;')M,
, Gynet

)J,onasnensc‘rno ueoﬁxonuuoc‘ru. I'lycn u306pa-
senne F(p) panwonansHo. Tak Kak no Teopeme § 2 F(p)—>0
npu Rep—>--0o, 10 F(p) GymeT npasunsholl pauuoHanbHOH
npo6eio. Ilycts p,— ee momocw, n, —ux kparHoctn. Toria,
pasnaras F(p) Ha mpocTefilude SMeMeHTH, MOAYYUM:

FO’)*ZE—wv

rae My, — HexoToprie Kommaexchme uncaa, Ho us (5.10) suawo,
4To

e 1
—n° T o=

33 s emron

a TaK KaK OpUTrMHaN BMONHE OMPENENSETCs CBOWM H30Gpawe-

HUeM, TO
Myt oyt
(‘)—E 2 T—m¢

Orciona

¥, CJe10BaTeNbLHO, yHKuuA
Buna t"e™, 410 W TpeGoBanOCH NOKasaTh,
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3amernm, 4TO BCAKan ApoGb
Gp poro op TaxnM 06pasoM, ¢ NOMOMILIO
Jlannaca y TCs B3aHMHO

COOTBETCTBAE MEXAY BCeMH GYHKUHAMH, SBATIOMEMHCA NHHEH-
HLIMH KOMOWHauMIMH BHpaxenui f™e § BCEMB NpaBBABLHBIMI
PaLMOHANBHLIME  APOGAMA,

3ameTuM, 4TO KAacC (yHKugH, FBAAIOLAXCA JUHEHHBIMA KOM-
GHHauusMM BHpaxenn#i Buia "e', 06nanaeT credyHOUEMA CBOA-

CTBaMH: Ha
apryMesr, Ha yio oy anueinoro
aprymenra, A HHTErpHpo-

BaHWs, NpUMEHEHHME K (YHKLHMIM BTOFO KAacca, NPHBOMAT CHOBA
K (yHkuusM sToro kaacca.

Haxompmenue opurnHana Mo SagaHHOMY H30GPAMEHUIO
(korza OHO panmoHaNLHO)

Tip uto ecmu F(p)— ka-
6: npoGs, p KOTO-

yab
pofi Ha npoctefimmke ApoGu ecTs

"
=2 Lo

W o
70 =Z 12’ Pt (5.16)

Gyner opuruuanom, mveiomny nsoGpaxenne F (p).
B uacTHOCTH, €CMH BCE nomocH F (p) — npocTue, To

Foy=Y 2 My =ResF(p),
g Py

P—p’
n an uMelomero P F(p), nonysmm ¢pop-
uyay e
FO=3 Me™. @17
Takam oGpasom, p no nao-
Gpaxeunnio (koraa OHO ) K

0 ApOGN Ha np ApoGu.
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qmmp Haiirn opurunas f(f), uMelommi usobpamesne

rp= ot it

Paszomenue na npocreiiune poby saer:

) i i
FO=p =ty

CAENOBATEABHO,

f(,)=%_13.-u-m+,,4-.-m_,%+2,4m&

§ 6. IPUJIOXEHHS! K PEUIEKHIO JIMHEAHBIX
JMOGEPEHLMAJILHBIX YPABHEHHA C NOCTOSHHBIMH
KO®PULIMEHTAMH ¥ CUCTEM JMHEAHBIX
JMOOEPEHLMAJILHBIX YPABHEHUA C NOCTOSHHBIMH
KO3®PULUEHTAMM

HWa oGmero Kypca nareuamqecxoro aHaAu3a HBBECTHO, 4TO
BCE pEIIeHHs ¢ no-
CTOMRHEMA KOSGQRUREHTANR, NpaBas 4aCTh kompm ecTb AHHeH-
Has KOMORHauAs (ywKumii buma ¢™e™, ABAMIOTCA (yRKUASMA
Takoro ke sAga. To e K

c

upapiie uacTu xcrro BIX
dynKuntt suna "M, Ho snHeliHbe KOMGRHaIHA BupaKemnit (7N,
ecan uX paccMatpupats Ha [0, -} 00), ABAAIOTCA OPHTAHANAMH
c » 310

Aywoual apReM pemenns ypas-
HEHRH n cHCTEM y. safan-
HHM HaY3JbLHHM YCAOBHAM Koum

Tpeﬁyercu HaliTa pemeHAe AWHeHHOrO RAQEpEeHLARALHOrO

p Tamn
w“’+ﬂw""" + . ey =1y
P y Kown

YO =cs ¥ O=cp; ... 3"V (O)=cpy
korna f(f) ecTb nAHeHxas KowOmHauua QPyHKuAi sAua £meM.



§ 6] K ALHBIX 267

Myers y () = Y (p), f(£) =F (p). T;)ma 3 PacCMaTPUBAEMOrO
ycnosu#t Kown

P 0 ¥yp u
cnenyer (s cuny ceoticts 1, 2, 5 § 3):

a(p"Y —ep"t —. o — ) 8 (P Y —cp™ — .
e —Cpg)Feee 8, (Y —c)+a,Y=F

uau

@ 4 ap" . ta) Y=
=cy (@™ 4 ap" A a, )+
+ e (@™ ap™ .t )+ A 0B F

oTKyAa

Y(P)=ml%(%l’“+m+%.n)+
Fer(@p™ ... a, D). A Caa@o+ F (p)). (5.18)

Wrak, usoGpamenne Y (p) HckoMoro pewenus Y (f) Haxo-
autcs no ¢opmyne (5.18). Pasnarad npasumbHyI0 PalHOHaMLHYO
npo6s Y (p) Ha npocredmme SAeMEWTH, HaieM C NOMOWLIO
opmym (B.16) uckomoe pemwenue y(f). B cayuae omuopoamoro
ypasneuus umeem f(t)=0 u, caenosarenbuo, F(p)==0.

Takum 0o0pasoM, peulewne AUHEHHOrO AUGHEPEHUMANLHOrO
y 4 TaMd W Npasodl 4acTeio,
dynKund suma e, ceo-

a "

maTcA K
npoﬁu Ha npocremuue apo6u.

1. Pemurs ypasuenne " — 3" — 6y' == 0 npn HAYAIBHBIX
ym.sm iy O = 15 5 =5 ¥ @ =56

18(p* — p—6)+2(p—l)+56 15p* —13p—

Y=

—pr—6 TP EA— 3)
4
=;+m+m’
caenoBaTenbHO, (=6 5 e,

Mpumep 2. Pellll"b apmneuuc Y'+y=cost npH HaYasLHBIX
yeaosaax y (0) =0, y' (0)
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3Aecb
””=f$‘j‘l Frr=ile=r vl

caefopaTesbHo,

y(t)=“l(tc“—u"‘)=%tdnt‘

Cucremn bd HHIX yp
TpeGyerca Hafita p cHcTeMH epep
UL c

Yid a4 o anya=h1(O),
Y2+0uyi+. ..+ ua

Yutamyrt. o uayn=fu (t),

y y Komn

NnO=ci 3 (0)=cs; ...; ya(0)=c¢n R
korna fi, (£) (k=1, 2, ..., n) ABAAOTCA AWHEHHBIMA KOMGHHa-
unaMu yHKuu Bnna et
Nyes y @)=Y, (p), [ OFFi(p) (k=1, 2, ..., n),
Toraa us cHCTeME aHdd ypasHe-
HA ¥ HayaMbHWIX ycnosmd l(oum crenyer (s cmay cmoficta I,
2,48§3)

pYi—a+ayVi4...+a,Y,=F,
pYa—catauYi4.. +a1,lY —F,,

PYn—cntau¥y+ ...+a,,,Y,l_F,,,
Hnn

@u+p) "1+ auYet...4a,Y,=c+F,,
Y4 @u+p) Vat...FanYo=c+F,

aulit Vst @utp) Yo=cy+ Fp
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Mycrs
ay+p an LT
Ag=| O WEE o e
ay 8y ... Gp P
A (p) T anreop. saeMenTa

j-# CTpOKM B k-ro CTOAGNA MATPHUE STOr0 ONPENEAHTENS.
Toraa ¢ nomompio npasuna Kpamepa Haxomum:

2. Tey+ Fy(p)] Ap ()

yﬁ(P)_~—7(p—— k=1, 2,..., n). (5.19)
Wrak, p Yi(p) oy .Vk ®),
HCKOMOE X cHCTEM

no opmy (519) Paanaras npaBuaL-
Hie panvoHansHsie apoGu Yy (p) Ha npocTefiune ApoGu, Hahaem
¢ nomowb topuyn (5.16) uckomme pyHKuEH y, (). B cayvae
onHopoaHol cuctemm Bce f,(f)=0 ®u, caenoBatensHo, Bce

F,(p)=0.

Takmm o6pasom, p cucTeMsl p
yp < Tam¥ ¥ npa-
BHMH 4acTSMH, BHIpaxKe-
Aull Bupa f"eM, K
HHIX npoGe#t Ha np ApoGa.
Mpusmep. Pewnts cucremy
Y+ +42=0, }
2424 6z2=0

OpH HauaabHbX ycaoswax y (0)=3; z (0)=
3recs

3(p+6)+15(—4) p—42 8 11
s e e T ) p+2'p+8'
2 =3By o5 4

=GR 6 =T

CAeROBATEALHO,

y(O)=—8e" 4 1le ™,
z(f)=4de + lle ¥,
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§ 7. n?unoxmﬂma K PEUIEHHIO JIMHEAHBIX YPABHEHMH
B KOHEUHBIX PA3HOCTSIX
C NOCTOSIHHBIMH KO3®OHLLHEHTAMH

Crynenuarsle GpyHknun

Hycms h, (n=0, 1, 2,...)— npousBOJbHAR NOCAENOBATENb-
HOCTb KOMRJeKCHBIX wucen. dynkuwo f(f) na [0, 4-00), ompe
AEASeMYI0 PaHeHCTBaMH

fO)y=hkyman, n41) (r=0,1,2..),

HasoBeM by 3 nocaenosa

TemHOCTbI0 {k,}
Hmeen

n n—1k41
ﬂflf(t)|e-“dt= Y Viroera=
k=0

njl“’n' S etdt= ’Elwﬂﬂ_"-

k=0 kw0

Ilas neHCTBUTEMLHONO $ HaHAeM @ npeaete mpu A — - 00

+o0o
§ /()] ey (5.20)

£=0
CNIeN0BaTeNbHO, HECOGCTBEHHHA MHTErpan m Nenmol vacTu u pPaL
u npasolt vactn muGo o6a cxoasrcs, 6o o6a PacXomaTCs.

Hs (5.20) wenocpencraenno nurexaer

Teopema. Yro6u cry nocae-
nonaremHocTsio {k,}, Guna OpUTHHANOM, HEOGXOMUMO U MOCTa-
TOWHO, 4TOOH pan ¢ h, umen

OTWMYHEA OT HyZs paauyc CXOAUMOCTH [#nave romops, uroGm
aucna Y| (n=1, 2, 3, ...) Guau OTpaHMYEHH W COBOKYM-
HoctH].

Tycrs f(f)— crynenuaTull OpurmHan, MOPOXAaEMbifl nocae-
[Z0BaTENBHOCTHIO {h,‘{; S()=F(p). dopuyna (5.20) noxasu-

®
Baer, 4T0 ecau crememofl pan Y k2" cxomutea mpu |2|<p,
[
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10 F(p) ananurauna npu Rep>1npl | TorAa

+oo o ki1
F)= § foerd=3 \ roerit=

k=0
@

=3 h,kS erdt =122 “’ Z By,

K=0

Ionaras H(z)_;h,,z", ' (p)._ (sro ecth usobpaxe-
HHe CTynenyatol dyrkumm 3, (£), nopomueuoﬂ nocnenoBareb
Hocteio 1, 0, 0, ...), Haktzem

FO)=0(@) H(™) ®21)

OGparno, Bcakas Oyskuws suma A, (p) H(e™F), rae H(z)
aHANMTHYAA B Hyns,

MeHYaToro OpHrHHana, 0 p

nma H(2) no crenensm 2.

Mlpunsepos:
1) Ecaw hy=n, 10

»
:
”“"‘g’""ﬂ:—zr: =157 e =y
2) Eean hy=(—1)%, 10

-
eP P —1
mz)=§(—ly‘z" = =S =

3) Ecan h, =a", 10

@
S l—e? 1 er—1
H(z)= Zaw'_. T FO =S e = so—a

Bameuanne. Ecin BMECTO cTynenuatHx yHkuwi paccmarpm-
Barb B2 [0, 4 o0) dynkumu f(f) Goaee obwero suna, onpele
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AseMKe paBencTBaNn

fO=he(t—n)ualn, nt1) n=0,1,2..),
rae ¢(t) Gy Ha [0,1),
KOTODasi Ha STOM umepnane WMeeT He GONee KOHEUHOrO WHCAA

TOYEK pasphiBa, HE WCYE3aeT TOXIAECTBEHHO W a6CoMOTHO MHTE-
rpupyema (cty dy y mpn ¢ ()=1), 10

cpopuyaa (6.20) ocraneTcs B Chme npH 3aMeHe Ha
;l?(f)lf“df, a B cune
us STOH ‘TeopeMa ycno-

BHe, 4TOOH f(f) GBta OpHrHHANOM). D.im H300paKeHus OpUri-
nana f(t) lq;o;:uuyna (6.21) ocraerca B cune, ecan A, (p) same-

HUTb HA S @ (t)ePtdt.
¢

Onepexcenne dynxnuh

Ecnmn f(t) onpenenena na [0, 4-o0), ¢>0, 10 PyHK-
umio f(t-¢), paccmarpusaemyio Ha [0, -~ co), HasoBeM onepe-
ocerues dynkunn f(£).

HerocpencTBeHHO MMAHO, YTO BCAKOE OMEpekeHne opuriHana
ABASETCA ODUTMHANOM C TeM e foKasaTeleM POCTa.

Ecma f(t)— opurnnan, f(f)==F(p), ¢>0, 10

+o +o
Lif(t+) = ’S fltc)ettdt=eP S fltyedt=
=ﬂ[ F(p)— OS f@ye? dt]. (6:22)

Ecan f(f)—crynenvarut opuranan, f(t)=: A, (p) H(e™P),
rae H(2) aHamMTMUHA B OKDECTHOCTH HYJS, #-— WACNO HaTy-
panshoe, 10 (5.22) naer:

L{ftm)} =P by () HEP)— e S ftyerd,
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o .

n net k41 P

5 fOerdt="8 F( S erdt=8) T FO,
k=0 L=

C/AEAOBATENLHO

n-1
Liftt+mt=2(p) [e™ H(eD —kEnf(k) eln-0#) (5.23)

c

f(f) — Kaxas-nu60 ¢ymun- Ha [0, 4 co). Fhonowsan
lf(f) f(‘t+ D—Ff(ty, A" f(O =281 f(¢) (n=2,3,..).
Meroxom WRAYKIAY (C HCTIONLBOBaHAEM CooTHomenHA €} - b~ =
=chy1) n€rko nokasats, uTo

Sr= 3 (—yrcire+n, 620
=0

fe+m= .ﬁ:nc:A*/«) 29

(rne AOf=/).
Paccmorpum aBe samaun, B KOTOpHX f(f) 0603HawaeT Kamyio-
Huby b sanamqylo cryneﬂuaryw $ynsxumo wa [0, +oo), ay, %

b Be—
Badaua 1. Hamu CTynenyary® yHxnmio y(l) m [0, -+ och,
YAOBETBOPSIOLLYIO yPEBHERHIO

oyt t-n)tay(t+n—1)4 .. FayE)=f() (a%#0)
W HAYANbHBIM YCAOBRAM
Y(O) =0y y(1)=0; ., y(@—1)=0,,.

B3adaa 2. Haitn crynensaryio gysxuno ¥ (f) Ha [0, -+ 00)
YAOBAETROPKIOILYIO YpPaBHEHHIO

bA" (1) 45 A™Y () - . - Y =S () (57 0
R HayalbHLIM yCNOBASM
YO =8y &y (0)=Bs, ..., A" 'y (0)="Ba.

10 L .. Posusoscr u
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3 (5:24) smawo, uro 3anava 2 pasHocunbHa sanave | (¢ Hag-
NEKAAMA @y, %), @ (5.25) smmwo, uro sajawa 1 pasHo-
cubHa 3ajase 2 (C Hapnexammmn by, B,). 3amaua |, ouesmawo,
BCETA2 HMEET EAMHCTBEHHOE PelenHe [eo cBORMTCH K PeKyp-
PEHTHOR CcHCTEME y A onp 4neHos

TH, CTynenuaryo yHK-
umo y(f)], CremoBaTe/bHO W 3ajaua 2 BCErAa WMeET EAMHCTBEH-
HOe pelenue.

Teopema. Ecan f (f) — cTynenuarul opuruMan, To pewenne
safian | (w, CIeQoBaTebHO, Pelienue sajaun 2) Takxe GymeT
CTYMEHYaTHM ODHTHRaNOM.

Nokasareabcreo. [lycts f(k)=Hh,, y(k)=g, o
ycaosmo | k| < p* (& l 2, ..), rae p>0. He ywmeHbnan
OGWHOCTH, MONOKUM @y . Tycrs A—nanﬁonbmee H3 4HCen
. la,]. TOycrs ¢ sonune kawgoro us uncen ¥|gp|

o m)opy 1y nA4-1; torma |g,|<<¢* mrs Bcex
k=1, 2, 3,... [leAcTeHreNbHO, Ans kK<< A 5TO ClEAyeT us
onpeneneHus ¢; Aas k==m (rae m > >n) 5T0 BEPHO, ECAH BTO
BepHO And BCex k< m, HOO WS YPaBHEHHS, KOTOPOMY YLOBJE-
TBopaer y (f), naxonum (6eps t=m — n):

18ml<|a1]|@mal ..+l 8m-n] +
Flonal <A 1) g™ <g™

Taxum 06pasoM, MHAYKURS MPOBEAEHA W TEOpeMa JOKasaHa.

I K p
B PpasHoOCTHX
s Py

Paccmorpam 3amawy | 8 cayuae, korma f (f) ectb crymed-
uathit opuruian. Toraa, no AokasaHHoMYy, pewenne y (f) Takxe
Gyser crymienuatsim opurunanom. IMycrb

FO=0EHED, yO=2()0E)
rae
H (2) — usBeCTHas aHaiuTHYecKas (GyHKuus B OKPECTHOCTH Hy s,
O(z) — ucxoma aHanMTHYeCKas (YHKUMS B OKPECTHOCTR HyJs,

sagaunm 1 k H y4n-
THBasA npH Brou HauamLHKe yCaoBusa B opmyay (5.28), nonywnm
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nocne cokpauwenns Ha A; (p):
[0 N — (o™ P iy )]+

+a, IB(D-I) ‘0(8")——(0,:""“ » + +,'.') e”]+

+a,_| [2'0 (e";—. t.e"] + ;,(‘7 (;";) i }1(2 P),
oTKyAa
e =gmp—a{fo@e o+ tad+

Fe1ae™ ™ P o ) ot a8 - H )]
nan (nocae [} na e"’)
W"”'—‘W [eo (@t o+ apg ™ D) 4
e @t w2
veirt eV oy e H(ET))
Taxum 0Gpasom, ecad
FO=M@HE,

TO AAR pemexus sajmaun 1 AmeeM

YO8 (),

rae
0"‘«=a_._-l:..l—-l~a,._t"' [eo(ag+ w2, N+
+eiz(@y+ et 2, N F -0, ey + 2"H (2)]. (5:26)

YE+ D=y @O =@—ans,
mpanep 1. {7071

3neck n=1, a=1, a=—1, c¢=1
=
H(s)=(a—l)2m-l"__—7',,
0

a—1

0(’)=%=,_——'—~“=l+n+a&'+...

*) l¢] o6oanauges uanGoabmee meaoe wHCao, He mpeBuIaOUee £y
10*
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@ynknua y (f) NOPOEAAETCA NoCIENOBaTEALHOCTLI 1, 4, a,...
y(O)=d"
yE+)=yt+H+y@®,
Opuuep 2. y®=0,
y(h=4i,
3necs ne=2, a=1, a@=—1, a=—1, =0, =1
HBz)=0,

O(z)sT:-:—_?=t+l‘+Zl‘+!z‘+w+...

@ywama y (£) nopoxnaerca nocrefosatesssocTs 0, 1,1,2, 8, 5, ...

0 npr ntm, _
3amewanne. Ecm h"_{l npn n=m (n=0, 1, 2..)),

0
JO=¥(¢—m), HO=# @m=0,1,2,..).

Bom b= EET) _Cia 0 10 00w

FO=1480 o=k
= igrFarn: HE=g=gm

(@#0; m==0, 1, 2, ..),
O%yna BHANO, 4TO ECTH FO=[t+m)"1a 1o

|
HO= e A #6m=0,1,2 )

Vuareipas eme, uTO BCAKWA TOMMMOM /- CTENewdm MOXHO pPas-
AOKMTS DO MOOHM HOAuwoMaM Crenewe#t 0, 1, ..., m, u 4tO
SCAKYIO PErYASPRYIO B HyJe pallHOWaNbHYIO (GYHKIWIO B DesyJb-
Tave BMICAEHHR WENOW 4aCTH M PasNONEHHS OCTAaToO'MHOW mnpa-~
BaALMOR ApolH Ha mp MOXHO Th
» Buge amNeRncd KOMOMHamAW QYHKUMH Buaa

- -(a—l'—‘w @#£0 m=0,1,2..),
WPKXOAHM K RPEAIOKEHWId: ANs Toro, 9106w H (2), Grrypupyo-
was 8 Gopuyne (5.21), Guaa peryaspHol B wy.ne PAUHOHaMLHOR
pysumedt, HeOGXOVMO M AOCTAaTOuHO, 4TOGH f(f) WBBAach .au-
weirolt KoMOuHauveR QyRKuuH suia

¥(t—m), [LI"NI (A% 0 m=0, 1, 2, ..)

» 517} ooaguasaer x (x — 1) . (x —m 4 1),
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M3 CwESaHHOTO B Hayane WACTORILErO 3aMedanusi Nerko
CMOTpETb, Kak, 8Has Takyio f(f), wahiTn BHpaxeHse COOTBET-
creyromelt F7(2) n, 06patHo, BHas PanMOHANbHYI W pEryJsp-
nyw B nyne H(2), naitu Bupaxenwe eoorsercrsywomen f(f).

®opuia (5.26) nokasusaer, uro ecan F(z) paumosanbna,
T0 G(2) TOXe paunoHanba, noamuy, ecnn Npasad 4acTh pace

0 BHIE Y
lmceﬂuon KoMOuRauuen Q)ymmun Buaa 8 (t—m), [t1™N9 A 3£ 0,
m=0, 1, 2, ..), TO u DELIEHNs STOr0 yPaBHEHHS NpPH MOGHX
0. STHM

H

§ 8 OPHTHHAJIbI C H3OBPAXKEHHSIMH, PEFYASPHbIMH
B BECKOHEYHOCTH

O npenexsHom mepexone
WOX SHAKOM HECOGCTBEHHOro WnTerpaxa

Teopema. Ilycte f,(f) (n==1, 2, ...)— KoMEneKcHOBHI-
Hple HenpepsiBHbe PyHKuny Ha [0, 4~ 00), npuuem | f, (£)| < ¢ (1),
rae ¢ (f) — raxas HeoTpl

4o

Hau ¢ynkuns wa [0, 4-00), uro ¢(f)dt cxommrcs. Ilycts

sarem f, ()= f(f) Ha [0, |- 00), W npuToM paBHOMEpHO Ha
kawom cermente [0, a], rae @>0. Toraa

+o0 40
§ f,,(t)dt—»s £ dt.
0

DNokasaTenbCTBO. M8 ycnopud TeOpeMms BmAHO, uTO
f(t) wenpephwia u |f(f)|<<¢(f) #a [0, 4-00). Mycrs ¢ -
NPOMSBOJLNOE MONOXKHTENbHOE YACAO. Tak Kak “ecoSCTReHHMn

+e0
uurerpan's ¢ (f)dt cxomutca, TO naiinerca Takoe a >0, uio
T(p ()dt < 5. Tak xak f(f)—>f(t) wa [0, o] pasHomepro,
. .

a o .
k] ‘S fu(t)dt —>§ J(t)dt u, caeaOBareabHO, HARACTCH 1aKOR



278 NPEOBPASOBAHHE JAMJACA [ra. v

Homep, N, uto npu n >N Gynem umMeTs:

. |S/.(0ﬂ—5/(f)ﬁl<§.

Cnenosatemto, npu n >N

Ir ,.(f)“—r/(t)dtls|S/.(t)ﬂ—jf(0¢t[+

+§ 0w+ ([ rou|<s+5+3=n

4TO W TPeGOoBAAOCh AOKa3aTh.

Mpumeuanne Teopema ocraerca B cnre, ecin f,(f) n ()
npeanoaaraTh wenpepuBabiMA #a [0, 4 00), 32 ACKIIOUEHHEM HSOAHPO-
BAaHAHX TO4EK, H TpeGOBATL PABHOMEPHOR CXOLHMOCTH fp (¢) K f () mHuIb
Ha KaXAOM CerMenTe, mexaumeM Ha [0, 4-co) u Be CopepxauleM yno-
MAHYTHX H30AMPOBABHHWX TOUEK.

Jlisl 9TOr0 B NpeAnAymee AOKAIATEALCTBO HYXAO BHECTH CHEAYIO-
mge n3MmexenHs. BuiGepeM ¢ HaCTOAbKO GONLIMAM M OKDYWAM NONANAI0-
mue #a [0, o] TOUKA Da3PHBA HACTONBKO MaibiM¥ CEMEHTaMH, YTOGH
CyMMa HHTErpaioB ot ¢(f) MO 3ITHM cerMenTaM H 10 [@, 4-00) Gnina
Menblue % Mocae sToro mcmoab3yeM TOT (akT, 4TO HMa OCTABMMXCA
cermentax f, (¢) — f (¢) pasuomepHo,

B KauecTse NpUIONEeHHA NOKa3aHHOH TeopeMi CAenaeM JBa 3ame-
uaHKR O CBORCTBAX W300paeHHH (KOrna OPHIHHAR YHOBIETBOPAET HEKO-
TophiM TPeGOBaHUAM).

3amevanue 1. Ilycts f(f) wenpepmsHa wa (0, - o00)
f(+0) cymecrsyer, | () <o(f), rae o (t)— HeoTpauarenb-
Hufl  HenpepweHuH  HeyOneawwm# Ha (0, +-00) opurmman.
Toraa, ecnn f(t)=F (p), 10 pF(p)— f(+0), ecnn p>0 u
p—> o0,

B camom a€ne, MycTh $§-— NOMOKATENbHOE uHCAO, GOMbUiCE
nokasatens pocta @ (£), u nycts p>s. Toraa

PF(p)=>p S’/(t)e"‘dt j P)etas

(g [ <a(£)e ()
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fy(%)e"dt=s$q?(t)e‘”dt

cxonures; f(%) e*—>f(40)e* npu p—>-j-co pasnomepHo
na kaxgom cermenre [a, B], rae 0<Ca<B<--co. Crenosa-
TENbHO, B CBAY NOKASaHHOW TeopeMs

uTerpaa

pFo:)—; Vetat— | et Ot at=p+0),

410 U TPeGoBaAOCH NOK23ATH.

3ameuaune 2. Ilycrs f(f) uenpepusna ma (0, o),
J(4-00) cymecrsyer, | f(£)[=<9(f), rne v(f)—ueorpmren»
HH, HenpepwEeHb, Hemospacraoumtl wa (0, 4-00) oparuman.
Torna, ecan f(f)=F(p), 10 pF(p)— f(40), ecis p>0
ap—

Cnepsa saMeru, uTO nokasarenb pocra ¢ (f), M noaasHo
noxasatens pocra /(f), ue Gonee ryas B notomy F(p) umeer
cumca npr seex p > 0. TMyers 0<p<e, rae ¢>0. Toraa

pF(r)—prf(t)e‘”dt-r " dfy
(el (§)e <o(2)e
B 4o
5?(%)[‘#--‘5 @(t)e™dt cxomurcs; xpome Ttoro,

j(‘)r‘ — f(+00)e* nps p—> 0 pasHomepHO Ha KaimoM

cermenre [z, Bl, rne 0<a<@<+oo Caenosarenbo, s
cuiy noxasaHoH

pF(p)=S’f(%) e*dt - \ f( c0)e*dt = f(+c0),

S9TO B TpeGOBanOCH AOKEBaThb,
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» llease (yHKuMn SKCMOHEHUHANLHOTO THIFA

o] Uenas /@) 0 nepe-
MEHHOTO 2 HasmBaerca yeaod @ymmueﬂ K CNOHERLUANBHO20
muna, eCnM MOXHO HAHTH TaKHe TMONOKWTENAbHblE YKCAA C Q,
4TO AN BCEX 2

1@< Cemren,
Jlemma. [1aa Toro 4TOGH CTENEHHOW pPAA EA,Z' u306pa-

BO

®an uenyic ¢y w
# JIOCTaTONHO, YTOOH S HEKOTOPHIX nonoxmenbnux uncen C,
S BHNOAHAINCL HEPABEHCTBA

&
14,1<C Y

NokasareabcrTBo neo6xoaumocru [lyem f(2)=
+%
._2 Ap?" —uenas (yHKuus IKcCnoHeHunanLHOro Tuna. Torna
|/(z)|<Ct"“ npu Beex 2, rae C u o — HEKOTOpHE ROJOKH-

TensHue uwucaa. B cuny uepasencrsa (3.48) ans momyseit kosd-
¢uunenton paaa Tetsopa (ra. 111, § 14) Haxonum npy Bcex R >0

~ R
14,1 <5

Bepy R=: (k=1, 2, ..)), vosyuum

Ce" _ Een
1aal < S Ete

nosTOMy, flonaras S ==eo, GyXem UMerb
s
14,1<C%  *=0,1,2..)

DokasatenbcTso focTatounocTh llyem |A,| <<
<Lc f‘l , 12e C n S — Henotopste loavxmTeashsle uncna Toraa,
OweunAu0, CTeennol pua N 1,2° CauAMrCR A beex 2 B



§ 8] OPHMHHAAN C M30BPAXKEHHAMA 281

n306paxaer ueayio QyHknmio f(z), npuuem OAS BCEX z MMeeM:
4o +oo Siz.
If@1< YAl 12 <Y Bzt = cesin,
0 o

470 A TPeGOBANOCH JOKasaTh.

3ameTuM, uTO p 0 ywmHo-
wenns Ha
Y0 QyHKuLuo, mwemmro npeodpasonuun HE3aBUCAMOTO llgpe-
MeHHoro, mud W uHTer
K UENEIM (QYHKUATM Tuna, omHoBa

K UEJbIM QYHKUHAM SKCNOHEHLHANbHOrO Tuna.

Heo6xon#moe H EOCTATOHHOE YCROBHE PEryAspHOCTR
B

Teopema. Ilis Toro uteGu usobpaxenne Guno PeryAspHEIM
B TouKe,
4TO6HW OpurHHan AsASACA uenoh (pynxumen sxcnweuunanbmro
THNa,

HokasaTeabcteo nocTarounocTu. Ilyers oparn-
Han f(f) ecTb uenan (YHKUUS SKCNOHEHWHANBHOTO THOA [TON-
nee, f(f), samamnan wa [0, +00), npomomxaema a0 uenoh
dyHKu#M SKCHOHeHUnanbHOro Thnal. Toraa, B 4aCTHOCTH Mpw
t=>0, Gynem wverb:

oo
Fo= A 141<C§ €>0 >0,
0

Ouesnano, apn £=>0, Rep=s">S umeem:

3 R gPt
;AJ P

o 2SN
< 2 | Ay |t - g—u<ZCT e = CetsSK,
0 0

+o n
c LI
(5= gf — . Y e
warerpan \ Ce fdt=5"¢ cxomutes; Apth - e >

0
- /(t)e“(" pasHovepo ua Kaxaom [0, a), rae a >0. Cre-
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Ha TeOpeMn O np p
non SHIKOM HECOGCTBEHHOrO UHTEerpana

o "
5 Sas r"dt—»§ f@eyer dt
[

wim
LIS A1~ LI7O] mon Rep>S,
HO
L] L] N A4
L [%] A =§]A.L (z*)=Z_F_L;
cnenoBaTrensHo,

Rl Ay

oo
Lf@)= ) " mpn Rep>S,
[

npnueu [ ] npanon qacta cxomurcs npa {p|>S n nsobpa-

by
ynueuuoﬂ TOUKR. 31'0 JIOK33HBAET, uro nsobpaxenne F (p)
nocfie  aHaIMTRYECKOTO MNPONOMKEHWs HAa OKpecTHocTh Gec-
KOHEYHO YnaneHHOW TOUKW CTHOBHTCA DEry/RpHHM B HeRl M

F(p)=2 B wn 1p1>s.

Takam oOpasom, ecnn f(f) —uenas QyHKuHA SKCrOHEH-
UMaNbHOrO THMA M ecau ee pasnokenne B pan Teﬁ}lo‘pa ecTh

©
;A.t", To #300p f(®) omp Gopmy

Fp)= 3 LTy 5.27)
@ g‘)?:" (

Nokasareascrso Heob6xoammocTm [Ilycts nso-
Gpawenne F(p) oparunana f(f) mocne aHanuTHYECKOrO nNpo-
LOMKEHHS OKA3ANOCh PErynspHHM B GECKOHeYHO yAaneHHOM




§ 8] OPHFHHANK C M30BPANEHHSME 288

Touke. JlopaHoscxoe pasnoxenme F(p) B OKpecTHocTd 0O [yuu-
Thisaercs, uro F(p)— 0 npn Re p— - oo] mmeer sun

*2‘" B

F(p= .

._I?!-

Tycts nomoxuremshoe wncao S Aexnt 8 00674CTH CXOLWMOCTH
sroro pana. Toraa pan 2—§} CXORWTCA; CNENOBAaTENLHO, CXO-
BHTCA W AR 2 By (uﬂo 551=S %%) nosToMy ero ufe-

HH OrpaHRyeHH, T. €. 'B""’ |<C, rie C-— HexoTOpoe MO0~
By
3]

st
KHTEMLHO®  UHCAO, OTKYHA < C s crenosatensHo,

®
2 B;!*‘ % —nenan dyHKuma sKcoHenunanshoro tana. Ilo mo-

KaBaHHOMY

L=Fox

orciona (TaK Kak OpHIHHAN BMOMHE ONPENENSETCH CBOWM W30-
Gpaxennem) 3aKalouaeM, 4To

S e
ro=Y%nn
o

4TO M TPeGOBaNOCH NOKa3aThb.
3aMernm, 4TO BCAKAA perynapuas B GECKOHEUHOCTH aHamw-
THYECKAR (PYHKUWA, PaBHAR HyMO 8 GECKOHEYHOCTH, ABJsElCA

uenoit y
THNA,
Taxum 06pasom, C NOMOUILIO npeoﬁpuaosanuu Jlannaca
yer. BIAUMHO wexay
BCEMH HEAbIMH ¢yblKllHﬂMu QKCHOIICHIIHCJIBHOTO THNA B BCeMR

ananuTHIECKAMA Gy peryasp 8 yaa-
NeHHO TOuKE # PasHLIMW B HEHl HyIO,
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» Haxomaeane opurumana no ero usaoGpaxeHHIO
(Korma oHO peryaspHo B GecCKOHEUHOCTH)

Tpepsiaympe BHKAaQKA NOKa3dwBalT, ut0 ecan F(p) —
KakaA-naGyAb aHANKTAYECKan (YMKUWS, peryasphas B Gecwo-
HEYHO YRafNeHHOW TOYKE W pasHas B8 HEH Hyao, # ecin eo

n 0O ecTh

i i * '+wB
Fi= ) =%,
27

ro= Yﬁw ) ®39
Gyner OpuruHaioM, nueoou.lm: -m:odpameune F(p).
Hsobpasenus Geccenesbix (YHKRMH
Hpr v=0 [cw. ra IV, § 2, ¢opuysy (4.20)] dyuxuns

L\
+o
Lo _ 2 [ (7)
I BT+ E+ 1)
6yser uenol (yHKUMEH SKCNOHEHUMANLHOrO TANA.
B camoM gene, MORymb Kodpdmumenta npn ¥ B mpason
wacTR PaBOH

1 _ 1
TETGEEFD — PROFDOF =D eFOTeFD —
1

1

STeFD TEy
Ho 2% (k1= (2k)! [D10 HepaBeHCTBO nNPOBEPAETCH METOOM
uMayKids: nph 4 =0 OHO BEDHO; €CAH OHO BEPHO ANS HEKO-
TOporo X, T0 nepexon k 21 cBoAMTCA K yMHOXeH®lo aesoft
n mpaBofl uacten coorsercrBenno Ha 4(k 418 m (2 1)X
X (2k -+ 2), Ho 4 (&~ 1)'> (2% 4-1) (2% - 2), ¢aenosarensro,
HepasencTso Oynet BepHo B pas k1] Takam oGpasom, npa
BCEX KOMNAEKCHHX £

t\™

et

oo t +®
3 1 |
go("r CICETESY) <mk20fm<m
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"UEADBaTethHO,/'T(t)—— uenan YHKIEA SKCTIOHEHUHANLHOO

THOa.
B cuny €6.27)

+o
J, (8) (2k)
-T“#.z.,(_'r PETEL R O

rae v — noboe P wacno.
Tipn v==0 ovciona HaxoaAHM:
+® o
"O= Y (1 i
k=0

CaezoBaTenbHO,

1 1 1
o=t _L__ . (530
14 1 ;§+i
Viep -

TokaxeM METONOM BHAYKUNH, 4TO

nO=YEEL =0, 1,50 @1

Ilpp n=0 9710 cneayer us (5.30). Hanree, B cway ceoit-
crea 4 §3

J.(t)=—f«(t).——'——}7?’+_—l+l=z$%ﬁ1 L=

4, crenosatensto, npu n=1 noKasiBaeMan (opMysa TaKsE
sepna Tlycts temeps 3Ta (opMyna sepHa NAA BCeX HeoTpm-
naTe/bHLX UeAbX WHAEKCOB, MeHblMX A (rae n=2); Torja
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lem. rg. IV, § 3, gopuyay (4.27)], yuntweas, uro J, 1(0)=0,
HaxoauM:
Jo)= oo () —2/n, (¢ = VFET—pp
® o (1) () Rl
_ WP ET—pP _ (VFET—p)
Ve +l VPF1

Taxnm o6pazoM, dopuyaa (5.31) moxasaa.
PaccmoTpum Teneps pyHKIAIO

2l
F(lf)=,,'ﬁe 4 (n=0,1,2,..)

D12 QyHKums perynspHa 8 GECKOHEYHO yNaAeHHOR TOuKe i
F(c0)=0, ona HEKO-
TOpoH nesod GyHKUMH SKCNOHeHuMamLHOro Thna f(f).

Tax Kax

1A Ner §
F(P)—Wf f=n .20 .zomm‘.
10 B cuay (5.28)
o= 2 R

wo |om. ra. IV, § 2, dopmyay (4.20))]

o G40
(—1)*¢
L@V H= go(—,——-,(,, En
CAEROBATENLHO,
s
fo=t*5LQv
Taxeam oﬁpasou,

1
ﬁ:(z‘/')# SFe 7 (1=0,1,2,.) (532

n, B 4acTHOCTH, npn n=0

1
h /-t)-!%e v, (833)
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§ 9. H3OLPAXEHMS HEKOTOPBIX CMELHAJIbHBIX
SYHKILHA

1. Maobpamenus rorapudMa @ MHTerpanbHoro Aorapuma

OueBnauo, Inf/ ecTs oparmwan C HYAEBHM NOKasareneM
pocra. Ilyers Inte=F(p); Toraa (npuHEMas BO BHUMaHWe
cBoitctBa 6 n 4 § 3 @ yuwruBas, uro flInf—¢—>0 npa
t—0)

tint=—F(p);
mt—t.—-—ﬁ'(p)—;',;

(ilnt——tfn-l—pl’(p)—%;
HO (tInt —{f) = Int, caepoBarenso,
—PF () — 3 =F ),
PFE+FO=—3.

PFEI=— 1,
C—+pF(p)=—Lap,
Fp=—"12_C

Tonaras p==1, uatinem:
©
c=-—F(1)=_5 Int-etdt=0571...
310 uuCA0 waswBaeTca nocmosxnol Slaepa. MOXHO NOKasaTsh,
40
1 1
C-.Eﬂm(l+7+"'+7_l"")'
HUrax,

n tps——l'f— %, (5.34)
rae C— nocTounnas dinepa.



~
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Pagcmotpam Teneph k' (cm. ra. IV, § 7). Vimeen.

= _.S—dt+b|t—

=S——-du+a+lnt

rpe e—
9u8§3)

.
;»%.,"#u_%e_m—_u,

CaenopaTenbHo, NOAb3YACH (5‘34). noayanM:
u‘,_‘l.n gg—l!+ c_

# NpR HaanexauleR HOPMAPOBKE WHTErpanbHOrO Jorapupma Oy-
LM UMETH:

e (6.35)
2. " Py € MHTErpajzom
BeposiTHOCTER
Tonoxum:
!
aly)= 5:""du; Erf(f)=1—erf(
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Ovuesunuo, erf(f) ecTs HenpepuioHas BO3DACTaioWas (YHKUMA
Ha [0, 4-00); erf(0)==0, erf(4-o0)==1, Erf(f) ecr wenpe-
pusHas  yOusaiowas ¢ymkuus wa [0, +-o0), Ef(0)=1,
Erf(4-co)== 0. Paccuotpun dymxumo f(f)=¢* erf (V1) (oue-
BHIHO, STO opuruua.n), u onycrs f(t)=F(p). Yuursnas, ut0

[erf(t)} = Te“’, Halpex:
P |
/‘(t)=e‘erf(l/')+e‘7;e =
=t (VD) h e =S O+

nocae [(
ceoficTeoM 4 § 3 ® yumTHBas, uTO /(0)—0), mny-mu

L | EY
PF(p)—F(P)-l-V; T F(I')+V;,
oTKyna b

1
Fo=e=yvs-
Takum 0GpasoM,

e‘elf(;/-)r-! “ yrwae7 (5.36)
OTKyna no Mpasuily CMelieHns usoGpn(elmn (csoncreo 11 § 3)
erf (Y F) mt — . .
W )"',, e (5.37)
3arem , .
¢ )=d —derd(Y i) — — e —
Erf(y/7) Vo= 5577
=T
o, Takum oGpasoM, Ve
EEf(Y )= +V—' (5.38)
OTKY#a no Npabuy CMeuleHns usodpaw«euun
Erf (V) e (5.99)

p+l+Vp+l'
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3. Wsobpawenus waTerpaanhoro cumyca

.
H HATerPa’NbHOrO KocWHyca

Wmeem (Ha ocHoaHuu “ceoficts 9 u 8 § 3):
| sne_ ( dq _x_
llnIFsP,—_H, T#Sm_? arctg p;
P

'5:—" du#% (% —m:tgp);

caenosaresbHo (npe Hopmuposke si 0= 0),
sitps gz —HCRP, (540)
Danee (yuntoisas csolicrsa 9 n 8 § 3),
cost,——'F%; cost—l--#— ;—;
o
it i L
S“+'— du —-;! L“Tfﬁ‘
cu=S"°+‘dt= S-#dt+lnt=

=DS 881 gy 4oy Int,

rae ¢—
B0 sHuMaHne (5.34)],

L_"e_l-"t%;tl) e _lap C_
Citet 3 +P > )
L+ _C—c¢

?
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NOSTOMY NPH HaAdekallel HOPMMPOBKE WHTErpabiHoro KOCRHYCa
OyneM uMeTh:

it @Y (5.41)

4. Wsobpawenus nuterpasos dpeunens

HVimeem (noas3ysch csofictsamn 11 u 8 § 3):

1
.0,
Vi 3 Ve’
4
sing__ | ef—et = | SR WA W
Ve vt & _"g( P—1 7 l)’
luinu V= 1 1
Frur b (=)

CAenoBaTenbHo, NoAAras
¢ "
s@)= #dg %ﬂi‘-da (cumyc pewens), (5.42)

nonyyHM:

1 ZEEl— Yp—i
N (t)l-ﬁ—2 Va Vosl . (5.43)

Danee (yuureiBas csoficrsa 11 a 8 § 3),

1 LYE
Vi~ Ve
e L etfet Ym 1 AR
= =ty
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cnuona‘renuxo nonarn

2 du (xocunyc ®penens), (5.44)

cO)= i,e f
noayyuM:
ct=g=t VeEitVe—i, 5.45
O=ys R @
§ 10. ®OPMYJIbl OBPAILEHNUS
NpeoGpasosanue dypre W ero oSpamense

Ompenenenue. Ilycts f () — KOMRAEKCHOSHauHAS QyHKiwa
Ha (— 0o, +4-00Q), HenpepuBHas BCIOAY, 83 WCKAWuEHUeM,
6LITh MOMET, H30/MPOBaHHbIX TOYEK, H aGCOMOTHO HHTErpu-
yyen;'an Ha (— co, 4 o0).

Ipeo6p K Dypoe by 140l by
+00
Foy= [ f@eat. (5.46)
TpeoGp Pypre f¢ eme cnex-
4 i f@. Jlerko punets,

uto F (&) uenpepunug Ha (-—-oo.wi}—oo) "
+00
IF@I< [ 1f@lat.

Teopema oSpamenHa npeoGpasosanuu dypbe. Ecau f(f)
YROBAETBOPSET YNOMAHYTHM 8 NHPEABIAYLIEM OMpEREJCHHN YCAO-
pUAM, TO B KawaoOR Touke # B kOTOPoR f audipepenumpyema,
nmeeT MecTo opmyna obp (00p ipeolp
Dypre)

o
O =9 [ F@eau, (6.47)

+o a
= lim .
e [=pn f
B 9tom HenocpenctBeHnbil cMmca popmyant (1.39”), aoka-
saunoft B § 10 raasm I
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DOpeoGpasosanne Meanuna W ero ofpameHse

Hycts g (x) — Komn,
Ha (0, 4-00) BCloRy, Ba HCK/IOUEHUEM, ﬁmb nmxer H30MK-
oo

posannux Touek. Ecan DS x| g(x)|dx (saecy s — peAcr-

BATEAbHOE UMC/O0) CXOAWTCA MpH S==$§; H S==S; T0 OH CXO-
HATCA (DA BCAKOM s, nemameu MexRy s Sy (310 caeayer
H38 TOro, 4TO ecan s, < § 10 XL ompu x<1,
XX npr x> 1), Orclona AErKO 3aK/MOUATL, 4TO AHGO
YHOMAHYTHH WHTETpan MpH BCEX § pacxoautcs, AuGO Hakmyrcs
Takne a H b (—ooa<b<-4|o0), uro npn a<s<b
YNOMAHYTHN HMHTErpan CXOmWTcs, a npu s< a W npu s>b
pacxonurm+B nocaenHeM caysae (ecan @< b) unmezpan
P

Mensuna ag xP) g (X)dx nMeer noaoCy aGCOMOTHOM CXOM-

woctn a<Rep < b, mpuuem s kaxao# nooce a, <<Rep<<b,
(rae a<a.<b.<b) eru conﬂMocrb—pzuHouepluu Ha
Teopemil
dyukuno G (p) mmmencnuro ne;)eueumro p=s-is B nonoce
a<Rep<b.

Onpenenenue. Mycrs g (x) — KoMnaeKcHosHauHaa ¢yHKIAS
Ha (0, 4-00), HenpepuBHas, 3a HCKAOYEHHEM, OHTb MOXET,
H30/MPOBAHHWX TOUEK, H T4Kas, YTO COOTBETCTBYOWH GHTE-
rpaa  MeaamHa  umeer nosocy  aGCOMOTHOH  CXOAMMOCTH
a<Rep< b. Mpeolyp M yHum g(x) Ha-
BLIBAETCA (YHKIHA

.
ap)= ‘S 2 g (x)dx, (5.48)

aHANMTHUECKAs B NOJ0Ce a<Rep <b
Ecau np Gysxnnn g (x)

ects G(p), 10 npn a<c<b npeoGpa&mBanueM Dypbe PyHK-
unr e g (&™) Gyner G (c+ iu).

caMoM Jene, C MOMOWIbIO MOACTAHOBKH X ==e™ HaXoaus.
+o +o
S e g (gt gt = 5 e ag(eye W dt.
™

o

G (¢ + iu)
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Tegpema peok, Ecau
g(#) ¥y B
HUM YCNOBHAM, TO B KAXHOH TOUKE X, B KOTOpoH g Aupde-
peHuupyema, UMeeT MecTo (opmyra obpamienus (ofpamnuoe npe-
ofpasosanue Meaauna)

1 e+io
e@=g; | A@)rdp (5:49)
PR
rae
oo etk
S = lim S N
eSio Aty
npauem ¢ — nio6oe yncao, y

Hepasenctsam a < ¢ < b.

Dlokasareabctso. Ecm g(x) andepennupyema
B TOUKE X, TO MOCAe NOACTAaHOBKH X=e* Qyukumus g (e™)
Gyaer ancpep y B TouKe #, HO
TOrAa B CHAY MPEABAYILEro H TeopeMs 0GP
npeoGpasosannd dypse Hafinem B YNOMAHyTOH Touke !

-
g () S G (c- ) e du,

__1+m (ki) gy
g@)=5 | Q@+meerdu;

B TOUKe X

e

g(x)=2£i S G(p) x* dp,

o

4T0 ¥ TPeGOBANOCH AOKA3ATH.
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3 Ecm Jlannaca ¢y §10)

ects F(p), 1 e
+o
Flp)= :S FOyerdt (6.50)

T @ypre y ef(¢) Gyner F(a i),
ecnm a— uucno, 6 pocra
1@

B caMom nene,

+oo too
F(a- )= 5 Y0} ,-immd,=s o FE) - et

Teopema oOpameuns npeoGpasobanns Jlannaca. Ecm
f(t)—opuranan u F(p)—ero wusobpaxenne, TO B KaKIOH
Touke f, B KoTopoH f ampdpepenuupyeMa, umeer mecro ¢op-
Myna ¢ Jlanaaca)

\peoop

a4k
FO=gy | FOIe"dp, (5.51)

8io

atico aglk
= lim § )

atle ot g

rue

npuueM @ — nioGoe neHCTBATENbHOE uHCNO, GoAbiuee MOKasarTens
pocta f(f).

Noxasarenscrso. Ecm f(f) anpdepenuupyema
8 Touke f, 10 € f(f) TONE; CleNOBATENALHO, B CAAY Mpean-
Aymero H TeopeMy peosp Pypoe
HafineM 8 paccmatpusaeMol Touke f

P iTF (@4 wye™ d
- "
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e
- foy= ﬁ S F(a+ ln) e'*2) gy,
B :; +1l
ro=2 | Forerap,
a-Too
4To W TpeGoBasoCh A0Ka3aTh.

§ 11. AOCTATOYHOE YCJIOBHE ]ISl TOIO, YTOBb!
AHAJIMTUYECKASI ®YHKIHS BbIAA W30BPAXXEHHEM

Teopema. [lycts F(p) — anamnrnueckas ¢yHkums B nonoce
Rep>s, W npn BCcAkoM a>s:

+o
1) § 1F(a+to)}de cxourres,
K

2) F(p)—> 0 apn Re p==a, |p|—> + co.
Torna F(p) spasercs wusoGpaxceHWeM, ODHYEM OpHIHHANOM
Oyner:
a+:a:

s= 2,,, s F (e dp,

rae a— 6y aeHcr! ancno, 6 uem s.

Nokasareascrso. Cnepsa sametdM, 4TO otipepeneHue
f(f) e 3aBucHT OT BHGOpa uHCAA a.

IlecruTenso, wuterpan ot F(p)e” mo npamoyroamsuxy,
OrpaHAteHHOMY MpsMuMH S=a, S==@a, o=t b, rae a u a,
Goabue s, paBeH Hyaio no Teopeme KoM, HO WHTerpank mo

cTopoHam K Hymo B chAy ycro-
P 2) npu b— oo, Cneuonnenbuo, B npenene Hahaem, uto

atlo oy fio

6l gy =i
Hs pupaxendn aan f(f) naxommm:

[FAOIES TS I|F(a+ t0))do . e*
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npH BCAKOM @ >> S f(t) ect ¢ no-
kasateseM pocta <5, Ilyems Rep,>s, » 5 < a<Rep,
Hmeen:

-+ oo 1 + o a+foo
5 /u)e—wx=m§ emr dt ShF(p)e"’d#==
o

o e
=2{5 el ~p0t gt SF(a+1¢)e’"da=
2 .
+o +eo

. F(n+la)da5 eloie—polt gt

ApAYeM nopaaKka @HTerp B83KOHHO, TaK KaK
npar — 00 < 9 + 00, 0<t<+oo HMeeM:

|F(a+ ko) ea+ia=pt|=|F (a 4 lo) | e~ Reso—ait,

o +o
a HHTErpanm S |F(a+id)|de n 5 e~Repo-aitdt cxomarcs.
Yoo

Ho
+o

‘S”‘”h—h“dl:l’ : )
Pi—a—F

CAIeK0BaTENLHO,

Po—a—1la Lo P

oo
Sf(t)s—»'dt= ! S Fatio go— L S Ll

Mycts R>|pyl # Cr—ayra okpyxmoctd |p|=R, ne-
Xauas B noAynAockoctd Rep==a, a=tib— Toukn nepece-
ueHus OKpyXHOCTH |p|=R c npsmon Rep=a (puc. 67).
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Bnyrpn CerMeHTa, orpaHuueHHoro ayro# Cg w mpamod Rep=ga,
angnnTAveCian dyHKUMA —-@’— HMEET ToMbKo OMMY 0COBYI0
TouKy p, (mpoctolt nanoc), cnemnmnno, Mo TeOpeMe O Bbi-

9erax W npapuay ueTo8 Ho mpocToro
nontoca (cM. ra. I, § 17) uaxomm

LEEWD g Res L)
ﬁf’p—p.dp_ Rffp_-Q}a_F(‘")'

rge C—Koutyp cermenra. Jlesan uwacTb paBHAa CyMMe WHTE~
rpana BpOAb XOpPAB H HHTErpana Baonb ALYTH OKPYXHOCTH.
INepsoe caaraemoe pasHo

l+lb
S F(pdp Fp)dp
WP~ P Jp PP

8 npi R— 00 Gyaer crpemutsca K

atio 4o
1 Fo)dp _ _
W ) h—p 5/(0’ rldt.

TlokaxeM, uTo BTOpPOE Caaraemoe 5 -%‘L}g&npu R—+4c0
=P

R
Gyaei cTpeMuibcs K Hymio. B camom aene, nycts M(R) — Mak-
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cumyM moayaa F(p) na Cg, toraa

F(padp 1 _M@®)_ 2R =

|T ) PP <%=R—InT M(R~>0

—Ipl

npa R—> - 00, u6o o ycaosmio Teopems M (R)—>0.
TakaM 06pasoM, paBeHCTBO

?,,—_%d;mw.)

8 npenene nmpu R-> oo maer ‘5 f(t)ye—rotdt=F (p,). Dim

+o
nokasano, uTo mpa Rep>>s, nMeem F(p)= S f@ye™dt w,

cnepoparenbho, f(£)==F(p), uT0 u Tpe6OBANOCH NOKA3ATh.

Jlemma Xopmauwa. Ilycrs C, (n==1, 2, ...)— Geckoneu-
HAA CHCTEMa OKPYXHOCTeH C meHTPOM O H HEOrpaHWYEHO BOS-
a— 6yas  aeHCTl

Ppanny 3

uucno, I, —uacm okpyxuocts C,, pacmonoxensas B noay-
naockoctd Rep<<a (puc. 68). Torma, ecam F(p) nenpepusuna
Ha cosokymHoctH ayr I'y u F(p)—>0 npu p na T, p-—>co,

10 lim 5 F(p)e” dp=0 npu xaxuom t>0.
n—o
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ngxasareucna OuennM Moayns wuTErpana

j F@e”dp,
Tka
re T'(R, @)—vacts oxpy:monu puwyca R>|a| ¢ uew
oM O, Rep=a, w
F (p) — uenpepuisnas @ynxmu Ha I‘(R. @), ecam t>0n
F(p)|=s na T'(R, a). Hueen (puc. 69):

F(p)s"dp|=rj F(Re")e‘““'Ru"dB|<

rkR

<R S Reont 40 =R s eReove dgm2eR 5 R e dg,
s
Mycrs cnepsa a>0. Toraa
* =
1 H L

e 7 ke
e—tReon e o — Reinv go | sin
Jremamfi Tofrmas fana

(8 nepsoM H BTOPOM WHTErpanax NPasodl YaCTH ¢ 3aMEHEHO
cOoTSETCTBERNO HA §—¢ W 5 4q).
Ho
anq}%v. sinp<o mH 0<p<3,
CAen0BaTeNbHO,
. e 3. wresin
Sr‘ﬂm'd9< e T dp 4 S &R dop=
-%

. ‘m.mln§ e 2a
=W+—k—<as(i+" ).

resn

yunisBas, 4o Raicsin ) =a

R <je

a
R
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Taxam oOpasom, npu ¢ >0

|“j.mF(F)e”’e'ﬂ)< i -}—29;"’).

n—e 7
Ecme << 0, TO Sr"“ﬂvdv<s, W rorAa
]

L rorelsis

Wrax, B0 scex cayuanx, ecin |F(p)|<e ua T'(R, a), 10

| i F(p)t"'d*l<d(t. a), (652
TR a)
rae
e 2i™) mm a0,
A\t o)=
% nps a<<0.

Aemma U3 Repa-
pencrsa (5.52), u6o ecau M, ectb wmaxcauym |F(p)| ma I,
T0 B cuny (5.52)

ljF(y)e”‘dtl(M,,A(t, a),
#o M,~>0, crenosarensto,
5}’(;):"‘4!-»0 apn 11— + oo,

4T0 4 TPeGOBAAUCH NOKABArH,
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Caencrsme. Ilycrs F (p)— mepoMopdas dyHKuua Ha scet
P ceoft-

cTeam:
1) npn Rep>>s, OHa YROBJETBODAET yCNOBAAM TEOPEMH

Ra8HHOrO maparpaga;
2) y

cHcTeMa OKDY C, € Heorp:
, He uepes MOMOCH #
-ra«ux, uTO0 F(p)—>0 npa p Ha G, p—>oco.
Torna F(p) seagerca nsoOpaxeHneM, MNpHYeM OpArAHaIOM
Gyner:

sO=tm ZRen[F(P)c”‘]—z 2 Res[F (p)e”]

A kv 1
>0 (6.53)

rae py, pw ...—TomocH F(p), pacnonokennsie © nopaake
HeyOhifanns Mony/ell, v, — YACAO NOMOCOB, NeXamdx BHYTPH Cy,
v,==0. B uacrHocts, KOraa BCe moMmoCH npocTe, AMeeM:

fly=1im 2 epl‘ReﬂF(p)== 2 2 ,u.;Res,.-(p)
Al kv 41
¢>0). (5.54)
NokasatenbcTBO. B cany Teopem, naoKasanHOM

8 Hacrosmem naparpace, F(p) asaserca nsobpaxennem, npauem
opurunanom Gyner:

| v
fO=5 | FIe*dp €0,
a—ioo

rne a—Kakoe-Hubynb uMcno, Gonwwee s, ITycrs T, — aacts
okpyxkHocT# C,, npoGeraiomas 8 MNOAYAAOCKOCTH Repga n
nycts aciib,—Kowun Iy [lo Teopeme o swuerax (ra. I,
§17)
...uo,.
,;, S F(p)e"'dp+gTF(p)=”dp “Res(F(p)evq
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Ecan ¢>>0, T0 OpH 72— 0O NepBOc CnaraeMoe JEBOM 4acTH
crpemarcs K f(f), a BTOpoe CnaraeMoe B cAny JemMm Kop-
Rara K Hymo, B npege’e MONYYHM
HCKOMYIO dopmyay (5.53).

Bcau nomoc p, — npocrof, 10

Rea[F (p) e#] = e?¥ Res F(p),
Pr Pr

109TOMY B cayuae, KOFAa BCE MOMOCH p, — MPOCTHe, ¢op-
myna (5.53) nepexoaut 8 ¢opmyay (5.54), uto u TpeGosasoch
A0Kasarh,
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